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(bl,, b2, b3, ..
components must be non-negative.
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1. Introduction

Consider a system of linear inequalities in the following forms:

.X. =2 b.

; b 1=1,2,3,...,m,

where b;> 0 and x;> 0 for all i and j.
The system (1) can be written by the following matrix form

AX > b,

—1-

M

(2)

., X, )T in n-space and b =
., by )T in m-space are non-negative column vectors whose all the

In geometry, each one of the system (1) represents a closed half hyperf)lanés
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in n-space [1. P.165] and the intersection of all these closed half hyperplanes to-
gether with X; > 0 for all j is to span a feasible polyhedral convex set (convex poly-
tope), which is infinite inextent or unbounded [1. P.173] and whose extreme points
(vertice) are the basic feasible solutions in algebra.

But the system of linear inequalities is in the following forms:

j=§’:laﬁxj<bi,i=1,2,3,...,m, (3)
where b, > 0 and x; = 0 for all i and j. This system (3) of computing all the basic
feasible solutions at their corresponding extreme points of this bounded convex
polytope has been discussed by these authors, M. E. Dyer and L. G. Proll [2. P.81],
M. J. L. Kirby, H. R. Love and Kanti Swarup [3. P.540], T. H. Matteiss [4. P.427]
and M. C. Cheng [5.P.270, 6. P.60]. Similarly, by using this method for solving the
system (3), it is clearly seen that an unbounded convex polytope of the system (1)
can be also defined.

The non-negative surplus (or slack) variables Xp.i»>1=1,2,3,. .., m can be used
to substract from their corresponding linear inequalities (1) to obtain the following
linear equalities:

i=1,2,3,...,m, 4)

1
& %%~ Xni = by,

where x,,,> 0 and x;> 0 for all i and j,

n n+m ,
or B X+ X a3X;=b, 4"

j=1 j=n

>

j=n+r, ay =‘{—(1): i;: iandr=1,2,3,...,m
where x;20,j=1,2,3,...,n,n+],n+2,n+3,... n+r, ..., n+m.

It is easily seen that the system (4) or (4) does not have the initial basic feasi-
ble solutions because x;=0,j=1,2,3,...,n, the basic variables Xoq =-b;,1=1, 2,
3, ..., mare contradictory in x ;>0 and b, > 0 for all i.

Hence, the non-negative artificial variables Xntiy for all i can be used to add to
their corresponding system (4) or (4') to obtain the following forms respectively:

n

& %~ Xnui t Xgagy = by, (5)
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n n+m + ’
or ,'Ei a;x; + j}ﬂ a; X + Xy = b;, )

where x; > 0, x,; = 0 and X, » 0 for all i and j.

The system (5) or (5') can be written by the following matrix form:

n+i

(A-DX+IX"= b, (6)

where I is an m square identity matrix, X= (X;, X2, X3, . - - Xn, Xn+1> Xn+2> « « - Xnem )"
and X'= (X(q,y).» Xme2y'» Xeay> - - > Xaamy )

For the system (5) or (5"), it is obvious that the non-negative artificial variables
Xmeiy» 1= 1,2, 3, ... m, are initial basic and the variables x;,j =1, 2,3,...n,n+l,
n+2, ..., n+m are non-basic and thus the initial point (or origin) p, can be easily
determined by the initial basic solution by = (b;, b, b3, ..., b, )T when all the
non-basic variables are equal to zero. Then the subsequent points p, , where k is
ranking the ascending natural numbers, can be created by the theorems and corol-
laries in section (3) and the following simplex matrix can be readily obtained by the
matrix form (6)

Xl X2 . v Xk LY xn xn+l xn+2 e 0. Xnﬂ- LR Xn.,.m
P.a“ A3 ... .. .84y -_I O ...0 ... 0
dp QA2 .. .43k ...47 0 -1 ... 0 ... 0
a3; a3 ...33 ...a3 0 o ...0 ... 0
2, A ay ...2nm 0 0 -1 0
| 3m1 8m2- - - Amk- - -8mn | O o ...0 ...4
Xn+1) X(@n+2) - - - X(ot+r)' -+ - X(nem)
] 0 .0 0 b, |
0 1 0 0 b,
0 o ...0 ... 0 bs
.................. 7
0 0 I 0 b,
0 0 0 1 bm




The Journal of National Chengchi University Vol. 53, 1986

Each one of the non-basic variables x;,j € N, , ., is able to become basic instead
of one of the basic variables X(nsry> T € M. Suppose the k-th column (x, become

basic), k € N, isa pivot column, the r-th row (x become non-basic) is a pivot

(n+r)’
row and a,, must be greater than zero (or denoted by r, =k, q =r and s, = (n+r)").
Hence, the pivot ratio must be minimum as follows:

=L < i#randi, reM

b b,
a,
By using the elementary row operations [1. P.126], the non-basic column
vector Ajl, X(ntry and the basic solution bli together with basic set 8, can be readily
obtained as follows:

H

a; a
1 I rj
The components of A are a;; - @, dik and >

rk
where j<n,j# k, i# rand j=n+r, a.. = -l i=r,
Jsn, ] > ] s Ay 0, i # r,
a, . .
the components of X, are - a#r‘; and %k, i#r, iandre M,
- T
by = Xneay> X(ueay» X3y - Ko o+ s Xguemy) s
_ b, b, . and
where x, = a, > and X(g,y = b; - . a,,ifr,iandreM,
1 . b
because b, is non-negative, X(nsry 2 Oand x, >0 1mply a ?

[7.P.81] and B, = {(n+1), (n+2),, (n+3)’, ...k, ..., (n+m)'}.

Hence, it is immediately seen that all the points can be obtained by the itera-
tive simplex method together with theorems and corollaries in section 3.

2. Definitions and Notations

The following useful definitions and notations suffice this note:
D,. Points. By using the simplex method a point (denoted by p, in section 5 in
figure) can be created from P, by the number of h paths corresponding to its

basic solutions for the system (1) and it is intersected by n distinct space lines
in n-space.
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Extreme points. A point (D,) is called an extreme point (denoted by P, in
section 5 in figure) when it has to be created by the number of h(k) = h=m
(N,4) paths and then the basic solution at this extreme point must be feasible
(satisfies all the linear inequalities of the system (1)).

. Unbounded Convex Polytope. All the extreme points (D,) must span an infi-

nite feasible polyhedral convex set called an unbounded convex polytope.
Subsequent points. p, and p, . are the two points (D,) denoted by the two dis-
tinct natural numbers k and k'. p,. is said to be a subsequent point p,, if k' >k.

. Adjacency. The point p, is said to be adjacent to a subsequent point Py, ifa

certain element in the non-basic set N, at p, enters the basic B, to obtain a
new basic set equal to the basic set B, and their basic solutions are also equal.

. Paths. A new point is created from the predecessor, called the number of one

path because only one element in the non-basic set of the predecessor is instead
of one element in its basic set to obtain a new basic set at the new point but
cofnputing the number of h paths (or h elements in N, entering in ;) to creat
a new point must be from the initial point (origin) p, .

. A= [aij] isan m by n matrix with real entries,i=1,2,3,... , mandj=1, 2,3,

...n denoted by the number of rows (or equations) and the number of col-
umns (or original variables) respectively.

. Xy, X2,X3,...,X, are the original variables.
n+1> Xn+2> Xn+3s + - - > Xnyps - -« » Xpem are the surplus variables.
< Xy - X@r2y» Xne3ys -+ - > Xmerys - - - » Xnemy are the artificial variable.
. [A-~1} = [a;] isan m by (n+m) matrixj_=1 I,'_2, 3,...,k,...,n,n+l,n+2, n+
3,...,n4r,..., n+m, j =n+r, a; ={0,’;;rr andiandr=1,2,3,...,m,

where 1 is an m square identity matrix.

. The number of linear inequalities (or equations) can be denoted by a set M =

{1,2,3,...,m}andiand re M.

. The number of original variables and surplus variables can be denoted by a set

Nowm = 11,2,3,...,k,...,n,n+l,n+2,n+3, ... ,n+r,...,n+m} (or a set
No)andjandkeN,, .
Aj = (a5, a5, 235, - - - » amj)T indicates the j-th column vector of the matrix [A -

I} and its components are the coefficients of X;, ] € N, im (Ns).
The “T” indicates the transpose of a matrix or a vector.

Nyo. P, indicates the initial point or origin.

Nll

.bg=(by, by, bs,...,b,,...,b )T indicates the initial basic solution at p,.

r

—5 -



. A" (or AY) indicates the j-th column vector, j € N
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. Bo = {(n+1), (n+2), (n+3)', ..., (n+1), . .., (n+m)’} indicates the initial basic

set corresponding to the initial basic variables (or artificial variables) X(n+1)'s

Xme2y> Xm+3y> <+ > Xmarys -+ - 5 Xnem) at p,.

No={1,2,3,...,k,...,n,n+l,n+2, n+3, ..., n+r,...,n+m} indicates

the initial non-basic set corresponding to the initial non-basic variables x,, X,

b YRR A S S 4 X X

n+1> 2n+2s Xnazo oo s Xpprs - -5 Xpum atpO'

. Py (or p,.) indicates the ranking of a point created by the number of h (or h’)

paths from p, where'k (or k') is ranking the ascending natural numbers.

. b} (or b,) indicates the basic solution at p, (or p,.).
. By (or B,.) containing m elements indicates the basic set corresponding to bl

(or b)) at p, (or p,.).

Ny =0 U H (or N, = o, U H') containing n+m elements indicates the non-

basic set at p, (or p,.) where H (or H') contains the number of h (or h') ele-
ments from f, to become the non-basic set and a, (or oy, ) contains the remain-
ing number of n+m-~h (or n+m-~h") elements because the number of h (or h’)
paths in N, enters 8, (or B,.) to become basic, hence «, M H = ¢ (empty set)
(or . NH' = ¢).

n+m (Ns) corresponding to
oy (or o) at p, (or py.).

. x{'n fry (or 'x'(‘,',ﬂ),) indicates the (n+r)“th column vector, r € M corresponding to

H (or H') at p, (or p,.).

. Ty indicates the pivot column in the simplex method entering the predecessor

basic set of p, to get B, .

. q, indicates the pivot row in the simplex method leaving the predecessor basic

set of p, .

. 8 indicates the corresponding column vector leaving the predecessor set of Py-
. P(k) = k indicates the number of stages at py (define P(0) = 0).
. h(k) = h indicates the total number of solid lines in any path from P, 10 py

(define h(0) = 0).

3. Theoretical Development

By using the simplex method, whether the new point (or extreme point) can

be created depends upon the condition that each element of the non-basic set enters
basic set. Firstly, the adjacency test must be used and thus, the following theorems

—6—
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and corollaries must be defined:
(1) Theorem 1. Let the two points p, and p of the system (6) can be created
from p, by the distinct one path (h=1 and h'=1) with the following properties:
(1) p, is a subsequent point of p, when k'>k.
(2) there is only one element of the set , different from the set §.
(3) there is only one element of the set oy in Ny different from the set o, in Ny
but the set H is equal to the set H' where H contains only one element and H’

too.
Then p, is said to be adjacent to the subsequent point p..
Proof. Suppose p, is created from p, by h=1 path denoted by
r,=1, g =2 and s = (n+2)".

By using the simplex method, the basic solution b}, the basic set B, ; the non-
basic set N, and the non-basic column vectors Alj, j€Ny,j#1 (Ng)and x%nﬂ), cor-
responding to N, can be readily computed as follows:

— T
b = Kigeny> X1 Xnsays -+ s Xenarys -+ Xm+my) >
=02 4ng =b -2, ) f M, but r#2
wherexl—man X@ery = Or ~ 35y 3> orTeM, butr ,
B, = {(n+1),1,(n+3), ..., (n+1), ..., (n+m)'},
N, = o5 U Hwhere o = {2,3,4,...,n,n+l, n+2,n+3,...,041,... ,'
n+m} and H= {(n+2)'},
a,; a,; .
the components of A] are a—Z’i and a - Eﬁaﬂ wherereM, j#1,

and j € N, (according to Ns),

and the components of X(n+qy aT€ 512—1 and - %‘2‘—1 ,TEM but r# 27

Supoose p,. is created by h'=1 path denoted by

=3, Q=2 and s, = n+2)'

Similarly, we have
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) - T
B = Xnery> X35> Xnaays « « + 5 X@en's -+ » Xnamy)

where x, = a—bzza- and Xq,. =b, - aszaﬁ, forre M, but r # 2,

1l

B = {(n+1), 3, n+3), ..., (n+r), ..., (n+m)'}

N = o, U Hwhere oq, = {1,2,4,...,n,n+l,n+2,n+3, ... ,n+r, ...

n+m} and H'= {(n+2)'},

, a,; a,; .
the components of A’ are —52—; and a, - —a:—; a,,r#¥2andj#3,

and j € N, (according to Ng),

and the components of X(n4zy AT€ a—21§ and - :ﬁ , TEM,but r#2.

By using the properties (2) and (3) H=H', it is obvious that the element “3” in
o, instead of the element “1”’ in B, to become basic and by the use of the simplex
method, the new basic set {(n+1)',3, (n+3)’, ..., (n+r), ..., (n+m)'} and the new

basic solution Xery> X35 Xnagys - -« s X(ntr)s + + - » Xnem)) €210 be immediately ob-
tained,
= by 2 _ by
where X, = oot /Gy = 7y
= by 423 by 2z b
Xmery = (b, - 7Y a3)-(a; - TS aﬂ)](m 3‘;) =b, - a—:a-am, r#2.

It is easily seen that the new basic set and its basic solution are exactly equal to
B, and b}, respectively.
Hence, p, is said to be adjacent to Py
(2) Corollary 1. Let the two points p, and p,. of the system (6) can be created
from p, by the number of two paths (h=2 and h'=2) or more than two with the
following properties:
(1) p,. is a subsequent point of px when k'>k.
(2) there is only one element of the set B, different from the set By
(3) there is only one element of the set o, in N, different from the set o in N,
but the set H is equal to H' where H contains only two elements or more than
two and H' too.

Then P, is said to be adjacent to the subsequent point Py

_8_
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(3) Theorem 2. Let the point p, be created from P, by the number of h=2 paths
and the point p,, by h'=1 path with the following properties:
(1) p, is a subsequent point of Py when k> k'.
(2) there is only one element of the set B, different from the set By .
(3) the set o, is a subset of o, denoted by o C oy, but o, - o, contains only one
element belonging to o,. and the set H' is a subset of H denoted by H' C H but
H - H' contains only one element belonging to H.

Then p,, is said to be adjacent subsequent point Py -
Proof. Suppose Py is created from P, by the first path
Tk =2, qi =1 and s! = (n+1)’
and the second path
17 =3, =2 and s? = (n+2).

By using the simplex method, the basic solution b2, the basic set B, ,'the non-
basic set N, and the column vectors Aj2, x(znﬂ), and x(zmz), can be readily computed
respectively as follows:

2 _ .
Bk = (X2, X3, X(avays - - -2 Xy« - - » X(n+m))
where x. = L1823=ba;3 x. = bPaap-bjay
2 Apax;-axndyz ’ 73T @pdy-azgdgs’

X =p — Arpdy—drpdy by — 2r3d12=3r58,3 b
(+r)’ = Ur © @pdp3—dgay3 1T Ajpd8p3-d8,5 027

for re Mbut r#1, 2,
B, ={2,3,(n+3), ..., (m+1), ..., (n+m)'},
N, = o U H where o, = {1,4,...,n,n+1,n+2,n+3,...,n+r,...,n+m}

and H= {(n+1), (n+2)'},

d1jdz3 —Ay;8,3 djjdjy ~Aga
A12a23 - a28;3 > djpd33-dp4,3 °

the components of Aj2 are

42833~ 2,335 33815 -4,,8);3
Q12853 - d2283 “H 7 apdp3- 254,

and a; - azj,

j#2,3 and je N,,_ (according to Ns)

—9_
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2 d23 :3Y)
t N
the components of X (ns1y: A€ A2825-3323.3 ' A8 -d5a0
a,74,3 ~a,34
and -~ —r2c23 13 922

djpd23—4d22413”°

~d;3 42
dj2d33 —dp2d:3 7 dj2dl3—d228;3

and the components of x? .. are

dr3d1p = A3
nd-21e —re 22 forreMbutr#1, 2.
a 12823~ 82233 #1,

Suppose p,. is created by h'=1 path as theorem 1.

By using the properties (2) and (3), oq. — o, = {2}, H- H' = {(n+1)'}, it is ob-
vious that the element “2” of the set oy, in N,, is instead of the element “(n+1)" in
B, to become basic and by the use of the simplex method, the new basic set {2, 3,
n+'3),. , (n+1), ..., (n+m)'} and the basic solution (x,, X, X(ne3y's -
-« +» X(nemy ) €an be immediately obtained

S

by a3 - byag; - brajp-byay,
d2d23—a2813 * T3 T Apaz;-axpa

where x, =

b

al'2 323 a 3 322 al‘3a12 al‘2al3 Yy #
P , = [ .

It is easily seen that the new basic set and the new basic solution are exactly
equal to B, and b} respectively.

Hence, p,. is said to be adjacent to the subsequent point Py -

(4) Corollary 2. Let the point p, be created from p, by the number of three paths
(h=3) or more than three and the point p, by the number of two paths (h'=2) or
more than two with the following properties:
(1) py is a subsequent point of p,, when k > k'
(2) there is only one element of the set 8, different from the set g, ..
(3) the set o is a subset of oy, denoted by o, C . but ¢y, - o, contains only one
element belonging to «,, and the set H' is a subset of H denoted by H' C H but
H - H' contains only one element belonging to H.

Then p,. is said to be adjacent to the subsequent point Py -

(5) Theorem 3. Let the three points be created from p, by a number of paths,
whose basic sets have the following properties:

~10 -
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(1) The difference is only in one element between each pair of basic sets.
(2) There is no difference when one basic set contains the element (n+r) while the
other contains (n+r)’ forr € M.

Then the three points are said to be collinear.

Proof. Let p, be created from p, by the number of h=2 paths whose corresponding
basic set B, and the basic solution bf( as in proof of the theorem 2 are shown below

respectively:
B, =1{2,3,(+3),...,(n+r), ..., (n+m)'},
and b2 = (X,, Xa, Xyaary  « oy Xpooor, x )T
k 2535 2@+3)> - 0 o Nty - Antm)
where X, = biay -byayy X3 = bya;; - bjay

¢ dppdpz-—dpdyy’ dj2d23~d228:3°

b - 3r283- 838, 83815~ 853313

and x P =
(n+r) 1T @jpda3 — 24,3 1 @jpdp3—dgpdys 2

for re Mbutr#t,2.
Suppose p,. is created from p, by the number of h=2 paths, the first path
=3, gl =2 and s = (n+2)
and the second path
7. =n+l, g2 =1 and s2 = (n+1).

Similarly, its basic set 8,, and basic solution b2, as in the proof of the theorem 2
are shown below respectively:

By

{m+1), 3, m+3), ..., (n+1), ..., (n+m)'},

2 - T
bk' - (Xn+1 > X35 Xnaays - - s Xnary s o -+ s x(n+m)’)

_ ba;p-bay

X, = b,
n+l — as3 4 - TY)

where X 3

—b-z—an, forre Mbutr#1, 2,

and X,y =b, - a3

Suppose p,. is created from p, by the number of h=1 path

re =2, qp =2 and s = (n+2)

—11 =
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Similarly, its basic set B, and basic solution bl:,, as in the proof of the theorem

1 are shown below respectively:

B = {(n+1), 2, (n+3), ..., (n+r), ..., (n+m)'},

o _ T
b = (Xinarys Xas Xnaays - - > Xenarys -+ + > Xnrmy)
_b - b,
where X, = m and X(n+r)’ = br - a—uarz forreMbutr # 2.

Having the two given properties and the basic solutions bi, bf(, and b,‘(,, corres-
ponding to their basic sets 8, , 8,. and B,» respectively, the components forms (or
coordinates) of the position vectors (or points) Py, P and p,» in n-space can be ob-

tained as follows:

by a3 = bya;;

—— T =
Py (Xl:- X2, X3, ..., Xﬂ) > where X2 = djpdzz—dzd;3”’

bya;; = bjay,

X3 = and the others are zero
3 7 apanp-anag; ’
b
P = (X, X3, X3, ..., Xp)T, where x; = -2%3 and the others are zero,
b
and py» = (X;, X2, X3, . . ., X,)T, where x, = 3—22; and the others are zero.

The terminals of these three distinct position vectors Py, P and p,. with a
common origin (from p,) in n-space are collinear, then there exists a real number t
such that 0 <t < 1 [1.P.176] and

P = tp, + (1 -t)p.

Hence, we have

o, ;315;23 :22353 , abzalz :b1 a2 0T
12823 ~d223;3 12423~ dzzd;3 ’
—t(O,O,:—;,...,)T +(1—‘[)(0,—:;1132—22,...,0)T
or 2B - ()4 (1-t) 22
and  g2Anzbidn _ b (|_y) ()

12—
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Simplifying, we find

a3 (bya;p-bjay,)

t= .
by(ajpa53 - aza;3)

Hence, these three points p, , p,. and p,. are said to be collinear.

4. Algorithmic Steps

In the simplex method for computing the basic solutions, the iterative steps

consists of selecting an element from the non-basic set to enter the basic set to be-

come basic and an element from the basic set to leave the basic set to become non-

basic, hence, the following iterative steps can be designed:

Step 1.

Step 2.

Step 3.

Step 4.

Initially, the original point p, can be readily determined by its initial basic
set B, and non-basic set N, from the given problem.

By using the simplex method, each possible element of the ranking in as-
cending order of the non-basic set N, at p, must enter the initial basic set
B, to be created by a number of points p, , where k is ranking the natural
numbers and p, and p, are joined by a solid line to span the unbound con-
vex polytope.

Whether p, is adjacent to the subsequent point depends upon the condition
that the theorems and corollaries in section 3 can be used. If it is, the two
adjacent points are joined by a broken line and if not, go to the next step.
By using the simplex method, each possible element (except adjacency in
step 3) ranking in ascending order of the non-basic set at p, must enter its
basic set and the new point (or points) can be immediately created by the
second path and they are joined by a solid line to span the unbounded

convex polytope.

After these steps, the new point (or points) can be created by the third path,
fourth path until m-th path (m is equal to the number of linear inequalities (1)) and
by the use of iterative step 3 and step 4. Hence, by the use of the definition D,, this

unbounded convex polytope can be easily constructed by all the extreme points,

—13 —
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5. Numerical Example

Given the following system of linear inequalities (constraints), find all the basic
feasible solutions to span an infinite feasible polyhedral convex set (unbounded
convex polytope).

2Xy +4x, +5x3 + x4, 210
3, X, +TX3 42X, = 2
5y 2%, + X3 +6Xx4 > 15
20, x,20, x320, x,20, 8)

where m = 3 (number of linear inequalities), the set M = {1, 2, 3}, and n = 4 (num-
ber of original variables).

The non-negative surplus variables, x_,,> 0,i€ M can be used to subtract from
their corresponding linear inequalities (8) respectively, we have the following linear

equalities:
2x; 4%, +5%3 + X4 - Xs =10
3X1 + X3 +7X3 +2X4 - Xg = 2
5x; +2x, + x5 + 6%, - X7 =15
xj>0’ jENn+m(N0)={1925 33 43 5’ 677}- (9)

The non-negative artificial variables, Xmeiy = 0, 1 €M, can be used to add to
their corresponding linear equalities (9), we have the following linear equalities:

2Xl +4X2 + 5X3 + X4 - XS +x5' = 10
3X1 + X2 + 7X3 + ZX4 - X6 + X6f = 0
le + 2X2 + X3 + 6X4 - x7 + X7’ = 15

x;>0, j€N,,, and x4, >0, i€ M. (10)

m

By using the simplex method, all the basic solutions (feasible) at their corres-
ponding points (extreme points) can be computed by the following stages respec-
tively:

1) Stage 0. P(0) =0, h(0) = 0. Initially, the original point P, can be immediately
~ determined by b, = (10, 2, 15)T, B, = {5',6, 7'} ,and Ny, = {1, 2,3, 4, 5,6, 7}
denoted by the following matrix P(0):

— 14 —
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X; X; X3 X4 X5 Xg X7 Xy Xg Xy

2 4 5 1]-1 0 o1 0 O0]10
31 7 2 0-1 00 1 O 2
5 2 1 6 0 0 -110 0 1 15

Matrix P(0)

Hence, creat the new points p,, pz ,p; andp, forj=1,2,3,4€ N, repectively
p,ir=1, q,=2,5,=6,8,={5,1,7'}, Ny=a; UH= {2,3,45,6,7}U {6'}.
p,:1,=2, 4,=2,5,=6, B8,={5,2,7'}, N,=a; UH= {1,3,4,56,7}u{6'}.
pyiT3=3, q3=2,5,=6, f,= {5",3,7'}, Ny,=ay UH= {1,2,45,6,7}U {6'}.
P, Ta=4, q,=2,8,=6,B,= {5',4,7'}, Ny,=asUH= {1,2,3,5,6,7}U {6'}.

2) Stage 1. P(1)=1, h(1)=1. We have b} = (&, £, 3)7,8, = {5', 1,71LN, =«
UH={2,3,4,5,6,7}u{6'} and A;, Al, A}, A} and x;, denoted by the follow-
ing matrix P(1):

X] X2 X3 X4 XS X6 X7 XS X6' X7’
0 L =L -1 < =2 26
0 3 3 3 1 3 0 1 3 0 3
1L 2 =L L 2
1 3 3 3 0 3 0 0 3 0 3
1l =32 3 S - = 33
0 3 3 3 0 3 1 0 3 1 3 J
Matrix P(1)

Adjacency test indicates p, is adjacent to p,, p;, and p, (Theorem 1). Hence,
creat a new point pg for j= 6.
ps:fs =6, qs=3, 55=7, By ={5,1,6}, Ns=a;UH= {2,3,4,5,7Yu{6,7'}.
3) Stage 2. P(2)=2, h(2)=1. We have b= (2,2, 1Nt B8, ={5",2, 7}, N,=a, U
H={1,3,4,56,7}U{6'} and A}, A}, A}, A and x1, denoted by the following
matrix P(2):
Xl X2 X3 X4 XS X6 X7 Xs’ XG’ x7’
10 0 23 -7|-1 4 0|1 -4 O 2

31 7 20 -1 o0 1 0| 2
-1 0 -13 2 o 2 -110 =2 0 11

Matrix P(2)
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Adjacency test indicates p, is adjacent to p, and p, (Theorem 1). Hence, creat’
a new point p, for j = 6.

Pe: T4=6,05=1,5,=5", Bs=1{6,2,7"}, N, =a,U H= {1,3,4,5,7} u {6',5'}.

4) Stage 3. P(3)=3,h(3)=1. We have b} = (@,%,19—3)T, By =153, 7'}, N, =a,U
H= {1,2,4,5,6,7tU{6'} and A}, A}, A}, Al and x}, denoted by the following
matrix P(3): ' ‘

X1 X2 X3 X4 X5 Xg X7 X5 Xg Xy
3% 03| % 0| 1% 08
7 1 F] 05 0] 04 0%
2o 2l o4 alod 1|y

Matrix P(3)

Adjacency test indicates p, is adjacent to p, (Theorem 1). Hence, creat a new

point p, for j = 6.
p,: 1,=6,q,=1,s,=5,8,={6,3,7"}, N,=a,UH={1,2,4,5,7} U {6',5'}.

5) Stage4. P(4)=4,h(4)=1. We have b, = (9,1,9)7,8,={5,4,7},N, =, U
H= {1,2,3,5,6,7}U{6'} and A}, A}, A}, Al and x_, denoted by the following
matrix P(4):

XI X2 X3 X4 XS X6 X7 XS' X6l X7'

L 7z 3 -1 4L =L

L2 3 o1 4+ o1 2L o079
2 L L =L 1

: L I oL oo 4+ of 1

-4 -1 =20 0 0 3 -1 0 -3 1 9
Matrix P(4)

Adjacency test indicates p, is not adjacent to its subsequent points. Hence,

creat a new point pg for j = 6.
Pg: Tg=6, 4g=3, sg=7", By ={54,6}, Ng=az UH={1,2,3,5,7} u {6",7'}.

6) Stage 5. P(5)=5,h(5)=2. We have h = (4, 3, 7)",8,={5", 1,6}, N, =a, U
H={2,3,4,6,71U{6"7'} and A2, A2, A2, A2 and x2, denoted by the following
matrix P(5):
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X1 X, X3 X4 Xs X6 X7 Xs Xeg Xoq
16 23 -7 2 -2

0 & 2 L Z 1 0 2|4
2 1 6 =1 1

1+ <+ 2 0 0 = 0 0 = 3
1 =32 8 -3 3

0 = =% = 0 1 = 0 -1 =+ 7

Matrix P(S)

Adjacency test indicate p is adjacent to pg (corollary 1). Hence, creat the new
points py, p,,,and p,, for j=2, 3, 7 respectively.
Py T, =2,q, =1,8, =5 B, ={2,1,6}, N, =a, UH={3,4,5,7}U{6,7"5"}.
Pio’ T10=3, Ao =1, $;9=5', Bio=1{3,1,6}, Njg=0;qUH= {2,4,5,7}0{6,7°5'}.
Pyt =7, q,=1,s,=58,={7,1,6}, N, =«a,,UH={2,3,4,5}U {6,7'5'}.
7) Stage 6. P(6) = 6, h(6) = 2. We have b} = (&, 12 4)T g = {6,2,7} Ny=aq
U H={1,3,4,5,71U{6", 5'} and AZ, A3, A}, A? and xZ, denoted by the follow-
ing matrix P(6): '

X; Xz X3 Xg Xs X¢ Xg Xg Xg X

@ o0 2 LA 10|40

P b+ 0 0 fd 00|

o % B[ oo 3 o[
Matrix P(6)

Adjacency test indicates Pe is adjacent to p, and py (corollary 1, 2). Hence,
creat the new points p,, and p,, for j = 4, 5 respectively:

p]2: r12=47 q12=3’ Sl2=7’3 B]2={6’294}9 N12=a‘2UH={133’5a7} U{6’35's7’}~
PiyiTy;3=5,Q5=3, 83=7, Bi3=16,2,5}, Njy=a;;UH={1,3,4,7} U {6'5"7'}.

8) Stage 7. P(7) =7,h(7)=2. We have b} = (12,2,13)T, 8, = {6,3,7}, N, =, U
H={1,2,4,5,7}U {65’} and A}, A}, A}, A} and x;. denoted by the follow-
ing matrix P(7):

Xy X2 X3 X3 Xs Xe X7 X5 Xg Xqp

-1 23 = =1 L _
l'—s- Z o % | L 0 0|1 -1 0 121
2 4 . 1 -1 L

2 £ 1 L] 0o 0|4+ 0 o0]2
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3 % 02t oalso 1]

Matrix P(7)

Adjacency test indicates p, is adjacent to p,, (corollary 2). Hence, creat the
new points p,, and p,; for j = 4,5 respectively.

p14: 1'14:4, q14=3, SI4=7’5 ﬁ14={6,394}a N14=a14UH={1’2’537}U{6:5'57,}'
PisiTis=5, Q15 =3, 85=7 B ={6,3,5}, Njs = 0‘15UH={1,2,4,7}U{6',5',7'}-

9) Stage 8. P(8)=8,h(8)=2. Wehave b] = (2,22, 18)T g = {5'4,6}, Ny=agU
H= {1,2,3,5,7} U {6",7'} and Al Ai, AZ, Ag and x,z,, denoted by the follow-

ing matrix P(8):

X, Xg X3 X4 X5 Xg Xq Xs Xg X

T R2 o0 L0 G|
= + L+ 0o 0 L] o o L]
22200 2|oa 2|8

Matrix P(8)

Adjacency test indicates p, is adjacent to p;, and p,, (corollary 2). Hence creat
a new point p,¢ for j=17.

Pigi T =7, Gye =1, 8,6 =5, B ={7,4,6}, Njg =, (UH={1,2,3,5}U{6,7,5).

10) Stage 9. P(9) =9, h(9) = 3. We have b3 = (32,40 18yT g {3 ] 6} N, =g,
UH= {3,4,5,7}U {6,7,5}and A}, A}, A2, A2, x and x3 denoted by the

following matrix P(9):

Xy Xy X3 X4 X5 Xg Xq Xg Xg X7

o 1 B HF|® 0 %o #F|®
Lo # £ |6 0 | % 0 |4
0 0 Hilw ! H|H# - | 8%

Matrix P(9)

Adjacency test indicates p, is adjacent to p,,, p,,, p,;, and p,; (corollary 1).
Hence, no point can be created.
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11) Stage 10. P(10) =10, h(10) = 3. We have b}, = (&2, 3,22&5? Bio=1{3,1,6}, Ny,
=0, UH ={2,4,5,7U{6',7",5'} and A3 A3 A2, A3, x2 and x3, denoted by
the following matrix P(10):

X3 X2 X3 Xa Xs X6 X5 Xg Xg X
11 -7 =5 2 =5 =2 22
0 3 1 3|5 0 5|5 0 3% |%
9 -5 - 5 5
L 5 0 & | FH o0 3|34 05 |5
107 - ~32 - 289
o ¥ FI1H 1 F | H-1 5| B

Matrix P(10)

Adjacency test indicates p,, is adjacent to p,,, p,, and p, (corollary 2). Hence,
no point can be created.

12) Stage 11. P(11) =11, h(11) = 3. We have b}, = (10,5,13)T, 8,, = {7, 1,6}, N,, =
o,,UH= {2,3,4,5} U {6',7",5'} and A}, Al AL, A}, and xJ. denoted by the
following matrix P(11):

X; Xp X3 X4 Xs X¢ X7 Xy Xg Xq

0 & 2 I | =% 1 | 3 0 -1 |10

1 4+ 5 4+ (5 0 o |4+ 0 o 5

0 5 4+ %[ 1 0o |+ a1 o013
Matrix P(11)

Adjacency test indicates P, is adjacent to p,, (corollary 2). Hence, no point
can be created.

13) Stage 12. P(12) = 12, h(12) = 3. We have b}, = &k, & ,%)T, B = {6,2,4},
N,, =a,UH={1,3,5,7} U {6',5',7'} and A3 A}, A2, A2, x2 and x3 denoted
by the following matrix P(12):

X; X3 X3 X4 Xs Xg Xq X5 Xg Xy
=27 =137 =2 =L 2 1 L | 8L
22 0 22 0 22 1 22 22 1 22 22

2 29 =5 L 6 =L | 45

27 1 57 0 » 0 33 2 0 3 22

1 =5 v =4 =2 4 | 40

_Z_g' 0 22 1 22 0 22 22 0 22 22

Matrix P(12)
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Adjacency test indicates p,, is adjacent to p,;, p,4, and p,¢ (corollary 2).
Hence, no point can be created.

i4) Stage 13. P(13) = 13, h(13) = 3. We have b, = (AL, 15 20)T, /313 {6,2,5}, N,
=a,UH= {1,3,4,7}U{6,5,7'} and A3, Ag, A}, A and x2, denoted by the
following matrix P(13):

X; X3 X3 Xg4 X5 Xg Xg X5 Xg Xy
-1 =13 2 -1 1 11
= 05 0 1 510 -1 5|5
1 6 1 1 15
$ 1 +4%]0 0 F 10 05 |H
8 0 -3 11| 1 0 -2 |-1 0 2|20

Matrix P(13)

Adjacency test indicates p,, is adjacent to p,; (corollary 1). Hence, no point
can be created.

15) Stage 14. P(14) = 14, h(14) = 3. We have b}, = L, 45, 7, 8,, = {6, 3,4},
Ny, =a,,UH={1,2,5,7}U {65, 7} and A}, A, A2, A, x, and x2, denoted

by the following matrix P(14):

X, X, X3 Xg4 X5 Xg X Xs Xg Xy

L L1 g 0 20 =3 | 40 _; 3 | 3%
29 29 29 29 29 29 29
2. 22 =60 L 60 =1 45
29 29 1 0 29 0 29 29 0 29 29
23 6 i = =L S 65
29 29 0 1 29 0 29 29 0 29 29

Matrix P(14)

Adjacency test indicates p,, is adjacent to p,s and p,, (corollary 2). Hence, no
point can be created.

16) Stage 15. P(15) = 15, h(15) = 3. We have b}, = (103, 15, 65), B, = {6,3, 5},
N =o,UH={1,2,4,7 U {657} and A3 A}, A}, A and x3, denoted by
the following matrix P(15):

xl X2 X3 X4 xS X6 x7 Xsl X6' X7'
I’ 32 13 0 40| 0 1 -7 0 -1 7 103\l
5 2 1 610 0 -1 0 0 1 15
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L2 6 0 291 0o -5 |-1 0 5] 65 |
Matrix P(15)

Adjacency test indicates p,s is not adjacent to its subsequent point. Hence, no
point can be created.

17) Stage 16. P(16) = 16, h(16) = 3. We have b, = (45, 10, 15)T, B, = {7, 4,6}, N,
=a, UH={1,2,3,5}U {6.7,5}and A2, A}, A2, A} and x, denoted by the
following matrix P(16):

X; X2 X3 Xg Xs Xg X Xg Xg Xy

7 22 29 0 -6 0 1 6 0 -1 45

2 4 5 1 -1 0 O 1 0 O 10

1 7 3 0 -2 0 O 2 -1 0 15
Matrix P(16)

End of this stage at the point p,.

It is clearly seen that all the extreme points Py, Py, P,,, P, , P,5, P4, P,s and P
can be readily obtained by the definition D,, h(k)=3,k =9, 10, 11, 12, 13, 14, 15
and 16 respectively and the basic solutions at their extreme points have to be feasi-
ble because they must satisfy all the linear inequalities (1). Hence, the eight extreme
points Py, P, P\, P,, P, P,, P and P, can span the following unbounded con-
vex polytope (geometric graph) whose each one of these extreme points must be
intersected the 4-space (n=4) lines including solid and broken in 4-space such that
the extreme points P,, P,;, P, and P,, can be shown by the use of the theorem 3 as

follows:

B, Py, P,  are collinear at the extreme point Py and P;, P, , P,, are also.
P, P,,, P;; are collinear at the extreme point P, and P, P, , P, are also.
B, Py,, Py; are collinear at the extreme point P, and P, P,,, P, are also.
P, P,,, P, are collinear at the extreme point P, and Py, P,,, P, are also.
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Unbounded Convex Polytope

—22 -



1)

2)

3)

A Note on Finding All the Extreme Points that Span an Unbounded
Convex Polytope Under Linear Inequalities

6. Remarks

It is clearly seen that all the extreme points to span an unbounded convex poly-
tope of geometric graph are simply and easily determined by the use of the theo-
rems and corollaries in section 3.

Obviously, the number of original variables are grater than three n> 3, it is diffi-
cult to find the geometric graph and hence, this method for finding all the basic
feasible solutions at their corresponding extreme points is better than corner
point method [8. P.8]1.

This method can not be used to compute the optimal solution for the linear
programming problem (minimize objective linear function) although its optimal
solution must occur at the extreme points of the linear constraints (or linear
inequahties of the system (1)) to span an unbounded convex polytope [1. P.178).
Obviously, it does not need all the extreme points and therefore the following
example will illustrate how to compute its optimal solution.

Example. Minimize f(x;, X5, X3, X4) = 3X; + 2X; + X3 + 4X,4, subject to the
linear constraints (8) as shown in the numerical example in section 5.

By the use of either big-M method or two-phase method, its optimal (mini-
mum) solution can be readily computed by using only seven Matrices P(3), P(4),
P(2), P(6), P(12), P(14) and P(10) respectively in section 5, and hence, we can
obtain its optimal (minimum) solution of f(x,, x,, X3, X4) equal to 22#3;5 at the
extreme point P, whose basic feasible solution is x; = %, X, =0, X3 =%’— and
x4 = 0.
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