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1. For 0 < x < oo, we define the Gamma function by
I(x) = J: P-leldt

(a) (10%) Show that the integral converges for 0 < x < oo and that I'(x + 1) = xI'(x) holds
for 0 < x < o0,

(b) (10%) Show that log I'(x) is convex on (0, ).

2. Given the series

i I'n+a)

) ~ %> 0

n=0

(a) (5%) Find the interval of convergence of this series.
(b) (15%) Let f{x) be the sum of this series in the interval of convergence. What is f{x) ?
(Hint : (1 -x)/'(x) - oflx) = 0.)
3.LetX = {f|f: [0,1] — R is continous }- For f,g € X, define
d(f,g) = sup [fix) — g(x)|
xe[0,1]

(a) (10%) Show that X is complete with respect to the metric 4.
(b) (10%) Prove or disprove :
A= {fe X'ﬂx) >0forallx e [O,l}} is open in X.

4. Consider the system of equations

x2=y2 - 4y 44 =0
2y +y? —=2u +3v*+8 =0

(a) (10%) Is it possible to solve for u(x,y),v(x,y) nearx = 2,y = —1 such that
u(2,-1) =2,v(2,-1)=17
(b) (10%) Compute %;—(Z,vl) :

5. Let f be continuous on [a,b].

(a) (10%) Show that
2! ﬁf(x)(jjﬂy)dy)dx = Ujf(x)dx)z

(b) (10%) Show that for any integern > 1,

n! J‘:j(x.) Jij[xz)--- ijf(x,,)cix,,---dxgdxl = (J:j(x)dx)n‘
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