sk ent X BEEHE ﬁfﬂkﬁﬁiﬁ%%

$la.217
2T T 2 : 3 A7 n
s e y P 3 M — #p
tann HH D | BAEG R rem 20T s
[]
. .
1. Let Z_an be a convergent series with sum s . Show that the series | o
n=l | i
B3
Z (a, +2a,,,) converges and find its sum. | (20%) §
n=l ' - 1
%
2. Let F(x,y,z)=(x>,5%,2z%) be a vector field in R>3. Evaluate the surface
integral. Hﬁ'-ﬁdS, where S? = {(x,y,z)lx2 + y2 + 22 =1} is the unit sphere
SZ J .
in M and # is the unit outward normal vector field on S2. (20%)
3. Find the maximum value of f(x,,: "»Xp) =X; +:-+x, subject to the constraint
x12 + - +x,,2 =1 and verify the inequality
Xy et x %7 bmmusr 2 %
: ey T (20%)
n n |
4. Let
x2 sin if x 20,
=)= |
N if x=0.
Show that f is differentiable on R, but /' isnot continuous at x =0. (20%)
5. Let f be a continuous functionon [%,2] . Evaluate the integral
2
I% A-Dfe+Yar. (10%)
6. Does there exist a nonconstant continuous real-valued function S on [0,1]
which assumes only integer values? ' (10%)
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Problem 1. (10 pts) Prove or give a counterexample. Let A be an n x n real
symmetric matrix. For any column vectors X, y.in R"”, define

(x,y) =y A.

Then {, ) is an inner product on R™.

Problem 2. (10 pts) Prove or give a counterexample. All 3 x 3 real matrix has a
corresponding Jordan Canonical Form. -

Problem 3. (20 pts) Let A be an n x n Hermitian matrix, that is, 4;; = 1_4_;
Prove the following statements.

(1) All eigenvalues of A must be real.

(2) Eigenvectors corresponding to different eigenvalues are orthogonal.

Problem 4. (20 pts) Let P(R) be the vector space of real polynomials of degree
at most two. Define an inner product on P(R) by

(f(2), 9(2) = / Litygfe)de

Suppose S = span{l,z}. If || - || is the norm induced by the inner product (, ),
find all A(z) in S such that

|A(z) — =%
is minimal. Justify your answer.

Problem 5. (20 pts) Let A be an n x n real matrix, where n is an even positive
integer. If AB = BA for all n X n real matrix B, show that det(A) > 0.

Problem 6. (20 pts) Let P (R) be the vector space of real polynomials of degree

at most one. Suppose T: P,(R) — P;(R) is a linear transformation defined by
T(a+bz) = 5a+ 2b+ (a + 4b)z. Find T*%(a + bx).
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