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1. Introduction

Let (X, B, pu,T,d) be a metric measure-preserving system (m.m.p.s.), by which we mean that (X,d) is
a metric space, B is a o-field containing the Borel o-field of X and (X, B, u,T) is a measure-preserving
dynamical system. Under the assumption that (X,d) has a countable base, Poincaré recurrence theorem
implies that p-almost all x € X is recurrent in the sense

lim inf d(T"z,z) = 0 (1.1)

n—oo

(for example, see [11]). Later, Boshernitzan [4] has improved it by a quantitative result

lim infnl/“d(T"m,x) < 00, p-almost everywhere (a.e. for short),
n—oo
where « is the dimension of the space in some sense.
The above results describe whether or not a point is recurrent and how far the orbit will return to
the initial point. Recurrence time is an important aspect used to characterize the behaviors of orbits in
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dynamical systems. Of the research conducted on recurrence time, the first return time of a point has been
well studied in the last decade. The first return time of a point z € X into the set A is defined by

Ta(z) =inf{k € N: Trz e A}

Ornstein and Weiss [21] proved that for a finite partition & of X, if there exists a T-invariant ergodic Borel
probability measure p, then

_log e, (1) (2)
Jim == = (€), pae
where &, (z) is the intersection of £, T~1(¢),---, T~ "*!(£) which contains z, and h,,(§) denotes the measure-

theoretic entropy of T with respect to the partition £. Feng and Wu [10] considered the recurrence set of
the one-sided shift space on m symbols ({0,1,...,m — 1}, ), where the partition ¢ is the cylinders sets
{[0},1],...,[m — 1]}. They proved that the set

1 x
{.13 €{0,1,...,m—1}": liminfw = «a, limsup

n— 00 n n—o0

log 7¢. () (x
e () (@) :7}
n

has Hausdorff dimension one for any 0 < a < v < 400 (see also [26]). Lau and Shu [15] extended this
result to the dynamical systems with specification property by considering the topological entropy instead
of Hausdorff dimension. Barreira and Saussol [2] replaced the cylinders &, (z) with the balls B(x, r) according
to quantity

7(z) =inf{n >1:T"z € B(xz,7)},
and defined the lower and upper recurrence rates of x by

R(z) =lim ié1f R.(x), R(z) = limsup R,(z),
r—

r—0

where R,.(z) = %. They proved that

R(z)=d,(),  R(z)=du(x), p-ae (1.2)

with the conditions that p has a so-called long return time (see [2]) and d,(z) > 0 for p-a.e. x, where
d,(v), c_iu(x) are the lower and upper pointwise dimensions of i at a point x € X respectively. A simple
consequence of this result is a reformulation of Boshernitzan’s theory by noting that

lim inf nl/ad(T”:c, 1:) =0

n—oo
holds for all @ > d,(z). Many researchers have studied the problem when the formulation (1.2) holds
from many different viewpoints. For example, Saussol [25, Theorem 3| proved that formulation (1.2) holds
if the transformation T is piecewise Lipschitz with some condition and the decay of the correlation is
super-polynomial.

Let A(R,(z)) be the set of the accumulation points of R,.(z) as r — 0 and J a compact sub-interval of

(0,4+00). Olsen [20] studied the following set

Gn{ze K:A(R.(z)) =J}
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for the self-conformal set (satisfying a certain separation condition) K with the natural self-map induced
by the shift, where G is an open set with G N K # ). He proved that such a set shares the same Hausdorff
dimension as K. This result can be applied to the case of N-adic transformation with N € N.

In this investigation we consider the similar problem for the S-transformation T3 with any 8 > 1, which
includes the cases of full-shift (8 = ), subshift of finite type, and cases with, but not limited to, specification
condition. We use the notation 77 (z), R?(z), R’ (z), R®(z) to emphasize the dynamical system ([0,1), 7).
Denote by g the Tg-invariant measure equivalent with the Lebesgue measure L.

Firstly, we prove the following.

Proposition 1.1. The set A(R?(z)) is a closed interval for any z € [0,1).
Proof. When lim,_,o R?(z) exists, the accumulation set just contains one point and then the claim holds.

Now we consider the case that such limit does not exist, say a := liminf, o R?(z) < limsup,_,q R?(x) := b.
For any a < ¢ < b, fix arbitrary small 6 > 0, choose a decreasing sequence {r;} tending to zero as

k — oo such that R} (z) < ¢ < R(B1+6)7'k (x). Such sequence can be found since a < b. Noting that
o 0
Tg+6)rk (z) < 7P (), we know that R(B1+5)7-k (z) < RP (z)(1+ %). Therefore,

log(1+ 6
R, (@) < ¢ < Ry, (2) < R, (@) (1 + ¥>

log 1
which implies limy_, o R (2) = c. Thus we get the desired. O
It is known that the dynamical system ([0,1),T}3) satisfies the conditions of metric theorem (Theorem 3)

in [25] by noting that the measure pg is exponentially mixing (see [23]). Applying this metric result and

noting that d,, (z) = dy,(z) =1 for L-almost every z € [0,1), we obtain

iy R (@) = 1
for L-almost every z € [0, 1).
Theorem 1.1. Let 8 > 1 be any real number and J a closed interval in [0, +0c]. Denote
Gh={ze0,1): A(R}(z)) = J}.
Then
dimyg G = 1,
where dimy denotes the Hausdorff dimension.

Remark 1. Due to Proposition 1.1, Theorem 1.1 is equivalent to say dimyg wa =1, where

Gh , = {:E € [0,1) : liminf R?(2) = a, limsup R?(z) = fy} (1.3)
V7 r—0

r—0

with 0 < a < v < +o0.

Choose @ = v in (1.3), then we have the following.
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Corollary 1. Let 8 > 1 be a real number and 0 < a < +00. Denote
GH = {x €1[0,1): lim R?(z) = a}.
r—0
Then dimp G2 = 1.

Now we turn to consider the first return time of the point to the cylinders containing itself. For any
n € Nand z € [0, 1), define

() =inf{m >1:T§'z € I,(z)},

s
where I,,(z) is the cylinder of n containing z. Let RS (x) = w Denoted by A(RZ(z)) the set of all
accumulation points of R?(x) as n — co. Similarly with Proposition 1.1 and Theorem 1.1, we can prove the
following proposition and theorem.

Proposition 1.2. The set A(R?(x)) is a closed interval for any x € [0,1).
Theorem 1.2. Let 8 > 1 be any real number and J a closed interval in [0, +0c]. Denote
ES ={z€0,1): A(R(z)) = J}.
Then
dimy ES = 1.

The paper is organized as follows. Definitions and known results of S-transformations, as well as Hausdorff
dimensions and measures, are given in Section 2. In Section 3, we provide a kind of approximation method
from the specification case to the general case followed by a detailed proof for Theorem 1.2 and Theorem 1.1
in Section 4.

2. Preliminaries

2.1. Basic notions and notation for B-transformations

Rényi [24] introduced the S-expansions of real numbers in 1957, where 1 < 8 € R. More specifically
stated, the S-expansion of z € [0, 1) is the following

z= ni_o:l 5”(54”6) (2.4)

where e1(z, f) = [Sz], [z] is the integer part of z and e, (z, ) = 51(Tg_1(a:),ﬂ) for all n > 2. Here T is
the B-transformation on the unit interval [0,1) defined as

Ts(x) = Bx — [Bx].

The numbers €1 (x, 8),e2(x, ), . ..,en(x, B), ... are the B-digits of the S-expansion of x and this sequence is
denoted by e(z, 8), that is,

e(z, B) = (e1(x, B),e2(x, B), ... . en(x, B),...).
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Sometimes we write e, (z) instead of e, (z, 8) if there is no confusion. It is well known that the Lebesgue
measure is Tg-invariant and ergodic when f is an integer. When 8 ¢ N, Rényi [24] proved that there exists
a unique invariant measure pg which is equivalent to the Lebesgue measure (the density formula was given
by Gel’fond [12] and Parry [22] independently). Furthermore, the S-transformation is ergodic and strong
mixing with respect to ug (see Fan et al. [8], Philipp [23] and Rényi [24]).

From the definition of g-digit {e,(-,3)}, we know that the set of possible values of g-digits is Ag =
{0,1,...,8—1} when 3 is an integer, otherwise, Az = {0,1,...,[8]}. Let (AL, o) be the symbolic dynamics
with o the shift transformation on .Ag. For any words u, v in the symbolic space, uv denotes the concatenation
of u and v. Denote w|,, as the prefix of the sequence w € .AIEI with length n. The finite word u™ (n € N)
and sequence u®™ mean yu---u and uwu---u--- respectively. We denote by X3 the set of the admissible

n
sequences in Ag, that is,

Yp={we AE : there exists some z € [0,1) such that e(z, ) = w}.

Let X be the set of admissible words of length n, that is,

Y3 = {w € Aj : there exists some z € [0,1) such that e(z, 8)|, = w}.

When 3 is an integer, X3 is simply Alg (or more precisely A% = S5 defined below); when 3 is not an integer,
X3 was characterized by Parry [22] (see Theorem 2.1 below) by the S-expansion of the number 1, denoted
by (1, 8), which can be obtained in a similar manner as the S-expansion of numbers in [0, 1). We say that
(1, 8) is infinite if there are infinitely many non-zero elements in the sequence (1, 8), otherwise, it is said
to be finite. For finite case, i.e., e(1,8) = (e1(1), -+, en(1),0) with £,(1) # 0 for some n > 1, we take
e*(1,8) = (e1(1),e2(1), -, en-1(1), (n(1) — 1))>° as the infinite expansion of 1. We will still write £*(1, 8)
instead of e(1, 8) for infinite cases for the sake of simplicity so that there is no ambiguity in the rest of this
paper. To state the following theorem, we give two notations < and =, the lexicographical orders on Ag.
That is, let w,w’ € Ag, then w < w’ means that there exists n > 1 such that w, < wj, and w; = w for all
j < n,and w < w’ means that w < w’ or w =w'.

Theorem 2.1. (See [22].) Let 8 > 1 be a real number and £*(1,8) the infinite expansion of the number 1.
Then w € Xg if and only if

of(w) < e*(1,68) for all k> 0.
Let S5 be the closure of the set X3. It is well known that Sg = AI;,I when [ is an integer and otherwise,
(Sg,0ls,) is a subshift of (A%, o), where o|g, is the restriction of o to Sg. Theorem 2.1 implies the following

characterization of Sgs.

Corollary 2. (See [3,16,22].) Let > 1 be a real number and €*(1, 3) the infinite expansion of the number 1.
Then

S ={we Ag ofw < e*(1,B) for all k > 0}.

Proposition 2.1. (See [22].) The function B — €*(1,5) is increasing with respect to the variable § > 1.
Therefore, if 1 < 1 < B2, then

Xg, C Xg,, X5 C X, (foralln>1) and Sp, C Sg,.
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Topological entropy of T and the measure-theoretical entropy of pg share the same value log /3, and
pp is the unique measure of maximal entropy (see Dajani and Kraaikamp [6], Hofbauer [13], Ito and
Takahashi [14]). In 1989, Blanchard [3] outlined a classification for all numbers 8 > 1 according to the
topological properties of Sg, furthermore, the Lebesgue measures and Hausdorff dimensions of all classes
were calculated by Schmeling [27]. Recently, Li and Wu [17] provided another classification by the quantity
£,(B), which is defined as

ln(B) =sup{k >0:¢,;(1,8) =0 forall 1 <j <k} (2.5)
for all n > 0. Let

Ag = {[3 € (1,+00) : limsup £,,(8) < oo, ie., {£,(B8)} is bounded}

n—oo

and A; = (1,400)\Ag. The key function ¢,(8) states the maximal length of the string of 0’s following
en(1,6) ine(1, B). All B’s such that Sz is a subshift of finite type are contained in Ay, and moreover, 5 € Ay
if and only if Ss satisfies the specification property. Buzzi [5] proved that the set of 5 > 1 such that the
map T has the specification property is of zero Lebesgue measure. It is known that the set Ay has full
Hausdorff dimension (see [27]) and is dense in (1, 00) (see [22]).

Definition 2.1. For any w € X, we call

L(w) ={z €[0,1) : e1(z) = w1, e2(x) = wa, ..., en(x) = wy},

a cylinder of order n. It is a left-closed and right-open interval. Furthermore, if | I, (w)| = 87", we say I, (w)
is full or w is full.

The full cylinder I,,(w) means that any admissible word can be concatenated following w (see also [9]).
The following lemma from [17] describing a way to get full cylinders, will be used to prove Lemma 4.1 and
Lemma 4.2 below.

Lemma 2.1. (See [17].) Let 8 > 1 be a real number and e1€2 - - - &, an admissible word. Denote M, (5) =
maxi<k<n{lx(B)}, then for any m > M,(8), the cylinder

In+m(51;52a"'a€n70a"'70)
~——

m

is a full cylinder of order n +m and its length equals S~ "™,

It is simple to deduce that |I,,(w)| < 87" for any w € X, where | - | denotes the length of an interval.
The following proposition characterizes the sizes of cylinders by the classification in [17].

Proposition 2.2. (See [17].) B € Ag if and only if there exists a constant C such that for all x € [0,1) and
n>1,

CB™ < |L(x)| < B

Define a projection function g from Sg to [0,1] as the following:

oo

Wg(w):Z% where w = (w1, wa, ..., w;,...) € Sa. (2.6)

i=1
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Then mg is one-to-one except at the countable many points for which the S-expansions are finite and the
restriction of mg to which is two-to-one. It is easy to know that mg is continuous and 7g 0 o0 = Tz o mg.

2.2. Hausdorff dimensions and measures

Let us recall the definitions of both the Hausdorff measures and dimensions, as well as a useful mass
distribution principle which will be used later. A finite or countable collection of subsets {U;} of R is called
a d-cover of a set E C R if |U;| < 6 for all i and E C |J;2, U;. Let E be a subset of R and s > 0. For all
6 > 0, we define

Hi(E) = inf{ Z |U;|° : {U;} is a d-cover of E}
i=1
The s-dimensional Hausdorff measure of E is defined as
HP(E) = lim H3(E).
5—0

We know that there exists a critical point sg such that H*(E) = oo if s < sg and H*(E) = 0 if s > s¢. This
point is called the Hausdorff dimension of E, denoted by dimy E, that is,

dimg E = inf{s: H*(E) = 0} = sup{s: H*(E) = oo}.

The following mass distribution principle is usually used to estimate a lower bound for the Hausdorff
dimension of a set. We refer to Falconer [7] and Mattila [18] for further properties of Hausdorff dimension.

Theorem 2.2 (Mass distribution principle). Let E C R and p be a finite measure with w(E) > 0. Suppose
that there exist s >0, C' > 0 and 6 > 0 such that

uU) <clop (2.7)
for all sets U with |U| < §, where |U| denotes the diameter of the set U. Then
dimyg FE > s.

Remark 2. In (2.7), we can replace the set U by any ball B(z,r) of radius r centered at z with » which is
sufficiently small.

3. Approximation method for the S-shift

Let 1 < 8/ < B. Since Xg C X3, we know that Hg/ = mg(Xp) is a Cantor set of mg(X3) = [0,1). Let
m > 1 and denote

Fi={z€[0,1):0™ ¢ e(x,8)},

where 0™ ¢ ¢(z, 3) means that the word 0™ does not appear in £(x, 3). Sometimes we use the notations 17 (x)
and I{fl (x) to distinguish the cylinders of n containing = w.r.t. S-expansion and f’-expansion respectively.

Remark 3.

T € Hg/ — eg(z,p) € Xp.
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Define the function h : Hgl —10,1) as

h(z) = 7p (e(x, B)).

Theorem 3.1. (1) For any x € HB/, we have

e(h(z), ') =e(z, B).

(2) The function h is bijective and strictly increasing on Hg/.
(8) The function h is continuous on Hg/.

(4) If additionally assume ' € Ay with M = max{¢,(3') : n > 1}, then h is Hélder continuous on a?,
moreover,

[h(z) — h(y)| < 28/ M+ |z — y|T5 (3.8)

for any x,y € HBB/.
(5) If additionally assume B’ € Ag with M = max{{,(8') :n > 1} and m > M, then

log B’

|h(x) = h(y)| = B~V g — y| Toes (3.9)
for any x,y € Hgl NnFS.

Proof. (1) Tt is clear from the definitions of Hgl and h.

(2) Suppose h(z) = h(y); by (1), we have e(z,8) = e(h(x),8) = e(h(y), ") = (y,B) which implies
x = y. That is, h is injective. For any z € [0,1), take z = mg(e(z,5')) € Hg/. It is easy to check that
h(z) = z, that is, h is surjective.

For any = < y, we have (z, 8) < ¢(y, 8). Thus h(z) < h(y) since mg is strictly increasing on Xa.

(3) Let z € Hgl. We will prove that h is continuous at z, that is,

ylgr% h(y) = h(z). (3.10)

!
yeH)

If (=, B) is infinite, then there exist infinitely many n € N such that y € I?(x), that is, e(y, 8)|n = &(x, 8)|n.
By (1), we have e(h(y), 8')|n = e(h(x), 8')|n, that is, h(y) € IF (h(z)), which implies (3.10) holds. If &(z, 3)
is finite, that is, = is the endpoint of some cylinders, note that H gl is a Cantor set, we know that y cannot
approach z from left. Then y — x means that y tends to x from right. Since the cylinder I, (z) is left-closed
and right-open, we have that y € I2(x) for infinitely many n. Thus (3.10) holds similarly with the infinite
case.

(4) Without loss of generality, we assume x > y since it is similar for the case z < y and (3.8) holds
trivially if = y. Let n > 1 be the smallest integer such that e,(x, 8) > ,(y, 8). We divide the left proof
to two cases according to e, (z, ) = €, (y, ) + 1 or not.

Case I: ep(z,8) > en(y, B) + 1. By (1) and 2 < e, (z, 8) — en(y, B) < B, we have

(@) = h(y)| = (ea(, B) = enly, B))B' ™" + (L5 h(x) — Thh(y)) 8 ™" < (B +1)5" "

and

|z —y| = (en(z,8) —enly, B)) 8" + (Tgz — Tgy)B~" = B~
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Therefore,

[h(2) — hy)| < (8" + 1)z — o] 5
Case II: e, (x, 8) = e,(y, B) + 1. Denote

j= min{k: >1: En+1(x,6) .. '€n+k($7ﬁ) # 0% or Ent1(y, B) - "5n+k(y»ﬁ) # 5(17ﬂ/){k}'

By the definition of j, there is at least one other cylinder, denoted by n+g( w), between IEH( ) and Ifﬂ( ).

Since In+j+M+1(wOM+1) is full for X/, we know that the cylinder In+j+M+1(wOM+1) is full for Xg. It
implies

[z —yl = ‘ n+]+M+1( 0M+1)| = (I MY,

By (1) and the definition of j, the cylinders If;_j_l(h( )) and In_H 1(h(z)) are consecutive in ngrjfl.

Then
|h(x) — h(y)| < 26/ ~0HI7D < 25 Mgy T

(5) Let n be the smallest integer such that e,(x, ) # e,(y, 8), also that for e, (h(z), 5) # en(h(y), )
by (1). Then z,y € If_ (x) = Iff 1(y), and thus

|z —y| < B~

We assume, without loss of generality, x > y, which indicates h(x) > h(y) by (2). Since x € F2, we know

that h(z) € F2'. So h(z) and h(y) lie on the two sides of the cylinder Ingm( (h(z), 8')|n,0™), which is full
since m > M. Thus

log [5/

|h(z) — h(y)| > B/~ > g =D _y|es . 0
Corollary 3.
log §'
HY =
dimyg og 5

Proof. On the one hand, by Theorem 3.1(4), we have

’ 1 ’
1= dimg h(H] ) < 20 dimy H .

~ log
Then dimHH’B/ > llofg%.
On the other hand, by the relationship between Hausdorff dimension and topological entropy in symbolic
space Sg, we know that dimy Xg = 11c;gg%_ Since the projection w5 : Sz — [0,1) is Lipschitz, that is,

|mg(w) — mg(w’)| < d(w,w’) for any w,w" € Sz, where d(w,w’) = 8~ nf{k20:wr 17 wi1} e have

log 8’
log~

dimH Hﬂ/ = dimH 71'3(2@/) S dimH Eﬁ/ =

That is, dimy Hg < lﬁ)gg% . O
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Remark 4. (1) From Corollary 3, we know limg _, g dimy Hg/ =1.
(2) Note that

B :={z €[0,1) : the orbit of z under T is not dense in [0,1]} = U FP.

m=0

in [16], where the authors proved dimg B = 1, then sup,,~ dimy Fj =1, that is,

lim dimg F? = 1.

m—0o0

The function & induces a method to provide a lower bound of the Hausdorff dimension of a given set
E C [0,1). Firstly, consider a subset ENH g C FE and use the Holder function A in Theorem 3.1 to transfer

it to h(ENH g/), whose dimension may be easier to be calculated by choosing 5’ € Ay or ' satisfying
that Sp is subshift of finite type. Secondly, give a lower bound of dimy h(E N H g /) and then by the Holder
exponent of h (Theorem 3.1(4)) obtain a lower bound of dimyg E N HY /, also that of dimy E. That is,

log 8’
log 8

dimy E > dimy EN Hj > dimg h(H N HY ).

Finally, let 5’ approximate to S.
In the following section, we will apply this approximate method to prove Theorem 1.1 and Theorem 1.2.

4. Proof of Theorem 1.2 and Theorem 1.1

In this section we give a detailed proof for Theorem 1.2 and Theorem 1.1. First, we obtain several lemmas
for 8 € Ag and then go on to prove Theorem 1.2 and Theorem 1.1 using the approximation method given
in last section.

4.1. The case of bases in Ay
Let 5 € Ay and Mg > max{¢,(8) : n > 1}. Denote
Wy = {OMBwOMB fw e Eév_2Mﬁ},
where 2Ms < N € N and by WY the set of sequences ujus -+ - uy, - - - with u, € Wy. Let m € N and put
F]/f,’m ={z€[0,1):¢e(z,B) = (()Mﬁwnoj‘/[ﬁ)n21 € Wy, 0™ ¢ w, for all n € N}.

Lemma 4.1. Let 8 € Ag. For any N > 2Mg and Mg <m < N — 2Mpg, we have

(4.11)

dimH(FJ’?f )ZSB ;:1_2Mf8_N_2M5(1_10g(/8_1)).

Nym N mN log

, M

Proof. We will show a mass distribution p supported on F’ J/\B, m and then apply the mass distribution principle.
Firstly, we define the measure p as a weak limit of a sequence of measures {yu}r>1 given step by step.

Step L. Define p1(I1(e1)) =1 if &1 = 0 and otherwise, puq(I1(e1)) = 0.
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Step II. Assuming py_1 is well defined, now we define the measure uy by the following three cases according
to the position k. Denote the set

P={iN+j(i+1)N—Msg+j:i=0,1,2,..., j=1,2,...,Mg}.

Case (i). k € P. Define pr(Ig(e1,...ep-1,€k)) = pr—1Tx—1(1,...,6x—1)) if e = 0 and otherwise,
lffk([k‘(f‘:h e ,Ekfl,é'k)) =0.
Case (ii). k =iN + Mg+ j with¢=0,1,2,... and 1 < j < m. Let

— ‘Ik(‘glv cee ’5k—1’5k)|
Te—1(e1,. .., ex—1)]

pe(Te(e1s - €p—1,€k)) -1 (Te-1(e1,- - - €6-1))- (4.12)

Case (ili). k=iN+Mp+j withi=0,1,2,...and m < j < N —2Mpg. If &1 - - - €41 does not end up with
0m=1 then puy(Ix(e1,...,€k—1,6k)) is defined by the formula (4.12) and otherwise,

0 if & = 0,
Hk(Ik(517~-~75k—175k)) = [Tr(e1,es86—1,88)| (Ixg—1(e1,. .. ex—1)) ifer #0.

Tr 1 (rsek 1 )NIR (e, e n 1,00 He—1

Step IIL. Continuing the procedures in Step II as k — oo, we obtain a sequence of measures {fi}r>1
satisfying the condition

/J'k(-[k(glv“'vgk)) = Z Nk+1(1k+1(517~'~75k75k+1))

(517'-~,Ek,6k+1)€2§+1
for any (e1,...,e5) € E’g and k > 1.

Step IV. Denote by u a weak limit of the sequence of measures {p}r>1.
From the construction of p, we know that it is supported on Fﬁ, -
Secondly, we will prove that the measure p satisfies the condition (2.7) for any cylinder and any ball.

Step (a). For any 0Msw0Ms € W, we claim that

N—ZMB

" 1
w(In (0Mrw0™e)) < (%) Fher (4.13)

In fact, by Step II Case (i), we know pu(In (0M#w0M#)) = u(In—ar, (0Mew)). Let j (0 < j < Y=2M2) he the
times that the word 0™ ~! appears in w and

m—1 m—1
w:gl...gilo 5i1+m"'5ij0 gij+m"'€N72Mﬁ~

That is, 4, (1 <1 < j) are just the positions which the word 0™~ follows. Therefore, combining Step 1T
Case (ii) and Case (iii) in the construction, y(Ix—nr, (0™#w)) can be written as, in the following paragraph
of calculations, we omit the subindex of the orders of the cylinders for simplicity,

|I(OMB€1”'€N_2M‘3)| |I(0Mﬁ51”'€ij+m+1)| (I(OMﬁe ceegs M e, ))

|I(0MB€1 ce 5N*2M5*1)| |I(0M{351 S gy Omilsi_7'+m)| H 1 i ij+m
B |I(OMB51 .. 'EN—QMB)‘ ‘I(OMﬁEl .. .5Z.Ijom71€ij+m)| . M(I(OMBf:l o gijom,l))
= |[I(0Msgy - 'Eijomfléij-%m” [1(0Msgy - ‘5¢j0m71)\\|I(OM551 ~ '5ijom710)|

[1(0Megy - g;,0m7 1) p(I(0Megy - g;,0m=2))
B—(Mg-‘rh-ﬁ-m—l) _ B—(Mﬁ-i-zj-‘,-m) |I(0M[351 V. 51]0m—2)| ?

= 101 -au,)
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where the last equality is from Lemma 2.1 and the definition of the measure y. Continuing the computation,
the quantity above is equal to

/8 |IN*MB(OM‘3€1'-'€N72M3)| M Ly
y2 Iy ij+m—2 0" Peq--- Eijom
Bil |IMB+ij+m—2(OM5€1"'€Z‘j0m72)| ( sttt ( ))

TN IN— s (OMBey ey _onr,
N <ﬂﬁl) = MB(UM;(E)MB;N 2M[)|“(IMB(OM’3))

N—2Mg

8 O 1
<(555) " g

N—2Mjg
m

where the last inequality holds because j <
B~Ms and p(In,(0M#)) = 1. Thus (4.13) holds.

IN—nr, (0Moey - en_ong, )| < B~ =Ma) Iy, (0M8)] =

Step (b). We will prove that (2.7) holds for any cylinder I(e1,- -, ex). Without loss of generality, assume

€1+ € is the prefix of some word in Ff,,m, otherwise, (2.7) will naturally hold since pu(Ix(e1,---,ex)) = 0.
Noting that Ij(e1,- -+, ex) C Ip, (0M8w,0M5 .. -OMﬂw[%]OMﬁ), where tj, = [£]N, we know
u(Ik(er, -+ en)) < (T (0M7wi0M2 - 0Mowy i 0M7))

(I (0M02,0)) - (I (0 071
N— 2M[

I
I

1\
<((551) ~ 5w

<6k> U e, )

where the equality is from the construction of the measure u, the second inequality is derived from (4.13)
and C' is an absolute constant in Proposition 2.2.

Step (c). For any ball B(xz,7), there exists k € N such that S~*=1 < » < 7%, then B(z,r) can be covered
by at most 20! adjoint cylinders at level k by Proposition 2.2. Combining this and Step (b), we know that
(2.7) holds for any ball.

Finally, the application of the mass distribution principle (Theorem 2.2) implies (4.11). O

Recall
F;i = {x €0,1): 0™ ¢ e(x,ﬂ)}.

We remark that the set F)2 is related to the dynamical systems with holes (for example, see [1]) and also
can be written as the following type of badly approximable points

FP={zel0,1): Tia > 3~ for all n € N}.

The general badly approximable set for § = 2 was studied in [19]. Note that F g_m C Ffm YoMy letting
N — oo in Lemma 4.1, we obtain the following.

Remark 5. Let 5 € Ag. For any m > 2Mg, we have

. B8 N 2 o IOg(B - 1)
dimy (Fm) >1 T o0, (1 —logﬁ .
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Lemma 4.2. Let 5 € Ay and J be a closed interval. Then
. 1 log(B —1)
dimpg(ESNF) ) > 88 =1- —(1- =~
lmH( J Sm) Z Sm m logﬁ

for any m > 2Mp.

Proof. The idea of the proof will eventually be to construct a function f : Fle m E§ N Fgﬁm such that f~!
is nearly Lipschitz (in particular Holder for every exponent < 1). 7

Choose a sequence {a,, } in J such that {a,} is dense in J and |ap+1—an| < ﬁ and let b,, = [e"(“"+”7%)],
where [-] represents the integer part of a real number. For any given N € N with N > m — 2Mpg, we can
obtain recursively a sequence {c,} of natural numbers such that

by SN+ND> ¢+ (i+Mg+1) <by+N. (4.14)

i=1 i=1

It is simple to check that such {c,} can be uniquely determined. Denote

n n—1
dy =N+ N> e+ (i+Mg+1).
=1 =1

We will now define the function f on Fﬁ,m. For any =z € Fﬁ,m with its ([-expansion e(z,8) =
(0Ms0,,0M5),,51, we firstly construct a sequence {¢*} from (z, 3). Write

£ = (gi(o)) =169 en0MEw 0Me Moy 0Ms ... )Moy, 0M5 ...

where e, - - - £y is the prefix of £(1, 8) with length N, that is, £(©) is obtained by adding the word e1e5 - - - ey
before (z, 3). We have ¢©) ¢ S using Lemma 2.1 since e(x, 3) begins with the string of 0’s with length
Mpg. Denote u; := §(O)|10Mﬁvl with vy # fﬂ-)M;ﬁ-l' Let

60 = (&) =60, m0M w1 0M20M e, 4505 -

that is, insert the word u; between the positions d; and dy + 1 of €. Assuming £~ is well defined, we

obtain §(k) according to inserting uy := f(k*1)|k0Mf’vk with vy # 5,(:_:\2“ between the positions dj and

di + 1 of €51 that is,
¢k = (gi(k)) = g(k_l)}dkukOMﬂwck+10MBOMBka+2OM5

As this procedure continues, we get a sequence {£¢¥)};>; with ¢F)|; = ¢*=D|, for all k > 2 and denote
€ = (£F) as the limit point of the sequence {¢(®)}. That is,

¢ =¢gp - en0Mo 0Ms ... oMo, 0MEu 0Mew,, (10Me - 0Mew,, 0Mew, 0Mew,, 10M5 ...
According to Theorem 2.1, we know £*) ¢ Y3 and £* € S3. Denote

x*:ﬂﬁ(g*):%+%+...+%+....

Then e(z*, 5) = £*.
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We claim that

dn-n, < 70(2*) <d, forallm> N. (4.15)

n

Indeed, we have 77 (z*) < d,, since e(z*, ) = £* and
gdn (g*) — un()MﬁwanOM/s = §*|n0Mﬁvn0Mﬁwcn+10Mﬁ ..

from the construction of £* and z*. All that remains to be proven is 77 (2*) > d,—u,, since the word £*|,,
does not appear in any first d,,— s, positions of £* except the initial position. In fact, from the structure of
x and the construction of ¢*, we know that £*|,, does not appear in the positions lying in any 0M¢w;0Ms
(¢ > 1) since £*|,, begins with the first N digits of the S-expansion of the number 1 and the maximal length
of the string of 0’s in £*|x is less than Mpg. Combining |u;| =i+ Mg+ 1 <nforalll1 <i<n—Mg—1
and because the last letter of u; is not the same with £, Mg+1> We know that £*|,, does not appear in u;
(1 <i<n—Mg).So (4.15) holds.
We claim that

log 72 (z*
lim (M _ a”) =0, (4.16)
n—o0 n
which implies
log 77 (z*
A(M) _ g (4.17)
n

since {a,} is dense in J. Now we verify the equality (4.16). Indeed, by (4.14), we have
by < dyp + (n+ Mg +1) < b, + N. (4.18)
Combine (4.18) and (4.15), to obtain
bpnry — (n+1) <7 (") < by + N — (n+ Mg +1) <b, (4.19)

1
whenever n > N. Note that because b, = [e"(¢» " ?)] we know

log b,, log(bp— s, — 1
lim ( o8 an> =0 and lim ( 08(bn-at; = (n +1)) an> = lim (an—n, — an).

n— 00 n n— 00 n n— 00

1

By |an+1—an| < i

holds.
Define the function f as f(z) = z* for any = € Fﬁ,,m. Combining (4.17) and the structure of £*, we know

we have obtained limy, o (@n—nr; —arn) = 0. Therefore, by (4.19), we find that (4.16)

f(FX..) C EfNFy, (4.20)

whenever m > 2M3g.

We consider f~! on f(Ff,m) as f~Y(z*) = x, that is, delete the first N digits and the digits between
d; +1 and d; + i + Mg + 1 positions for all ¢ > 1. That is, the words €1 - - -en and w,, (n > 1) are removed
from £*. We claim that f~! is (1 — n)-Holder for any n > 0. In fact, for any z*,y* € I,,(z*), where n is the
largest integer such that y* € I,(z*) (assume e,11(x*, 8) > ept1(y*, §) without loss of generality), then
2,y € Iy (z) for some n’ from the definition of f~1. By (4.14), we know that d,, is of exponential rate and
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that the total number of deleted digits |u,| have a polynomial growth rate, therefore n’ > n(1 — n) can be

assured when n is large enough. Since z* € Ffm, we have
x* _ y*
ent1(@%0) —en1 (W B) | 1 (ens2(@nB) N 1 (ene2(”B)

- prtl g+l B g+l B

S 1 1 o 1

— 6n+1 + Bn+1+3m - ﬂnJrl - IBn+1+3m'
Note that |z —y| < 7 < f701-1) 5o

— * — * m 1- * x| 1=
[F7H @) = )< (B) e =y

Therefore, dimH(Fﬁ,’m) < ﬁ dimg f(Ff,m) Letting n — 0, by (4.20) and Lemma 4.1, we have

dimg (B N FY) > s -
Letting N — oo, we obtain dimH(E§ NFZY>s8. O
Corollary 4. If § € Ay, then dimpg Eg =1.
Proof. Since E§ N Ffm C E?, Lemma 4.2 implies that Corollary 4 holds by letting m — oco. O
Remark 6. For the recurrence rate 77(x) to the ball, we can similarly with Lemma 4.2 prove that
dimp (G N Fy,) > s2, (4.21)

for any 8 € Ag. In fact, we construct the same x* as Lemma 4.2; we claim that

Iny1(a*) C B(x*,7) C In_an (x") (4.22)

for any 7 > 0 and |I,11(z*)| < r < |L,(z*)]. So T,f_gN(Z‘*) < th(x*) < TB+1($*), which implies

n

. 1
A(M) = J since |I,(z*)| ~ B~™ (change the base e to 8 in {b,} that is, b, = [g(@Fn 2)]),

—logr

thus (4.21) holds following the same argument with the proof of Lemma 4.2. Now we prove (4.22),
indeed, I,4i(z*) C B(z*,r) is from |[I,41(2z*)] < 7. From the [-expansion of z*, we know that
0m+2Ms does not appear and 005 does appear in €, _3ni1(z*, 3) - e,(z*, B). Then the full cylinder
Li(e1(z*,B8), -, en_an(x*, B),03") lies on the left side of I,,(z*) and its length equals to B~ (> |L,(z*)]).
Similarly, we can find a full cylinder of order n inside I,,_sn (z*) lying on the right side of I,,(z*). Therefore,
(4.22) holds.

4.2. General case for any 3

Denote
B} = {x e H - A(R)(2)) = T}
and
G5 = {x e HY N F: A(RY(2)) = T},

Recall h : Hg/ — [0,1) defined as h(z) = ma (e(z, B)).
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Lemma 4.3. For any given closed interval J, we obtain
8.8y _ B’
h(EJ ) =FE7.

Proof. By Theorem 3.1(1), we know 2 (h(z)) = 78(x) for any = € Hg/ and n € N. Thus h(Eg’ﬁ/) C
EB Meanwhile, for any y € E , note that h is bijective, take z = h™1(y) € Hg,. We obtain £(z, 5) =
e(h(2),B") = e(y, ") by Theorem 3.1(1), thus z € Eg’ﬂ/, which implies E?l C h(Eg’Bl). O

Finally, we will summarize the proof of Theorem 1.2.

Proof of Theorem 1.2. Let 3’ € Ay and ' < 3. According to Lemma 4.3 and Theorem 3.1(4), note that
E?”B C Eg, then we have

’ / 1
dimp (E7) = dimg (h(E57)) < bogg—gl dimp (B < 5, dimy (E7).
That is, dimH(Eg) > llzgg%/ dimpg (EB ). By applying Lemma 4.2 to /', we obtain
log 5’
dimy (EY) >
() = 25

Since Ay is dense in (1,00), let 8’ — (3, and we obtain dimy E§ =1. O
Lemma 4.4. Let 3’ € Ag. For any given closed interval J and m € N. We have
h(G57) =G5 nFY,

1 _ logp
where J' = Tog 57 J.

Proof. Applying Theorem 3.1(4) and (5) to any z € Hg/ and Té“x, and noting that h(Tga:) = Tg/h(x), we

have

1) K, | REE k M+1 k| EE

B M|y — Th| P57 < |h(z) — Thh(z)| < 28/ Mz — Tha| ™7
Thus
Ter(r) (h(z)) < 75 (x) and Ti(r)(i) < Tf’(h(x)),

where ¢ (r) = 28 M+1p 155 and eo(r) = B ¢ (m+1) 10557 . Therefore,

/ 1 — g 1

R (h(2)) = 8P R3(a) and B (h(x)) = 280 RA(a). (4.23)

log B/ — log 3’

Noting that h(F?) = FP by Theorem 3.1(1), together with (4.23), we obtain h(Gg’B/) = Ggi NFES. o
Proof of Theorem 1.1. By Lemma 4.4, we have

!
dimg G, N FY = dimu h(G57) < Ogﬁ dimg G777 < Ogg

ﬂ, de G?,
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where the first inequality is from Theorem 3.1(4) and the second inequality is because Gg’ﬁ c Gg. Applying
(4.21) to f', we get

dimg G?i N FBBY; > sg.
Thus
lo ﬁ, ’
. 8 g
dlmH GJ Z @ng

By letting m — oo, we obtain

log 8’
. B s 2
dimy G'; > g3

Let 5/ — 3, and we obtain dimyg Gg =1. O
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