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1. (20%) let f: R — Rbe a continuousljf differentiable function, f(1) = 1, f'(x) < 0 for all
x € (—co, 1) and f'(x) > O for all x € (1, o0). '

(a) Show that f(x) > 1 forall x € R,
(b) Evaluate f/(1).

2. (20%) Let f(x) = x*cosx.
(a) . Find the Maclaurin series of cos x,
(b) Evaluate f1'9(0) and £'0(0).

3. (20%) Let P, Q: R* - R be continuously differentiable functions and C be the unit circle x* +
¥* = 1 in the counterclockwise direction. Evaluate the line integral 9§P(x, yydx + Q(x,y)dy
| c

under the following assumptions.
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(a) 5 " By on R
%,
(b)_——Q _op =x* +y? on R,
ox by

4.@0%)Iﬁpﬂﬁ)=hf e dx t> 0.

(a) Evaluate f(1).
(b) Find f'(r) explicitly for 1 > 0.

5. (10%) Show that the shortest distance from a point (xg; yg, zg) to a plane ax+ by +cz+d =0
is ICIJC() + byo + Cczp + dl ‘

Va2 + b2 4. c2

6. (10%) Show that evefy continuous real-valued function on a closed bounded interval [q, b} is
Riemann integrable,
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**Please show all your work.**
b0 Ak
=R

(a)let PTAP=D be a diagonal matrix. Prove that e” = Pe®P~'.  (10%)

1. Define ¢” =

2 0 0 :
(byLet A=f0 1 0|.Compute ¢*. (7%)
0 1 1

2. Label the following statements as true or false, In each part, V and W are finite-dimensional
vector spaces (over F), ‘A, B are matrices. | '
(@If T,U:V — W are both linear and agree on a basis forV , then T=U,

Ot m=dim(V) and n=dim(W), B,y are ordered basis of V and W, respectively,
and T is alinear transformation , then [T]f; isan mXn matrix.

A== A=/orA=~1.
() AB=1 implies that A and B are invertible.
(e) Let T Dbe a linear operator on a finite-dimensional vector spaceV .
LetS and abe ordered basis of V , and let Qbe the change of coordinate matrix that

changes & -coordinates into /3 ~coordinates. Then [T]ﬁ = Q[TLQ"' . (20%)

2 -1 0 1
0 _
3. Let A= 1 ! .0
01 1 0
0 <=1 0 3

(a)Find the characteristic polynomial of A . - (6%) _
(b)Find a Jordan canonical form J and an invertible matrix Q suchthat J=Q"'AQ. (10%)

4. Amairix Me M, (C) is called skew-symmetric if M'=-M

Prove that if M is skew-symmctric and nis odd , then M is not invertible.
. What happens if n is even? (15%)

5. (a)Let V =P(R) with the inner product < f,g >= .[1 f (g t)dr . Use Gram-Schmidt 7
process to obtain an orthonormat basis for £,(R) from the standard basis {1, x,x*}. (10%)
(b) Let V = B(R) with the inner product < f.g>= L F(#)g(t)dt . Compute the orthogonal

projection of f(x)=x> on P, (R). (7%)

6. Let F bea field that is not of characteristic 2.
Define W, ={Ae M, :A; =0 whenever i<} and W, to be the set of all symmetric

nxn matrices with entries from F. Both W, and W, are subspaces of M, (F).
Prove that M, (F)=W @W,. (15%)






