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1. (20%) Let V be a vector space over C, and let W be an inner product space over C (ie. W
is an Hermitian inner product space,) with inner product (i.e. Hermitian product} (., -). If
T: V — W is linear, prove that for some fixed scalar 7, (x,y)" = r{T'(x), T(y)) defines an inner
product (i.e. Hermitian product) on V if and only if T is one-to-one and r > 0.

2. Let V = P3(R) be the set of all real polynomlals with degree at most 3, with the inner prod-

uct (f(x), g(x)) = f f(Heg(t) dt, and consider the subspace W = P,(R) (the set of all real

polynomlals with degree at most 2} with the standard ordered basis 8 = {1, x, 2%} of P,(R).

(a) (6%) Applying the Gram-Schmidt orthogonalization process to ,B and obtain an orthonor-
mal basis for W.

(b) (7%) Let f(x) = x + x on P3(R). Find the orthogonal projection g(x) of f(x) on W,

(c) (7%) Weknow V = W & W, so f(x) = w;, + w, for unique w; € W and w, € W+, Find
Wi and Ws.

3. (20%) Let A be an n X n matrix whose characteristic polynomial splits. Prove that A and A’
are similar. (Hint: Show that A and A’ have the same Jordan canonical form.)

4. For an m x n matrix M, we denote the i-th row by M, and j-th column by MY, Let A be an
m X n matrix and let B be the row echelon form of A. Suppose there are k nonzero rows in B.

_'(a) (7%) Show that thereare 1 < ji < jo» < -+ < ji < n such that Bl =e,, B2 =e,,.
Bl = 'e,, where e; = [1,0,0,...,017, e, = [0,1,0,...,0], ...,

(b) (7%) Show that Al', A% . A% are linearly independent.

(c) (6%) Show that A, A%, . A% is a basis for the column space of A (the vector space
. generated by columns of A.)
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5. Let A be a Hermitian matrix. That is, A is a real or complex nXn matrix such that A* = AT = A,
(a) (10%) Show that each eigenvalue of A is real.
(b) (10%) Show that A is diagonalizable.
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. (20%) Prove or disprove (by a counter example) the following statements:

(a) If f: R — R is a continuous function, then f is an open mapping.
(b) If f: (~1,1) — R is an infinitely differentiable function, and [f™(x)] < 1 for all

mQ
xe(-1,1)andn=0,1,2,.. thenf(x)__Zﬂ (0)

n=0

x"forallxe( 1,1).

. (20%) Let Q c R” be an open set Prove that (2 is connected if and only if Q is pathw1se

connected,

. (20%) Let f: R - R be a differentiable funct:on If f'(x) > f(x) for all x € Rand f(0) =

then f(x) > 0 for all x > 0.

. (20%) Let

SYp) M
f) =4 %

1 ifx=0.

Show that the improper integral of f{x) on (-co, o) exists, but that J{x) is not Lebesgue
integrable on (—co, co).

. (20%) Let f(x) = e~ x € R.

(a) Show that f(x) is Lébesgue integrable on R.
(b) Define

WE) = f e di(x)
vE

for all Lebesgue measurable sets in R, where A is the Lebesgue measure on R. Show that
1 is a finite measure on R and y <« A.
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