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Abstract

The triangular Ising antiferromagnet has no magnetic order down to
zero temperature due to geometrical frustration. Interestingly, a weak
transverse field, introducing quantum fluctuations, can induce magnetic
order in the triangular antiferromagnet at zero temperature, resulting
in the clock phase with a broken Zg symmetry; this ordered clock phase
can be destroyed by a strong transverse field or at finite temperature.
At T = 0, there is a quantum critical point separating the clock phase
in weak fields and a paramagnetic phase in strong fields; at finite tem-
perature, the antiferromagnet exhibits an extended Kosterlitz-Thouless
(KT) phase intervening between the clock and paramagnetic phases. We
generate spin configurations of the triangular antiferromagnet at differ-
ent temperatures and transverse fields by quantum Monte Carlo (QMC)
simulations. We attempt to use supervised machine learning techniques
via multilayer perceptrons and convolutional neural networks to classify
the phases of the antiferromagnetic system, solely based on spin config-
urations sampled with QMC. We find that the neural network models
perform the classification task with a 70% accuracy for the triangular
quantum antiferromagnet, while successfully distinguishing the classical

Ising states with more than 90% accuracy.
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Chapter 1
X

A LRFARB R T R EAoRka et Bl Aay - BEMEE=
o duts 5 F (Ising) B &AZA 5B EF69IE# R RIKB B #E » AR g F=
A G FREBETRRBERIE T E s o8N ~ 1545/ (clock phase)

Kosterlitz-Thouless (KT ) #& o &A1& A Z3F & (Monte Carlo) 7 FEI L
HAARE A A AR RS o AR P E HATH % B B4 i (Multilayer Perceptron,

A

e 4 AE AR 6 69 45, » 0L 5 69 ) A A RE AR 4 A5 305 L2 40 4 £ o

AR T+ T RMEB BB EERE A RET AL F2
TRV AR R R AR 0 8 ik X7 ik 5 A B R S R R B
Ao 5 A 8 ARG » AT MBI ) 5 AP 8 AR 1 09 A <
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Chapter 2

B 2e i A

B 7R (spin models) F AR RBEDE o LABER T XME » BTk
FEAENAERMEAARE » FTATE R LR REYIT ~ L3 ~ F a4 AR
FREBRR > TRRIZIER AT RAE ~ AN EEE S T BT E o K LA

%60 W18 B A R IR 6 A A S LT o

2.1 —HBERpFHER

EME R mtsEEHF (Ising) BRBEE > GATHLEBRZRTK

— > a0, (2.1)

(3,9)

AP o=+l BEXEMET | L6 TARME) Y FRTAR G,)) 27 i & j A
ARAR A B o A aAE R R A Lo 2 N =17 A% At oV B - KMERE
FL3B SR % % (periodic boundary conditions) 897 du#% > A3k Z R B & & &
e SRR AR THHE ] @ c WAKRBERMBREE A o &
BE1RHE -1 ORTESEE - §RAERA—ARBE > 35 850 A&
BHEBME R RmERAEGES  BEASRRARAEREE 0, =1 R 0, =
&y AR o
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#AbE (magnetization) F Rtk EMERE R E0ARE > XX T ¢

1 N
= Za (2.2)
ERE T TZFHwILEE:
(m) =Y m(c)Ps(c), (2.3)
CZ{O',L'}

L BARTHTEERTARMAE c= (o) ZHROBE Pye) HEED

% (Boltzmann distribution) :!
Pg(c) = 26_7 : (2.4)

M ¥ 7 Bt Pp(c) i Zi —LiE B4 & (partition function):

Z=Ye T . (2.5)

TR A EBRFG LA AL R HEAE ((m)| =1 #HER (m) =0, 3k
WALAE B A7 % (phase transition) © £ N — oo M T » AREALE (m) £ 0 #E
AR EEBHEE (RAFR)  HREERBEOHAE LT L RELEEN X
—EL AR R A FBEABETEE T, = 2/(n(1 ++/2)) ~ 2.269 ©

2.2 ZATTFHFHER

H—EARLMEY ARBEE R AT T HFEY > AT R 60K BEH
(Hamiltonian) & &x#A=4#=A&& (B 2.1(a)) :

H=Y 6757 =hY o7 (2.6)

VEAwmL » IR A FEER T kp=1
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Figure 2.1: (a) —#=Adts - ZBAFAER H R T =BT @& : (b) & 8P4 = A dtsay

AR RAAEZRARM A AT M ERBHEGPET] > @B =188 Em e e T Ll $
— A AR B Ak B IEH R B GG BE 7] 0 3L B R o

A 677 BT LA R 2% (Pauli matrices) X 2 X x 4°F * h A& E » #
ZARG I X AR TAR (i) ARARA RS E o B LA Sk > Bl AR
TR X (2.1) HAEETRGFRA > AEEMARE BER 67 AL 0, = +1

Hoj=—1(2PRE ARG LERET ) B4 3 AT EEIR » KA
P BB RIKGEZREMA G B R A RERZR (—B +1° A—H —1): &
o A A0 2 KR o 3 kAR b o) KRS R 22 (LE 2.1(b)) 0 i
8 o 45 & 45 L B8 e HE | Lol RAEE HATH I (geometrical frustration) °
ZAETELGFRAY (E&8EGT) GEMBIFTEBER LG K EEMBET
HRELBRTEFAKM AL IALRBHEGAHTE (1] 2AZA T >0 49108
7% & (paramagnetic state) » 25 T = 0 89 R REE B /8 » Lsb A8 A 22 M B &
B FEME Z R FMA (2 C(r) = (01014,) 772 e

A EHEA (2.6) WARBARFRARBEIRZTTRE > BA 67,67 £0°
I AR BANARELHILR TR FERN - BE ¢ W ARER o° K
Bk B A —TsA F O REBAEAIEIN R T REABERRGRIES
WG EE A RNITE B ETHY s L THEAD T =0 W EBEAE Y
B Z A AR 4 R B 22 ZRBBE LT FEe94aE ; B P
MEWE RS T A4 E o K 5HE EIKESH &IE#A (paramagnetic phase/PM

Eﬂl

phase ) ~ Kosterlitz-Thouless (KT) #8 » ZB¥4g48 8 (clock phase) o & P 427 F A
HAe KT AAE—EBRE (RATHEEEREAF » quasi-long-range order) » B[
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Figure 2.2: ZAZFRBHIAAEE - REHGAAER T, &R T, BEEKX (2.7) T - RHif4a
HERXEGHETFERB T=0,h/he=1° A T=0h=0R-°

EAERZFRT BB AR RE O(r) ocr D) > BIEH n(T) MEEEI - &
R AR TR ML BEAFRERMNTAK=ZARK )R =(AFats: A B A
C (RE 21(a)) , =87 EEALE

Mo = (0ica);, a=4A,B,C,

HER—EME (>0)~—83K (0) A—F8 (+,0,—) AFIHF 25| £ T=0"
B 4% AL MR G 8 B N A R BESTE h. B (0 < h < h.)» BB ERE RAZEE

)

Rit o AR EBE TA AR WA - T @A 2.2 8 @i
SREETHARE S [2) ¢

T —b;ln (f;) b=098, v="
N (2.7)
Tcl §Tc,2

BRI —F B G5 A B A ETEHFTE (Quantum Monte Carlo) 89315 4
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Chapter 3

B % A8k

RPN RF B RS H TR 5 FEURE T Z A RBAARL S48 &Y
B e L ARARARAR - UAE AR E S 8 FH o AT = 9 i 20 H AR A8 R36F

BARRETHANETRERES % o

3.1 THRHFBAEARKRT &

ERFANZOER » FRFREHFZIIZAMES M AGAMEMENZIE - £E

TRE T RTHET » EBRRE O HMELIEE

(0) =3 0(c)Pp(c),
Z O(c)e_H(C)/T

CE:B—H@VT

A B ERIE P(c) AR » (O) AP TAKR S b BG4 EE {c), co, -+, cpr}

s

<mzL§mm,M>1 (3.1)

ZE kA T EMHKE (importance sampling) ° /R B E&XRMTE M — oo &

K (3.1) ot (FHA) -
BEAT LAY FEZMRE > R FTERT A2 2 — R HH T R4

A

(discrete-time Markov chain ) 4 #f L £ 45#% #& 57 (stationary distribution) P*(c) *
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1% 2 P*(c) = Pg(c) > Metropolis % 3 # % Bkt R BN (ergodicity) 8
BRTRER RAR c 3@ BB EE v, HE@EFH (detailed

balance) :

Pg(c)wew = Pp(d)wee . (3.2)

BHEE v TEATHREFABES c - ¢ OHBE Gle— ) RIEZEHY
HE Alc— ) R

Wee = G(c— )A(e — ). (3.3)

do st ot BB (3.2) TRH A

Ale = ) Pale)GL¢ — o) (3.4
Alc—c)  Pglc) Glc—= ) '
#& Metropolis ik ¥ > HZKFE A(c — ) WES :
S\ . Pg(d)G(d — ¢)
A(c — ¢) = min (17 Py(0) Gle = c’)) (3.5)
RMAEXN (34)° £ Gle—>d)=G(d = c) WRT » K (3.5) ¥
A(c — ) = min (1, j;iii;) : (3.6)
TN KR RE T A
A(c — ') = min (1, e E“)/T) , (3.7)

Ad B, =H(c) BARE c HBORKEM

Metropolis % % ¥ @G BA ¢ — ¢ F B R RA b E AT > Bl £ K178
ARAGTER—OEME: HRENARERNEETE B, — B, —RARER
Ko dosb L AR EHOERLT G R o BAZHEE L FHAE Metropolis
BRETR H-EROBATEE T > KMOiE—mib akail ¢ M EEE
B—B A% o BABEE (0, = —0y) » BFAKTAERI G —BAE /> &
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(d) T <T. () T~T.

Figure 3.1: ¥+ # 5 F A e @ EE » LHEAALRT L =512 THEA L =32 #EER
EXR B T=1823%35°REEBRAECIS PR TRAR AR B M o

RS BT ST S Y

E,—FE.=20; Z 0j,

j€nn(i)

£y FAZ () RASH® o, A RHBE (U=Mx A8 E&6 % 4 18
taAR AR ) s AR K (3.7) S ME Alc o ) RAIRERE c Bl ¢ #iLHk
RG> wREZMN c= 0 EFELHRFRAE - EHIATEETH N X
(N%ﬁﬂ%aﬁ%%wﬁﬂvﬁﬁﬁ ~~~~~ —kREHFHF B S B (Monte Carlo
sweep) © HABRMEAREL T HE—BREGARAREH  KMBEHEBY
100,000 53 & F B AR B AP - LB UEEM R 100 ¥ 0 388 10,000 £4
RE o A INSRE) B A 10,000 FALRE F 8948 5000 F A AT 5 A A EH R A AR
Bk & a9 BAFAR RGPk o KM EEATH T =0.1 3] T =355 M & 70 R
Rl E4a (AaMEa AT = 0.05) 89 A e 4 3Rk o

31 ARTERHFHAYARMER  LEEBATAR ;=1 GEER
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ATAR o =—1°7hA L =32 & L=>512 BB 23 ETBERABTEE K
AEBERBE (T, ~226) AZHABERBEGEE MEARTAL L=512° Ti
FRRE ST, ARAEOHBRLS  LaBF 9o haRB AR ey KE
W BEARA T, 0 RIK S AR Famis 3k —4F A & b3 4% E 6 X3t
@A s RAABTRER  LAREZWRF SRR IDGER - R T L =32
MR RRER ERRNEERT AR B 2 TARARE R A
TRBREHREGEE - AREREZNBEAFNKEZE IR -

\&

3.2 EFTZARSHEBBEVREF %
ZF B AR AN ETZ AR BEALRE kAR o AL B
BEH A RENETAL BET HAHTRES O MEIHEE
(0) = —Tr (Oe=HIT) | (3.8)
Lydesdk 7 AT 5
Z=Tr (7)), (3.9)

SHET S ARG T T ERAR (QMO) RIET » 5 A KR
(Stochastic Series Expansion, SSE) QMC 7 % [6] J& B & A 3 %89 7 kX — o SSE
7R E A e T AR

e P = 53 =0 o (3.10)

|
n=0 n:

A

Ed &M ANBEBR L =1/T - FRMLFRIN H ARG RABIA (H} 0

b

m

(3.11)

R
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(a) Clock phase (¢) PM phase

Figure 3.2: = A R##REA (L =30) EMEAER © (a) h=0.65,T=0.1 (b) h=1.6,T = 0.05
() h=18,T=0.2

ot B AR RER |2) = |10y ---on) T o RMT KBRS X Z 275

2= 0 S S i, B, )

Y/ (3.12)
= > 2 > [Ty )
n=0 " (5.} (z} -1

Ed S, 2F—% n EARMKOAL: FoFXAAEFRMEAZHLARER
(FIA [ =5, o) (') ° SSE 7 # MR HEFFH S, o £3HE L n BiFH
B BEREFFIRE » RMTEE M >n BB M —n BEEFLF T R
BHEFRINREBRTEA Mo 28 [ BALFFI Sy FRALE G BEF 5% &
BRMTRESIEETARE

n(M — I M "
Z:ZEZBQMT”H@MW@. (3.13)
{a} {Snm} : J

b MR ML (O) £ SSE FFTETA

Sy OCOWN) o

(0) = SeW(X) _M;j

A X ={|z), Sy} Bk ERIH] 0 h o

SSE R¥bF &7 ZIREX (3.14) F W(X) MERHFF 77 Sy HEME A
A EMIMARAE HAHRRMYETFZARGHEBELY > KMHT T
Metropolis # F- k1 By 3 B A& 4L A& 69 B 47 » AT KL 69 1F A A K 69 23 [7] -
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FAS R I I8 SRR AL (T, h) » RIMAMAR—LZRFRIRALT
PRk > B AEFM R 128 T XL E 10,000 F A s A EAF B KSR F ¥ 69 FH -

B 3.2 BT VA SSE 7 A MAFZ A RN £ ZB40 6 At B A o %
B ABRDNE L=30° BAl—HFRTHLTRHFEAARMEILE > BL2FT
B RE LTk A B AR A &R AR AG AR o
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Chapter 4

RXES2F arar

AFEHAKMAALE ARGV ERABENRE > AR ENE
RoWEEBREDTRE AL RERIANELGHEL (neurons ) ° &K S
b A 42 MBS AE A AR B IR AP R A Ss » BAE TR RE 2 ¥ (deep learning) FTi% A

BEER [8,0] o AR RAAE 0940 MHBAEA 5 2RIR S BB R RS
#% ° Google AT B4 #) TensorFlow [10] & & Z B R A REZF R E > @
Python £ Keras [11] &8t —{&23& 4% A TensorFlow #4d o A 5m L8 7 48 48 2
A3 3 Keras B4R MR, ©

HMIFEHF2E (supervised learning) &9 7 X R A7 & 483 4 25 93K A 78 40 1
B Rty e o BERSY T E M AR KRGIRER  £ARMOG B > Z0E4
BaRMFEAFAELGARARE (LE 3 F09310) o &IV n @it K69
REMEATE {(Xor Vo) amtom ' P X, BAEME £1 (RAARALIHAT)
HEeS AHEEARKE N Bl H L =30 W =_ARB#ERE X, HEE
900 5 y, AHME X, 8942 o KITAE A8 one-hot encoding 7 X EAREK (8] #
C # (C classes) FI# > &MEH C EZE > HBIEE o WAREEH > one-hot
BB KIAEBRA [Yor, Yoz, > Yac) * £ F

1 ify,=c,
Yac = (41)
0 otherwise.

B 4o $E A =848 R 8 = A R AR R [1,0,0) BIEAERE > [0,1,0] & KT #& >
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c?&

(0,0, 1] & B 42 #&

EEZVNARENARI - f, BETH —@AFHG - REINRE\BGF
X 8l f (X)) BEHROBR - AR f, -85 K w HERE
(weights) © FI B2 H 89 — 4842 R B 5 AT 6948 K R # (loss function) » Ji ¥4
BETARNIZRMETIZRGEE ; ZEAE ] > BRRIEAED] ) o KAV E 89 F
HHHEMA (negative log-likelihood) RAE B 248 %k % 3An I 69 8% 1ML 89 B AZ %
BO(KRAERE) 9] :

&= =23 hlp(uel X)) (42)

IRBAE 28w HFGRAELENM Lo HATHEMA, Lt £ #ATH
89 L LJE (cross-entropy) AL e F—FFTA X, WTAREFH c BAOKFE A

Joe (W) = pro(Yae = 1| Xo) * BATE £ FAF| L LW (categorical cross-entropy) & [9]

Z Z Yoe M Jac+ (1= Yac) In[1 — G| - (4.3)

a=1c=1

A MUAE R R B — A 5 R B A E T %k (Gradient Descent ) » Lzt 4245 48
RABMHETOEREFLE w

w'th = w' =V, L, (4.4)

EXF 8 BETRAEGSE > BEFE % (learning rate) s A w G5 GE L
AMBERG T & de b T A IRBEAE w Aw B R RESG—BEHRRIE
(local minimum) ° # % £ F Ay &+ % A 69 421 (optimization) 7 & E#ET
Mk 69 Ik MR > Bl e > [E AR T 7% (Stochastic Gradient Descent, YA ff
# SGD) [12] A Adam # F % (Adaptive Moment Estimation) [13] » iZ M4 s 1&
A0 Fk AL R L ARG o M B30 > SCD #h A MAEIE IR A 09— D5 F
# (# A minibatch) 15 &R 691R4E o SGD 7T 7 S E— 1A » A H £
(momentum) » & &S EMBHH G@ag5l& (9] c mBE 8 SGD TATA

Aw'tt = yAw' — 9V, L, (4.5)
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hidden layer hidden layer

input layer % N output layer

Y Aw'=w' —w B8y AHE SR Adam REFIZFARTEHLE
HMZ A (VL) AEZM4E (second moment) ((V,,£)%) » A S T4 M 89 5 &
By B By o Keras BAEHF LR LR (RE S ) &iELF & (optimizer) #9:E
BAR W 5 BRI

AP B AR A S vl E R R AR R AL BT R A SR EF XBRELZF 4
77 ik o VATE W B AN 48 RV 6 oy 1 2L IR b 42 4%

4.1 5RBRFE

% J Be4n 3 (Multilayer Perceptron) #8% » /% MLP > &2 AR ~ [ER A
AR R ARG RFYES—RBRBBE > AAHBTAERS - —FK
W RF BB G ELER HEMEXLAEE (fully-connected) 89 R#E (LT
TH A1) c A HAMBRF > ML ROV E LKA AR ER C o FANE
BAGMARL OB R RGBT > FPATHAAAATEME (feed-forward neural
network ) °

— AR A RE LR B A A F A TN (TaAMRIEL
(bias) b ) , A4 @ IFLE BT KB (activation function) g #d o dwsk » FHLET
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BB H T AT A

L £) (-1 4
) ZZwﬁ-k)xi I

(4.6)
0= JO0).
B W) REAEER ((—1) BF K BRELEF () BF jAFETHRE
B (R jIEAMNELREE > g BFE 0 BOBERE - X (4.6) LT L HE
WG EH XEATE :
XO Z g0(p® X 1 1 p0) (4.7)
w9 BE R B B2 sigmoid K
()= — (48)
e —, '
ReLU (rectified linear unit) & :
6(2) = max(0, 2), (49)

%o fih—18 M BRI E (M RBAHERE) > AMTHE f£,(X) 98k L
TAF [8) :
waXj::gw”(uﬁM)~-g@Kuﬁ”g“KUﬂ”)(D . (4.10)

FTAVEMEBGRE M RF > TARFREN—BRELRGFTIRZIEKR -
A —3R > PP R @ 1R 385 B % (backpropagation algorithm ) [14] & /& #4848
Ph o) S B RGBT E MG A G o ARE > ReMRIRFE AR T dmis
8932 4542 (chain rule) $ 8 [9,15] © £ Keras £ FREOBBE R X T 574K
EX A SRR A

RT LR E] 6 —Aiv & RIE R R AL EN B LHATRESZEY R
% R B 6 HAT R A Dropout A& EH AL (Batch Normalization, YA T i ##
BatchNorm) ° Dropout # A% 74 R3tm s @ oM ey & (B 42) » R#BHT

8*
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(a) Standard Neural Net (b) After applying dropout.

Figure 4.2: Dropout #4787~ &8 » A [16] o £ 8 (b) AKX 2R LY NEREEF (a) MKE
F—Ab UM ey e — s T o
AERRA L BB S R AR KRS MAT AN BEHFRS (overfitting) PR [16] o @
BatchNorm #94F Bl £ 758 3y X — & AP & LAF 28R 69 B AL 2/ 46 (minibatch) 1E42
Bl AF L PHME AR AR LG — [17]) 0 AR T RAAAVEEE R B AR P
M PR R B LU KR i B AR AL R R AR [17) 0 S5 — AR B g AR
AR B AR KR F R TR m A A5 AR A (18] ©

KEMAMER (F ME) - £453HMALE @il E—#&5 softmax & » i
HCOMBEWEL XF C BAJEE Rl X (4.6) 89853 > A FTOMAEE
M =5, DM 0 5 Bl softmax #EE S # R (9, 15]

Jo = (4.11)

FRIEATH g, BPRESBAS ¢ HNOBE  LRHA BBEBL Y, o =10

4.2 HRFREH

#HATAP & # % (Convolutional Neural Network » fi#% CNN) BA HEERE
2% B AR (convolution layer) Z it (pooling layer) o #5488 /& F| Fl 47 4%
(kernel) » X AL & (filter) » A 89 EAAEHEA (convolution) FEH 5 ik
R B A 89 B AT THAAL ] (coarse-graining ) » % #4 Fbiit B 38 344y 38 09 & LB

(renormalization group) 7 & ¥ 894 % ¥ B (decimation step) [19] © YA LR T
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== Fully
Connected
T H— ﬂ E Layer

Convolution Coarse-graining Convolution Coarse-graining
(pooling) (pooling)

Figure 4.3: # A4 @ @R RZEE W - BEA [9) °

“Convolution”

3.1 (112 ;8 |4
110 (7|3 )2 |6 7.
2135|113 104 T
® 110 1 -

14|12 |6|5

1/0 (-1
3121 (3|7 |2

Filter 3x3
912 6 (2|51 Output 4x4

Original image 6x6
Result of the element-wise
product and sum of the
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