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Abstract This paper studies the initial value problem of multi-layer cellular neural networks.
We demonstrate that the mosaic solutions of such system is topologically conjugated to a
new class in symbolic dynamical systems called the path set (Abram and Lagarias in Adv
Appl Math 56:109-134,2014). The topological entropies of the solution, output, and hidden
spaces of a multi-layer cellular neural network with initial condition are formulated explicitly.
Also, a sufficient condition for whether the mosaic solution space of a multi-layer cellular
neural network is independent of initial conditions is addressed. Furthermore, two spaces
exhibit identical topological entropy if and only if they are finitely equivalent.
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1 Main Results

In the past few decades, cellular neural networks (CNNs) introduced by Chua and Yang
[14,15] have been one of the most investigated paradigms for neural information processing
[13]. In a wide range of applications, the CNNs are required to be completely stable, i.e., each
trajectory should converge toward some stationary state. In the study of stationary solutions,
the investigation of mosaic solutions is most essential in CNNs due to the learning algorithm
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and training processing. More abundant output patterns make the learning algorithm more
efficient.

Multi-layer cellular neural networks (MCNNSs), which are the coupled systems based on
CNN:s, have received considerable attention and have been successfully applied to many
areas such as signal propagation between neurons, image processing, pattern recognition,
information technology, CMOS realization and VLSI implement [4,9,12,14,16-19,25,28,
30,34-36,36]. One important reason for coupling CNNs is the simulation of the visual
systems of mammals ([22,23], with each layer symbolizing a single cortex in the visual
system). In [33], the authors demonstrated a sufficient condition for the complete stability
of MCNNs. Recently, Ban and Chang [6] showed that for MCNNs, more layers infer more
phenomena that the models are capable of. This work intends to investigate the complexity
of the space consisting of mosaic solutions under the constraint of initial conditions.

A multi-layer cellular neural network is realized as

d _
50 = —x" 0+ 2+ 3@ )+ 5 o),
keN

d 6))
S50 = =20+ 2+ Y @ ) + b e o),
keN

d q 1 1 1
Exi( ‘0 = =x" O +:20+ > o fx{ 0.
keN

for some integer n > 2,i € N, and r > 0. Herein xl.(e)(t) =0forl <f¢ <nandt >0
provided i < 0. The so-called neighborhood N is a finite subset of integers Z; the output
function

1
fo)=Z(x+ 1= lx = 1)) (@)

is a piecewise linear map. A = [AD, ..., A®]and B = [BP, ..., B™] are the feedback
and controlling templates, respectively, where AV = [a,E] )]ke s BO = [b,({l)]ke A forl <
j<n2<l<nyz= [z, ..., 2] is the threshold. The template T of (1) consists of the
feedback and controlling templates and the threshold, namely, T = [A, B, z].

Given a € R" and ¢ € N, the initial value problem (IVP) of a MCNN is investigating
those solutions that satisfy (1) with initial condition a at coordinate £. More precisely, instead

of studying the space
X = {x(t) = P (O)ien1<j<n € R 1 (1) satisfies (1)} 3)

which consists of all possible solutions of (1), the IVP of a MCNN focuses on investigating
the space

Xa = [x() = G Oien1jn € R x(0) satisfies (1), O, =af . @)

For ease of notation, we omit the time variable ¢ and let f(x) = (f (xl.(j ))) ieN,1<j<n» Where
X = (xl.(]))[eNJijfn € R®*" and f is the output function defined in (2). Set

Y={y=0")ieni<jen € R 1y = f(x),x € X} ©)
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and
Ya=1{y=0)ien1<jen € R 1y = f(x),x € Xa). (6)

For 1 < m < n, define @™ : R®*" — R®*! py oM (x) = (xl.(m))ieN, where X =

(x,'(j))ieN,lsjgn- Set
YU =y = iien:y=d"(y),yeY). (7

We call Y, the solution space, Y;") the output space, and ng) the m -th hidden space of (1)
with initial condition
(x (”) O)=a, teNack, ®)

where 1 <m <n—1.

The present paper focuses on those completely stable solutions in the space X, that tend
to a mosaic solutions in finite time. More specifically, there exists 7 > 0 such that, if
x = () in @), then |x)(1)] > 1foralli, j, and t > T.To make the investigation
self-contained and more readable, we recall some results about the complete stability and
exponential convergence of MCNNSs in the following. There are a lot of related references,
those referred ones are constrained by the authors’ interest.

Among wide applications of MCNNs, many of them, such as image recognition, require
the complete stability, which means that every solution of (1) converges to an equilibrium
solution. Meanwhile, the binary outputs of the solutions of MCNNs are also needed; more
precisely, mosaic solutions are essential for these applications. For those sufficient conditions
that make a one-layer CNN completely stable, many of them are followed by |x;| > 1 for
alli € Z, where X = (X;) is an equilibrium solution of the system. Despite of some theoret-
ical results, numerical experiments infer that most solutions converge exponentially to the
equilibria. The complete stability and exponential convergence of MCNNS is also demon-
strated. Reader is referred to [5,20,21,26,31-33] and the references therein for more details.
This motivates the investigation of those solutions x = (xi(’ ))ieN,lf j<n of (1) satisfying
1x” ()] > 1 forall i, j in finite time.

The aim of this study is two fold. First we compute the spatial complexity of Y, and Y(m)
1 < m < n. We achieve this by characterizing the underlined shift spaces of them. That is,
we prove that Y, and Yg,m) , 1 < m < n are topologically conjugate to path sets (Theorem
1.2); then using the latest result for path sets to compute the entropy. Secondly, we present the
classification result. That is, we characterize when two shift spaces in {Ys,, Yz(l]), R Yé")}
are finitely shift equivalent. Such an equivalence relation provides the relations between
the inner structures of two shift spaces. Roughly speaking, two mosaic solution spaces are
finitely shift equivalent revealing that such two spaces produce “almost” the same structures
and share the same complexities. Theorem 1.5 shows that the topological entropy is the
complete invariant for the finite shift equivalent. This extends the classical result on sofic
systems [27] to path sets. MCNNSs seems a natural application of this new result. We achieve
the above goals by raising a series of interesting problems.

Problem 1 How to calculate the topological entropy of Y, and Y;m), 1 <m<n?

Such a topic reveals the deep relationship with symbolic dynamical systems. We recall
some recent results first. In 1-d CNN, it has been proved that the space of the mosaic solutions
forms a 1-d subshift of finite type (SFT, [24]). Recently, it has also been proved that the mosaic
solution of a MCNN forms a sofic space ([7,10,11]), which is a factor of SFT. The mosaic
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Fractal Set of the Hidden Space Fractal Set of the Output Space

Fig. 1 The fractal set of the hidden and output spaces of the two-layer CNN in Example 2.2. Assigning
the patterns —1 and +1 by 0 and 1 embeds YD and Y in the closed interval [0, 1] by the expansion
¢(@) = Zj>1 %, where o = (¢;) € {0, I}N. The fractal sets on the left and right hand sides are the hidden
and output spaces, respectively

Fractal Set of the Hidden Space of IVP  Fractal Set of the Output Space of IVP

Fig. 2 The fractal set of the hidden and output spaces of IVP of the two-layer CNN in Example 2.2. It is
demonstrated that Yz(‘l) and Y2(‘2> exhibit identical topological entropy, and hence they are finitely equivalent

solution of Y, and Y;m), 1 < m < n, indeed produce new shift spaces, called path sets [2].
Such shift spaces are recently defined by Abram and Lagarias, which is a generalisation of
classical sofic space, and has many applications on number theory (p-adic expansions [1]).
A main difference between a sofic shift and a path set is that a path set may not be invariant
under the shift map o (x); = x;41, where x € AN, A is a finite set. Reader is referred to [2]
and the references therein for more details.

The difference between X and X, is that X; may be observed as a projection of X, and
Xa is not invariant under the shift map (defined later), where X =Y, YD YD, Namely,
X is topologically conjugated to a sofic shift in symbolic dynamical systems, while X,
is topologically conjugated to a path set in general. Such essentially different topological
structure motivates the investigation. Figures 1 and 2 present the output and hidden spaces
with/without the constraint of initial condition. To answer Problem 1, recall that the number
of distinct solution spaces of (1) without initial condition is finite, if the neighborhood
N is fixed. More precisely, suppose N' = {—d,...,—1,0,1,...,d} for some d € N.
The following proposition demonstrates that the parameter space is partitioned into finitely
equivalent subregions.

Proposition 1.1 (See [11]) Let Py be the parameter space of (1), where N = (4d + 3)n —
2d — 1. There is a positive integer K and unique set of open subregions {Pk},f:l satisfying

1 P, = Ulle Py, where U refers to the closure of U;
Q) PNP=2ifi #j;
(3) Templates T, T’ € Py for some k if and only if YT = Y.

A straightforward examination infers that Proposition 1.1 still holds for the solution spaces
of IVP of (1), as it does for the output and hidden spaces.

This following result indicates that these spaces of IVP of (1) are topologically conjugated
to path sets.

Theorem 1.2 Givena € R". Suppose Ya, Yg") ,and Yi(,m) are the solution, output, and hidden
spaces of (1) with initial condition (8), | <m <n — 1. Then Y, and Y;m) are topologically
conjugated to path sets for | <m < n.

Theorem 1.3 gives an affirmative answer for Problem 1.
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Theorem 1.3 Suppose X € {Ya, Ygl), R Y;")} and (G, v) is a reachable presentation
(defined later) of X. If the labeled graph G is right-resolving, then

h(X) =log X, 9

where M is the spectral radius of the transition matrix T of the underlying graph G of G.
Herein a labeled graph is right-resolving if no two edges from the one vertex carry the same
label.

Notably, every path set has a reachable right-resolving labeled graph presentation (cf. [2]
Theorem 3.2). After investigating the spatial complexity of the space of IVP of MCNNE, it
is natural to ask the following problem.

Problem 2 Suppose the template of a MCNN is given. (In this case, the solution space Y
is determined.) Is the system independent of the initial condition? More specifically, is Ya
identical to Yy, up to some shifts, where Y, and Y}, are the solution spaces with respect to
two different initial conditions?

We say a MCNN is independent of initial condition if for any two initial conditions a and
b, there exists k € N such that either o¥(Y,) = Yy, or 6%(Yyp) = Ya. Roughly speaking, a
MCNN is independent of initial condition if each pattern of the solution under initial condition
one can be obtained by eliminating some digits of a pattern of the solution space under initial
condition two.

Theorem 1.4 Suppose G is the graph presentation (defined later) of the solution space of
a MCNN. If G is irreducible, then the system is independent of initial condition. Moreover,
h(Xa) = h(Xp) for any initial conditions a, b, where X € {Y, YWD, ..., Y™},

Furthermore, we investigate the finite equivalence between two path sets. Theorem 1.2
demonstrates that the hidden and output spaces of MCNNs under initial condition are topo-
logically conjugated to path sets. That means the investigation of the topological structure
of the hidden and output spaces under initial condition is equivalent to elucidating the topo-
logical structure of path sets, and finite equivalence between two path sets is an important
topological relation. The formal definition of finite equivalence is referred to Definition 3.8.
Roughly speaking, two path sets P; and P, are finitely equivalent if there exists a graph
G together with vertices vy, v» and two labeling £1, £, such that (G;, v;) is either a right-
resolving or a left-resolving presentation of P; fori = 1, 2, where G; = (G, L;). Note here
that a labeled graph is called left-resolving if no two edges end at one vertex carrying the
same label. Theorem 1.5 shows that identical topological entropy is a necessary and sufficient
condition for two spaces of IVP of MCNNs being finitely equivalent.

Theorem 1.5 Givena € R". Suppose Ya, Y;"), and Y;m) are the solution, output, and hidden
spaces of (1) with initial condition (8), 1 <m <n—1. For Xy, X3 € {Ya, Ygl), o, Yg(,")},
if X1 and Xy are irreducible, then X and X, are finitely equivalent if and only if they admit
the same topological entropy.

The main contribution of the present paper is revealing the topological conjugacy between
the initial value problems of differential systems and symbolic dynamical systems. This infers
that the more properties we know about path sets, the more we know about the topological
structure of the solution spaces derived from differential equations with initial conditions,
and vice versa. It is essential to find an equivalent relation in systems of differential equations
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so that we can characterize how many different types of dynamical phenomena are exhibited
and investigate their detailed structures. To achieve this goal, an invariant quantum is needed,
and topological entropy is one of the well-known invariant quantum. A classical result, which
features topological entropy, in symbolic dynamical system is the so-called finite equivalence
in Markov shift spaces. More precisely, two Markow shift spaces are finitely equivalent if
and only if they have identical topological entropy. In this case, there is a covering space
and two finite-to-one factors from the covering space to these two Markov shift spaces. This
elucidation extends finite equivalence to path sets. In other words, two initial value problems
of MCNN s are finitely equivalent if and only if they have coincident topological entropy.
This result is novel in symbolic dynamics and is important for differential equations. Most
important, the whole process is routinely checkable.

The rest of this work is organized as follows. Section 2 addresses two examples for our
main results. The proofs of theorems are postponed to Sect. 3, and the equivalent partition
of the parameter space is elucidated in Appendix.

2 Examples

To give an over all picture of the present investigation, we examine two examples in this
section. The detailed discussion is revealed in Sect. 3. First example addresses the difference
between the hidden and output spaces of a MCNN and the influence of the initial condition.

Example 2.1 Suppose the MCNN is given by
d 2 2 2 1 1
570 = —x 70 +25+ 457 (0 + 632 (1) + 330 + 25, 0,

d
Exi(l)([) = "0 -03+2y" ) -y, 0.

(10)

To elucidation of the solution space, we should identify the basic set of admissible local
patterns first (see the Appendix). A straightforward verification infers that the basic set of
admissible local patterns is

Bl — —— —— +- ++ ++ ++
— | —4 | +— | +— | — | — | +—

After determining the admissible local patterns, the transition matrix (defined in (12)) is used
for elucidating the spatial complexity of the system. In this case, the transition matrix T of
the solution space Y is

—_O = =
S oo =
_——0 O
S - O O

and its graph presentation is seen in Fig. 3. However, the transition matrix does not present
the hidden and output spaces. To reveal the dynamics of the hidden and output spaces, we
introduce the symbolic transition matrix (defined in (15)). The symbolic transition matrices
of Y and Y® of (2.1) are
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Fig. 3 The graph presentation of
the solution space in Example
2.1. It consists of two irreducible
subgraphs

©

—
~— _—

@

51@

53 53

g G

Fig. 4 The labeled graph presentation of the hidden and output spaces in Example 2.1. g represents the
hidden space YD while g@ represents the output space Y@ 1t is seen that neither G nor G@ are
right-resolving

s1 S 9 O s1T 851 99
K g g g s g g g
s =" and S@ =["!
g g s S g T sS4 S84
3 I 53 O 3 I os4 O
respectively, where
s1=——, S2=—+ s=+-, su=++.

The labeled graph presentation of the hidden and output spaces are pictured in Fig. 4. Notably
the topological dynamics of the solution spaces with initial vertices v and v are different.
Suppose the initial condition a is given such that the graph presentation of Y;l) and Y;Z) are
G¢M and G with initial vertex v respectively. Theorem 3.6 asserts that the path topological
entropy of the hidden space is & p(Ygl)) = log g while the path topological entropy of the
output space is h p(Yf)) = 0. The detail discussion is elucidated in Sect. 3.

Example 2.2 demonstrates the finite equivalence of the hidden and output spaces. The
upcoming example also presents a MCNN which is independent of initial condition. Fur-
thermore, due to the labeled graph presentation of the hidden and output spaces are not
right-resolving, the investigation of Example 2.2 is more complicated than the previous
example.

Example 2.2 Consider the MCNN given by

Ex,@ 1) = —x2 1) +0.9 - 03y (1) — 1.2y, ) + 0.7y (1) + 2.3y, ().

Exi(l)(t) = —x "0 +09+295" 1) + 1.7y ().
(11)
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Fig. 5 The graph presentation of
the solution space in Example 2.2

= ®_)

Then the basic set of admissible local patterns is

g A=+ [+ [+=][+=][+F][++
=== =t =+ P

The transition matrix T of the solution space Y is

0
0
1
1

S O OO
SO ==
—_—0 O

and its graph presentation is seen in Fig. 5.

Suppose the initial condition is given so that the initial vertex of Y;]) and Yéz) is v3. In this
case, the right-resolving presentations of the hidden and output spaces after applying subset
construction method (introduced in Sect. 3.2) are irreducible and are shown as follows.

® .Q \‘3 )

It comes immediately that the transition matrices of Y;l) and Y§.2) are
0 1 0
™ = ((1) }) and T® =1 0 1
1 0 1

respectively. It is easy to see that the MCNN is independent of initial condition and Theorem
3.6infers that i p (YS") = hp(YS?) = log g for all initial conditions, where g = (1++/3)/2
is the golden mean. Theorem 3.9 demonstrates that Y;l) and Y;(,z) are finitely equivalent, and
their common underlying graph is seen in Fig. 6. The detailed investigation is referred to
Example 3.10.
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Fig. 6 The common graph
presentation of the hidden and

output spaces in Example 2.2 /

@S ——C@my )

3 The Complexity of Initial Value Problems of Multi-layer Cellular Neural
Networks

This section elucidates the complexity of initial value problems of MCNNs. We introduce a
methodology for the computation of an indicator of the complexity. By complexity we refer
to the topological entropy.

Proposition 1.1 (also known as the separation property) infers there are finitely many
kinds of nonequivalent templates for MCNNSs if we focus on mosaic solutions. (For the
reader’s convenience, we examine the separation property in the Appendix.) More than that,
the investigation of MCNNs is equivalent to the investigation of the basic sets of admissible
local patterns. Recall that we referto Y, YD and Y@ the solution, hidden, and output spaces
without the constraint of the initial condition and refer to Y,, Y;l) ,and Y;z) those with initial
condition a. Suppose a basic set of admissible local patterns B is given, the solution space Y
is then represented as

— Yi | YiYita : .
Y = {(W)iEN Hagtsy | € B forieN;;

the output space Y and hidden space YV are

Y? — [(y,-),»eN : (Z’) € Y for some (Mi)ieN]
1/ ieN
and
v — [(Mi)ieN : (i”) €Y for some (yi)ieN]
t/ieN

respectively.

3.1 The Topological Structure of the Solution, Hidden, and Output Spaces

First considering (23) without initial condition, substitute mosaic patterns —1 and 1 with
symbols — and +, respectively. Define the ordering matrix of {—, +}22x2 by
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- [+ |+
+ =] |+
—— | =] |-+ |-+
—— | =] || |-+

—— | == |=+]| |-+
+_ ++ +_ ++ = (qu)lik’lgét

e
—+

| [+ [++] |+
+=| [+ [+ [+

[+ [+ ][+ ][ 1]

We emphasize that each entry in X is a 2 x 2 pattern since B consists of 2 x 2 local patterns.
Once the size of local patterns varies, there exists a corresponding ordering matrix which
represents the basic set of admissible local patterns. Suppose that 53 is given. The transition
matrix T € M4 (R) is a4 x 4 matrix defined by

1, if xy € B;

0, otherwise. (12)

Tk, 1) = [
After determining the transition matrix, the solution space Y can be described via a directed

graph as follows.
Let

n=|_1, 'UQE_T_7 v35+, mzi.

Then v; is in the vertex set V if and only if neither the i-th row nor the i-th column of T are zero
vectors. There exists an edge e = (v;;, v;,) € £ from v;; to v;, if and only if T(iy, ir) = 1.
The graph G = (V, &) is called a graph presentation of T. A graph is called irreducible is
its corresponding matrix is irreducible; namely, there exists a path for any two vertices. It
follows immediately that the solution space Y is the collection of infinite paths in G. More
precisely, set

Xc =1{(gi)ien: & €V, (&, gi+1) € Efori e N},

then Y = X¢. In other words, Y is a shift of finite type (SFT) in symbolic dynamical systems
(cf. [10,24]). For example, suppose the basic set of admissible local patterns 5 is given as in
Example 2.1. Then the transition matrix of the solution space Y is

1 1 0 0
1 0 0 O
T= o o0 1 1}
1 01 0
and the graph presentation G = (V, £) is seen in Fig. 3.
Y1y2
For ease of notation, denote U1tz by y1y2 ¢ ujus and
_ Yiyays - - -
you= = , where 'y = (¥i)ien, U = (U;)ien-
u1u2u3 o ..
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Then we can write Y as
Y={you:yeY? uecy®y}

Since the solution space consists of the output and hidden spaces, the dynamical behavior of
the output space Y is influenced by the hidden space Y1, and vice versa. For instance, a
phenomenon which cannot be seen in one-layer cellular neural networks is that Y would
break the symmetry of the entropy diagram of Y® [8,11]. This motivates the study of the
IVP for Y and Y®.

Since the output space Y and the hidden space Y() are both factors of the solution
space Y, the transition matrix T and its corresponding graph G are not capable of elucidating
YD and Y®. Aside from the transition matrix and directed graph introduced in the previous
subsection, the so-called symbolic transition matrix and labeled graph are presented instead.

Let A = {51, 52, 53, 54}, where

S1l=——, S2=—+, s3=+—, S4=++.

For a1 = ay;101:2, a2 = a2;102:2 € A, denote the compound symbol ooz by aq;101.202:2
if and only if @1.2 = p.1. In such a manner we can define a word of arbitrary length with
symbols being in A. Suppose G = (V, £) and T are the graph presentation and transition
matrix of Y. Define £V, £® : & — Aby

LY (€) = s2-n4r(j-n+1, T(e) == cmod2; (13)
£LP (€) = s21(i—1)/21+1(j—1)/21+1, [-]is the Gauss function; (14)

where e = (v;, v;). These two labeling functions £W and £P define two labeled graphs
g = (G, £M) and @ = (G, E(z)), respectively. For £ = 1, 2, set

Xgo = {(w)jen : E([)(e,') = wj,e; € £ fori € N}.

In [10,11], the authors demonstrated that the output space Y is topologically conjugated
to Xg@ and the hidden space YW is topologically conjugated to X g - A space that is
represented as a labeled graph is called a sofic shift, which is an extension of a SFT. The
reader is referred to [27] for more details.

Similar to extending a directed graph to a labeled graph, the transition matrix can be
extended to a symbolic transition matrix. The symbolic transition matrix S with respect to
the labeled graph G is defined by

aj. if TOp.g)=1 and LO((wp.v)) = at);

© =
S(p,q) = o,  otherwise.

5)
Herein the empty symbol @ means there exists no local pattern in B related to its corre-
sponding entry in the ordering matrix. A labeled graph is called right-resolving if edges
start from the same vertex carrying different labels. Similarly, a labeled graph is called
left-resolving if edges end at the same vertex carrying different labels. It follows from this
definition that the symbolic transition matrix S of a right-resolving labeled graph must sat-
isfy S(p, q) # S(p, q’) for all p, q, q" if S(p, q) # 2. Conversely, suppose S(p, q) # @.
S(p,q) # S(p,q’) for all p, g, ¢’ demonstrates that no two edges starting from the same
initial state carry the same label. In other words, a labeled graph is right-resolving if and only
if the multiplicity of every nonempty symbol is less than or equal to one in each row of its
corresponding symbolic transition matrix.
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Continuing with Example 2.1, the graph presentation G of the output space Y is seen
in Fig. 3. The labeled graph presentation G and G of the hidden space Y(!) and the
output space Y are presented in Fig. 4; their corresponding symbolic transition matrices
are

s 2 G O s1 81 9 @
S(]) _ s3 D g O and S(Q) _ ST O g O
g g 851 g T Ss4 S84
s3 g 53 I 53 I sS4 O

respectively. Notably neither G nor G are right-resolving. In [11], the authors indicated
the structure of the solution, hidden, and output spaces.

Theorem 3.1 Suppose Y, YV, and YP are the solution, hidden, and output spaces of a
MCNN, respectively. Then Y is a shift of finite type, and YV and Y® are sofic shifts.

Notably a shift of finite type is also a sofic shift. In other words, sofic shifts generalize the
concept of shifts of finite type.

Next we consider the topological structure of the solution, hidden, and output spaces under
the influence of initial conditions. The initial condition is given by

(2)
(xlgl) ) =a forsome acR? keN. (16)

Without loss of generality, we may assume that i = 1. Recall that we focus on the mosaic
(2)

solutions; namely, the space X, defined in (4) consists of ( ii(l) ) satisfying |xi(£) ] >1
i JieN

fori e N, £ = 1,2, provided ¢t > T for some 7 > 0. In this case, the solution space Y,, the

hidden space Y;I) , and the output space Y;(f) are realized as
(2) )
i - — + +
Ya=ly=(yl<1>) :yh) 6[_’+7_»+]]§{—,+}NW2, (17)
Yii Jien 2

YO ={y=(3") v=0Cm.yev}, =12 (18)

and

More precisely, the solution space Y, consists of paths in its corresponding graph G starting
from a particular vertex, and so are the hidden and output spaces. Notably, Y;Z) consists
of labeled paths starting from a particular vertex in G for £ = 1, 2. This concludes that,
considering the IVP of (23), the solution space Yj,, the hidden space Ygl), and the output
space Yf) are topologically conjugated to the so-called path sets in symbolic dynamical

systems (cf. [2]).

Definition 3.2 Suppose G = (G, £) is a labeled graph with underlying directed graph
G = (V, &) and labeling £ : £ — A. The path set (or pointed follower set) P = Xg(v)
is the subset of AY made up of the symbol sequences of successive edge labels of all pos-
sible one-sided infinite walks in G issuing from the distinguished vertex v. Many different
(G, v) may give the same path set P C AN, and we call any such (G, v) a presentation of
P.
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Theorem 3.1 and the above discussion derive our first main theorem that the solution,
hidden, and output spaces with initial condition are path sets. In other words, we have the
following theorem, which is the case that n» = 2 in Theorem 1.2.

Theorem 3.3 Suppose Y, Ygl), and Y;2) are the solution, hidden, and output spaces of (23)
with initial condition (16). Then Y, Y;l), and Y;z) are path sets.

3.2 The Spatial Complexity of the Solution, Hidden, and Output Spaces

The previous subsection reveals that either one of the solution, hidden, and output spaces is
topologically conjugated to a path set. Following the topological structure of these spaces,
it is on the topic of complexity which this subsection considers. One of the most frequently
used quantum for the index of spatial complexity is the topological entropy. Notably, the
topological entropy measures the growth rate of a number of patterns of an invariant closed
space. Meanwhile, the solution, hidden, and output spaces under initial condition, that are
demonstrated as path sets, are not invariant. By complexity, instead of the classical topological
entropy, we focus on the so-called path topological entropy.

Definition 3.4 (See [2]) Suppose P is a path set. Let N/ (P) denote the number of distinct
initial blocks of length n in P. The path topological entropy of P is defined by

1
h,(P) = lim sup — log N/ (P). (19)
n—oo N
The difference between the topological entropy and the path topological entropy is that
the topological entropy considers the growth rate of all distinct blocks in the given space
(cf. [3]). More precisely, let N, (P) denote the number of distinct blocks of length n occurring
anywhere in a path set P. The topological entropy of P is
1
htop(P) = lim sup — log N, (P). (20)
n—oo N
In [2], the authors showed that the topological entropy of a path set coincides with its path
topological entropy.

Theorem 3.5 (See [2]) For a path set P,
hp(P) = hiop(P). (21)

It is known that the topological entropy of a sofic shift relates to the spectral radius of
its corresponding transition matrix (cf. [27]). Theorems 3.3 and 3.5 indicate that the path
topological entropy of either one of the solution, hidden, and output spaces also relates to the
spectral radius of its corresponding transition matrix if the transition matrix comes from a
reachable presentation. Herein a presentation (G, v) of a path set P is called reachable if each
vertex of G can be reached by a directed path from v. This derives the following theorem,
which is the case that n = 2 in Theorem 1.3.

Theorem 3.6 Suppose X € {Ya, Ygl), Y;z)} and (G, v) is a reachable presentation of X. If
the labeled graph G is right-resolving, then

hp(X) = log X, (22)

where X is the spectral radius of the transition matrix T of the underlying graph G of G.
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Fig. 7 The right-resolving labeled graph presentation of the output spaces in Example 2.1 after applying
SCM

In general, the labeled graph of a presentation may not be right-resolving (cf. Fig. 4).

Nevertheless, applying the so-called subset construction method (SCM) to the original labeled
graph G derives a right-resolving labeled graph H. Moreover, the space represented by H is
identical to the original one, say, Xg = X. It is easily seen that, by applying SCM, every
path set has a reachable right-resolving presentation (G, v). We introduce SCM to make the
investigation self-contained. For the details, the reader is referred to [2,27].
Subset Construction Method Let X be a sofic shift over the alphabet .A having a presentation
G = (G, £).If Gis notright-resolving, then a new labeled graph H = (H, L) is constructed
as follows. The vertices I of H are the nonempty subsets of the vertex set V(G) of G. If
I € V(H)and a € A, let J denote the set of terminal vertices of edges in G starting at some
vertices in I and labeled a, i.e., J is the set of vertices reachable from I using the edges
labeled a.

1) If J = @, do nothing.
2) If J # @, J € V(H) and draw an edge in H from [ to J labeled a.

Carrying this out for each I € V(H) and each a € A produces the labeled graph H. Then,
each vertex / in H has at most one edge with a given label starting at /. This implies that
is right-resolving.

We apply SCM to G, a labeled graph presentation of the output space Y@ in Example
2.1, as an example. It is seen that the label on both the edges from v; to vy and from v
to itself are s1, and the label on the edges starting from v3 are s4. Hence two new vertices
{v1, v2} and {v3, v4} are constructed. The newly generated labeled graph H? is obtained as
in Fig. 7.

Recall that a MCNN (23) is independent of initial conditions if, for any two initial con-
ditions a, b, there exists k € N such that either o¥(Xy) = Xp or o¥(Xp) = Xa, where
X e {Y, YD, Y(2)}. An immediate consequence of Theorem 3.5 is that a MCNN is inde-
pendent of initial condition if the graph presentation G of the solution space without initial
condition is irreducible. The proof is straightforward, and thus is omitted. Example 3.10
infers that an MCNN which is independent of initial condition does not relate to an irre-
ducible graph presentation. This derives the following theorem, which is the case thatn = 2
in Theorem 1.4.

Theorem 3.7 Let G be the graph presentation of the solution space of a MCNN without

initial condition which is obtained from the basic set of admissible local patterns. Then the
prescribed MCNN is independent of initial condition if G is irreducible.
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One of the well-known applications of entropy is classifying shift spaces into equivalent
classes (cf. [27]). Aside from calculating the path topological entropy of the solution, hid-
den, and output spaces of MCNNS, it is interesting to investigate the finer structure, say,
the relationship between the hidden and output spaces. Herein we focus on the finite shift
equivalence of spaces. Let X and Y be two shift spaces. A map ¢ : X — Y is called a factor
map if ¢ is onto. A factor map ¢ : X — Y is finite-to-one if there exists M € N such that
the cardinality of ¢! (y) is less than or equal to M for y € ¥, where ¢~ ' (y) indicates the
pre-image of y. Two shift spaces X and Y are finitely equivalent (FE), denoted by X ~r Y, if
there exists a shift of finite type W together with finite-to-one factor maps ¢x : W — X and
¢y : W — Y. We say that W is a common extension of X and Y, and the triple (W, ¢x, ¢y)
is a finite equivalence between X and Y.

Definition 3.8 Two path sets P and P, are said to be finitely equivalent if there exist an
irreducible directed graph G and two factors Wi, W, such that, fori = 1,2, ¥; : Xg — Xg,
is finite-to-one, where (G;, v;) is a presentation of P;.

Notably, path sets are not shift invariant in general. (cf. [2]). Theorem 3.9 asserts that
irreducible path sets are FE if and only if they are carrying the same path topological entropy.
Hence we derive the following theorem, which is the case that n = 2 in Theorem 1.5.

Theorem 3.9 Suppose Y;l) and Y;z) are the hidden and output spaces of a MCNN with
initial condition. If Yél) and Yl()z) are both irreducible, then Y;]) ~F Yl()z) if and only if
he(Y3) = hp(Y).

Proof Y;l) and Yl()z) share the same path topological entropy coming immediately from the
FE of Y and Y. It suffices to show that hip(YS") = hp(Y() infers Y§V ~ 7 Y.

Since the presentations of Y;l) and Yl()z) come from the same underlying graph G, it is
seen that they have identical path topological entropy whenever both their presentations are
right-resolving. It remains to show that at least one of the presentation is not right-resolving.
The key to showing that Y;l) and YE) are FE is constructing the underlying graph of their
presentations. The construction is similar to the proof in [27, Theorem8.3.8], which we restate
herein for the reader’s convenience.

Applying SCM if necessary, with the abuse of notations, we assume that G is right-
resolving with transition matrix T for ;i = 1, 2. In [29], Parry demonstrated that two shifts
with the same topological entropy infer there exists an integral matrix that commutes with
their transition matrices. More specifically, there exist nonnegative integral matrices E, F
such that T? E = ET® and TV F = FT®. We use the matrix F to construct the desired
graph M. Let A = T and B = T® for ease of notations. First we introduce an auxiliary
graph N.

The auxiliary graph N is formed as follows. The vertex set V(N) of N is the disjointed
union of V(GW) and V(G?®), where G is the underlying graph of G fori = 1, 2. There
are three types of edges in N: A-edges, B-edges, and F-edges. The A-edges are simply all
edges in G, now regarded as having initial and terminal states in V(N). The B-edges are
defined similarly. The F-edges are between G and G®; more specifically, for each pair
I € VGW)and J € V(GP), there are F(I, J) edges in N from [ to J. For each path of
length two in N from I € V(GV) to J € V(G?) is either a left-bottom path or a top-right
path that are seen as follows.
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a

I [———

f J

J J
b

Let LB(1, J) denote the set of all left-bottom paths from 7 to J, and TR(/, J) the set
of all top-right paths from 7 to J. The equation (AF)(I,J) = (FB)(I, J) asserts that
ILB(I, J)| =|TR(I, J)|. Hence for each I, J we can define a bijection

Cyy:LB(,J)— TR(,J).
We assemble all these bijections to form a bijection
r. \J tBu.n— |J TRUD.

Iev(GM) IeV(GWM)
JeV(G?®) JeV(GD)

Each left-bottom path fb is paired by I" to a top-right pair af’, and each such pair can be
put together to form a closed box as follows.

a a
I [ ——— [———
f L fl=y f
J J J
b b

We denote the resulting box by CI(f, a, b, f’). Such a box is determined by its left-bottom
path fb and also by its top-right path af’.

Using N to construct the required common extension using a new graph M. The vertex
set V(M) is the set of all F-edges in N, and the edge set £(M) is the set of all boxes
O(f, a, b, f'). The initial state of O(f, a, b, f') is f and O(f, a, b, f') terminates at the
vertex f.

Define ¢V : E(M) — £(GWV) and 9@ : EM) — E(GP) by

¢V@O(foa,b, ) =a and $P(O(f.a,b, ) =b,
respectively. Itis straightforward to verify that ¢! is left-resolving and ¢® is right-resolving.
Furthermore, the edge map o@D M) - £(GD) induces vertex map oM Y(M) —
V(G(i)) fori = 1, 2. This infers there exist two vertices 7}, Uo € V(M) such that (M, £ o
oM, v1) and (M, £ 0 ¢, 7,) are presentation of YS and Y{)z) , respectively.
This completes the proof (Fig. 8). O
Example 3.10 Suppose the templates of a MCNN are given by the following:
@, aV, V] =129,1.7,0.1]
[@®,a®,b®, p® :P] =[-0.3,-1.2,0.7,2.3,0.9]
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Fig. 8 1f Y and Y are X
finitely equivalent, then we can M
construct a new graph M such
that M is the underlying graph of
presentation of Ygl) and Y{)Z).
Herein Yél) and Yl()z) are factors
of X ,(,P and X ,%), respectively, X,L(,P X 1()2)
and X (1), X@ are shifts of finite
type
1 (2)
Y Y,
Then the basic set of admissible local patterns is
g [+ [+ [+=]1[+][+F]| [++
—— == P P

The transition matrix T of the solution space Y is

0 0 1 0

0 0 1 0

T= ,
01 0 1
0 1 0 1

and the symbolic transition matrices of the hidden and output spaces are

g o
S(l) _ g g
g 8
g 84

S1
53
%]
%]

%)

2
54

and S@¥ =

1%}

%]
%]
%]

g s O
g s J
§s3 I 54
§3 I 854

respectively. See Fig. 9 for the graph presentation of Y(I and Y®), respectively.
The right-resolving graph presentation H) of Y() is referred to as Fig. 10, and the

symbolic transition matrix is

S

s _

QR R

1%}

g 8]
g 83
g o
g oI
g 853

(OEENERORINERWN

[%)
%)
)
84
54

It is easy to see that hp(Y) = hp(Y(D) = hp(Y®) = log g for all initial conditions, where
g = (14++/5)/2is the golden mean. Moreover, the MCNN is independent of initial condition.

Let

[eNeBeN
- O O OO

S = = O O

- O O O QO

and F =

[eNeNeNe)

[e=NeNeNel

SO = =
S O OO
—_—— O O

@ Springer



86 J Dyn Diff Equat (2016) 28:69-92

W——=w O——=®

53 52

B D) D@ )=

g(l) g(2)

Fig. 9 The graph presentation of the hidden and output spaces of Example 3.10. It can be seen that G@ is
right-resolving while G is not

Fig. 10 The labeled graph @ @
obtained by applying SCM to

g<‘> in Example 3.10

53 S1 54
52
/\
O, s
\/
53

O @S -
@ ) / \.3 )

Fig. 11 The graph presentation of the hidden and output spaces in Example 3.10. The left one presents y®
and the right one presents Y@

Then HVE = ET® and T® F = FHY, where HY is the transition matrix of H(.
Suppose the initial condition is given so that the presentations of Y;l) and Ygz) are
(H(l), v3) and ((](2), v3), respectively. In this case, the presentations of the hidden and output
spaces are irreducible and are shown as in Fig. 11.
With an abuse of notation we denote the transition matrix and symbolic transition matrix
of Yg) by T and S®) respectively for i = 1, 2. Then

%] o
(1 g 5 2 e
St = o s and S“ " =1[s3 @ s
53 54

s3 I 54

respectively. Define

=]
Il
S O =
—_—— O
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It comes immediately that S®F = FS» and therefore T®F = FT"). Theorem 3.9 indicates
that Y§" and Y are FE.

We use F to construct the common graph presentation of Y;]) and Yéz) . The vertex set of
the common graph M consists of F-edges as follows.

(a1, B1)s (a2, B2), (a3, B2),

where «; and B; are vertices of, with the abuse of notations, G 2 and H respectively for
1 <i <3,1 <j < 2. Nextwe need to define the edges of M. Fix states «; € G@ and
Bj € HD. For each edge o; — o in G?, there is an edge from (o7, B;) to (eyr, Bjr) if
and only if (e, B;) is an F-edge and ; — B is an edge of HD. For example, consider
i=1and j' = 1.Theni’ = 2 and j = 2 is the only choice. Since there is no such F-edge
(a1, B2), there is no edge generated. Instead, consider i = 1 and j/ = 2. Then i’ = 2 and
j =1, 2. Since («1, f2) is not an F-edge, we conclude that

(@1, B1) — (a2, B2)

is an edge in M. Repeating this procedure derives the edges of M are as follows.

(@1, 1) — (a2, B2)
(@2, 82) — (a1,B1) (o3, pB2)
(@3, B2) — (a1, B1) (a3, B2)

Notably the above procedure is actually the same as making a choice I" of bijections as is
presented in the proof of Theorem 3.9, and that the graph determined by such transitions
is isomorphic to the graph M constructed there. Consider o1 and B, for example. The only
left-bottom path from «; to B is

€3]
(a1, 51)

fr——= 02

(B1, B2)

On the other hand, the only top-right path from o to §; is

(a1, aa)

| ——— (9

(a2, B2)
2

This gives the part I'y, g, of the bijection I', and together these define the graph. The edge
(a1, B1) — (o2, B2) in M corresponds to the following box.
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(a1, ag)

] —> Q9

(aq, (1) (ag, B2)

b —— B2

(B, B2)

See Fig. 6 for the underlying graph M.
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Appendix: Equivalent Relation for Templates

The essential study of (1) is investigating two-layer cellular neural networks with the nearest

neighborhood; namely, n = 2 and N' = {—1, 0, 1}. For the clarification of the investigation,

(1) a®

we assume that a_ 1 = 0. Under such condition, (1) is represented as

d 2 2 2
*th,( (1) = ( (1) + 2@ +a@y ( (1) +a(2)y,(+)1 () +b(2)y,-(l)(t) + bfz)y,»(fl (),
d
fdtxl(l)(t) = - “)(t) + 70 44® “)(t) + a“)y(i)l ®),
(23)

where i € N, ¢ > 0, and yi(j) = f(x(j)) for j = 1, 2. Since, for all 7, j, |x (j)(t)| > 1

provided ¢ is large enough, the output y(J )(t) is either 1 or —1 after finite time. Hence we
omit the time factor in the following discussion.
@, .0 1
Suppose y = (1) (1) (1) € Y is a mosaic pattern. Fori € N, yi( ) = lifand only
y2 y3 ..

if xi(l) > 1. This derlves
a® 420 — 1> —gMyD,. (24)
Similarly, yl.( = —1if and only if x(l) < —1. This implies yil) = —1 if and only if
a®—z0_1> a(l)yl(i)1 (25)
The same argument asserts
a® 420 — 1> —a®@y® — 3D 4 p@y0) 26)
and
a® = 2@ _ 15 @)@ 1 @y 4 p@y D) 27
are the necessary and sufficient condition for y; @ = _1and yi( ) =1, respectively. Define

& :{-1,1} > Rand & : {—1, 1}Z3x1 — ]Rby

gw) =alw,  &Hwiwy wz) =aPw + 5P wy + 5P ws.
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BY = {[y 5] 4.y € (1.1} satisty (24),(25)}.

?1) : y(2)7 7(~2)7y(1)7 7(~1) € {_17 1} SatiSfy (26)7 (27)

That is,

a® 420 — 1> —£& (M), ify® =1,

0,0 e BY
A, a® — 20 _ 15 g™y, ity = 1.

y(j)y’(“j) c B® & a® 4 2@ — 1> &y y® y) if y@ =1,
yWyY a® — 2 — 1> &y, yO,yY),  ify® = -1,

Since two-layer cellular neural networks are locally coupled systems, 5 and B represents
the basic sets of admissible local patterns of the first and second layer of (23), respectively.
The set of admissible local patterns 5 of (23) is then

B=(BY,B?) .= { gl | € B® and € B(l)}

This is to say, the investigation of the equivalent relation for the templates is identical to the
discussion of the equivalent relation for the basic sets of admissible local patterns. The fact
that y, y" € {—1, 1} indicates a® + 20 — 1 = —g; 3"y and a®D + 2V — 1 = £, ")
partition a(V-z( plane into 9 regions. More precisely, a(-z() plane is partitioned by

DI B O G SO SO S RO

and

1 a (1)

r o

a® -0 _1=4 a(l)—z(l)—lz—ar(l).

Encode these nine regions as [p, ¢] for0 < p, g < 2, then a pair of parameters (aV, z(V) €
[p, gl infers that (@D, zVYy satisfies m inequalities in (24) and » inequalities in (25). The
relative positions of

a® + z(l) —-1= afl) and aV + z(l) —1> —ar(l)
and the relative positions of

a® — 20 1 =M and a® — ;0 _ 1= _4®
remain to be determined. The “order” of lines a4+ z(D —1 = (=g (yr(l)), £ =0,1,inthe
plane come from the sign of ar(l), this demonstrates that the parameter space {(aD, afl), Zy)
is partitioned into 2 x 9 = 18 equivalent regions. (Notably, the order of lines ") — z(1) —
1= fl(y,(])) and oV — z(D — 1 = —¢ (yr(])) is determined seamlessly once the order of

a® 420 1 = (=1)%& (»") is given.) Namely, any two sets of parameters located in the
same region determine the identical basic set of admissible local patterns BV, See Fig. 12a.
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Fig. 12 The partition of aW-z(D and @ -7 planes. In (a), Z;r and ¢;7,i = 1, 2, that represent the lines in
(24) and (25) have partitioned the a®-M plane into nine regions. In (b), [;r and £, represent the lines in
(26) and (27), ave partitioned the a?@_;@ plane into nine regions, where 1 <i <8

In an analogous manner, y®, yr(z) Lu®, uﬁz) € {—1, 1} indicates that a® +z® — 1 >
602, u?, uPyand a® + 2@ — 1 > £, u®, u?) partition a@-z? plane into
81 regions. Encode these regions as [p, g] for 0 < p,q < 8§, then a pair of parameters
@@,z e[ P, q] infers that @@, z®@) satisfies m inequalities in (26) and n inequalities
in (27). Furthermore, the order of a® + z® — 1 = & (yr(z), u®, uﬁz)) can be uniquely
determined according to the following procedures.

(1) The signs of ar(z), b, b;z).

(2) The magnitude of aﬁz), b, bfZ).

(3) The competition between the parameter with the largest magnitude and the others.
In other words, suppose m; > my > mg3 represent |a£2)|, 6@, |b§2)|. We need to
determine whether m| > my + m3 or m; < mp + m3.

This partitions the parameter space { (a(z), ar(z), »?@, bfz), z(z))} into8 x 6 x 2 x 81 =7776
regions and each region is associated with a basic set of admissible local patterns (cf. Fig.
12b).

The above discussion demonstrates the following proposition.

Proposition A.1 Let Py = {(a(l),ar(l),a(Z),aﬁz),b(z),bﬁz), 7D, z(z))} be the parameter
space of (23). There is a positive integer K and unique set of open subregions {Pk},f:1
satisfying

(1) Pg = Ule Py, where U refers to the closure of U;

2 PO\ P=aifi#];

(3) Templates T, T’ € Py for some k if and only if YT = Y.

Example A.2 Suppose afl) < 0 and afz) ,b?, bﬁz) are all positive. Moreover, choose
a®, b® b such that

ar(z) >bp? > bﬁz) and ar(z) > b 4 b;z).
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For instance, ar(l) = -1, a52) =6,b@ =3, and bﬁz) = 2. Then the position of each line is
settled. We number the partitions ofa®-z( and ¢@ -7 planes by a pair [mg, n¢], £ =1, 2,
where my, n, illustrate how many inequalities

a +29—1>—g() and o -z -1 &)

are satisfied, respectively. Thus 0 < m1,ny <2 and 0 < my, np < 8. Pick [m1,n1] =[1, 2]
and [ma, n2] = [6, 4], for instance, aV = 2, z(V) = —0.3,a® = 4, and z® = 2.5. It is
easy to check that the basic set of admissible local patterns is

B

_{ —1 [ [ [+ [++] [++] [+=+ }
+_

— | ——|— 9 ) —|—— ) — | —+ ) —|——
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