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(1) Let A and B be two nxn matrices over field F. Assume that the characteristic
polvnomials of A and B split into distinet linear factors in F, respectively. Show
that if AB = BA, then A and B can be diagonalized simultaneously.  {10%;)

{2) Lel V be the space of nxn matrices over F. Let A be a fixed nxn matrix over F. Let
T,, T, and T, be the linear operators on V defined by

T,(BY=AB, T,(B)=B', T.,B)= %[Bﬂﬂ“'}

where Be V and B' denotes the transpose matrix of B.
(a) True or false? If A is diagonalizable over F, then I, is diagonalizable.

(b} Show that both T, and T, are diagonalizable,
(c) Find a basis for V such that T, and T, are diagonalied simultaneously.
(30%)
(3) Let A4, (A) denote the smallest eigenvalue of the nxn real matrix A.
(a) Show that A (At+B) = 4, (A) + 4, (B) for any nxn real synunetric matrices A
and B.

(b) Let A :{Hy.j be an nxn real symmetric matrix. Show that ~:-; E:=| E::] a, 18

between the smallest and the largest eigenvalues of A.
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(¢} Find the minimum value of  Ri{x)= = 72 2 for x—| ' jeR’.
2x" +x,;

{Hint: Consider the Rayleigh quotients.)  {24%)
{4) Let A be an mxn matrix and b be an mx1 vector over the real field.
(2) Show that the hnear system Ax-b is solvable if and only if' b belongs to the
column space of A, (4%4)
(b) Show that A'Ax=4'5 is always solvable for any A and b, (10%)
(c) Let V be the space of all continuous function defined on [0,1]. Let

i
( 1, g} = L Jg be an inner product on V. Which linear function is closest to

S(xy=x" inthe lcast squares sense over the interval [0,112  (10%)
(5) Let T be a linear operator on a finite-dimensional vector space V. Then there exist
subspaces W, and W, ol 'V such that
(a) V=W @ W,.
(b) ¥, and W, are both T-invariant.

(c) The restriction 7’|,  isnilponentand 7', is invertible.

(Hint: Consider the nullspaces and ranges of 7,7°,77,....) fllﬂ,{)
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