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. (15%) Let f: [a, b] — R be a continuous function. Show that there exists ¢ €

. (20%) Prove the following identities.

. (20%) State the Green’s Theorem and show that the area of the region R =

. (15%) Let f: [0,5] — R be a function defined by

1 ifx#1
ﬂ”"{o ifx=1.

Prove that f(x) is Riemann integrable on [0, 5] and evaluate its integral on [0, 5].

o0

n=1

Z a, converges if and only if {s,} is'a bounded sequence.

n=1

b
f f@dt = f() - a).

x e R,
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(b) x’”(l -x)"dx = f x"(1 - x)"dx.
0 0

X2 +y < 1} can be expressed as a line integral over the circle x? +y = 1 in the co
direction.

. (15%) l.et Z a, be a series with nonnegative terms and s, be its n-th partial sum. Show that

[a,.b] such that

. (15%) Suppose that f(x) is a continuous real-valued function on the real line R. Show that if
J(x+y) = f(x)+ f(y) forall x, y € R, then there exists a constant a such that f

(x) = ax for all

{(x,y) € R* |
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1. 20%) LetA,Bbetwonxn complex matrices such that AB = BA. Suppose A has n distinct
eigenvalues. Show that B is diagonalizable.

2. (20%) Let A be a 5% 5 real matrix. Suppose that A> = 0, but A% # 0. Find all possible Jordan
canonical form for A.

3. (20%) Let W, and W, be subspaces of a finite-dimensional inner product space V over a field
F. Suppose dim W; = dim W,. Show that there is an orthogonal linear operator T on V such
that T(Wy) = T(W,).

4. (20%) Let V and W be finite-dimensional vector spaces over a field F with ordered bases
B=1{vi,vo,...,v,}and ¥ = (wy, wa . .0, Wil respec‘uvely Let L be the vector space of all
linear transformatlon from V to W. Suppose that 7;; : V. — W is the linear transformation

such that
Wiedl £ = j
Tii(viy=
(V) {0 if k 2.

Show that § = (T}, | 1 Sis<m,l <j<n}is abasisfor L.

5. (20%) Let V and W be two subspaces of a vector space over a field F. Show that V/(VNW) is
isomorphic to (V + W)/W. Please prove directly by the definition of two vector spaces being
isomorphic. -
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