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1.

(12 %) Evaluate the limits.
3
0 tan2(2t)
(b) (6 %) lm(g _ x)tan (nz/2)

(a) (6%) llm

2. (40 %) Evaluate the integrals.
w/4
(@) 8%) / (1 + tan t)® sec? tdt
0
n/3
(b) 8%) / sin z In(cos z)dz
0
© @%) [ e
0
d) 8%) / e "dx
0
1 gt
(e 8%)’ / / 2 e®¥dzdy
0 Jy
f N 1dh = ) dt, find f(7/2
3. (8%) I x:/ t,where :vz/ 1< sin(t9)|dt, fin mf2).
3. (8%) f() y m g() . { ()] f(/)
4. (10 %) Let
B Br () #A0l0)
f(m,y)z $2+y6 Y y U )y
Evaluate f,,(0,0).
5. (10 %) Evaluate the line integral
/ (zettita)dr + rZefidytate™ dz
c
where C is the curve r(t) = (t,cos(nt),tan"1(¢)),0 < ¢t < 1.
6. (10 %) Suppose f is a function with the property that | f(z) |< 2 for all z. Show that f(0) = 0. Then
show that f'(0) = 0.
7. (10 %) Suppose that Zan and Z b, are series with positive terms. Prove that if lim I — 0 and
n—o0 by,
Z b, converges, Z a also converges.
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1. (12 %) Evaluate the limits.

3

t
o/ \ 1
(@ (6%) P—% tan?(2t)

(b) (6 %) lim(2 — z)=("=/2)
z—1

2. (40 %) Evaluate the integrals.
w/4
(@) (8%) / (1 + tant)® sec? tdt
0
w/3
(b) 8%) / sin z In(cos z)dz
0
© 6%) [ ey
0

d 8 %) / ” zle %dx
0

1 pl
() 8%)' / / e“dzxdy
0 Jy

y
g(x) 1
3. 8%) If f(x) =/0 WiE

dt jwhere g(z) = /cosm[l 4 sin(t%))dt, find f{(/2).
| 0

4. (10 %) Let

Evaluate f,,(0,0).

5. (10 %) Evaluate the line integral
/ (y 2ty dr + 2z Eody=Tye™ " dz
C

where C is the curve r(t) = (¢, cos(nt),tan"'(¢)),0 < ¢t < 1.

6. (10 %) Suppose f is a function with the property that | f(z) |< z? for all z. Show that f(0) = 0. Then
show that f'(0) = 0.

7. (10 %) Suppose that Zan and Z b, are series with positive terms. Prove that if lim c—;ﬂ =0 and

n—oo n

E b, converges, E a,, also converges.
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Please show all your work.

1.

(10 points) Let V be the vector space of n-square matrices over a filed R. Let U and W be the subspace
of symmetric and antisymmetric matrices, respectively. Show that V' = U @& W. (The matrix M is
symmetric iff M = M t, and antisymmetric iff ~M = M".) :

Let U and W be the subspaces of R* generated by
{(1,1,0,-1),(1,2,3,0),(2,3,3,-1)} and {(1,2,2,-2), (2,3,2,-3),(1,3,4,-3)}
respectively. Find each of the following:

(a) (10 points) dim(U + W)
(b) (10 points) dim(U NW).

. (10 points) Prove that a linear mapping £+ V' — U is nonsingular if and only if the image of a linearly

independent set is linearly independent.

(10 points) Let F' : V" o t-and G : U = W be lincar. “Show that rank(G o F) <
min{rank(F),rank(@)}

. Let E be a linear operator on V for which E*= E:LetU bethe image of E and W the kernel of E.

Show that

(@) (5 points) if 4 € U, then E(u) = u
(b) (5 points) if Piis'not the identity I on V', then E'is singular.
(¢) (Spoints) V =UDSW

(10 points) Let D be the differential operator on a vector space V. of functions f : R — R, that is,
D(f) = df /dt. Find the/mateix representation of D in the basis {e*,te*' jt’¢*} of V..

A O

. (10 points) Let M = 0 B ) where A and B.aré square matrices. Show that the minimum

polynomial m(t) of M is the least common multiple of the minimum'polynomials g(t) and h(t) of
A and B, respectively.

LetT : V — V be linear. Suppose, for v € V, T*(v) = 0but 757 (v) # 0, that is, T is nilpotent of
index k. Prove

(a) (5 points) the set S = {v,T(v),--- , T*~1(v)} is linearly independent.
(b) (5 points) the subspace W generated by S is T-invariant.
(c) (5 points) the restriction T of T to W is nilpotent of index k.
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Please show all your work.

1.

(10 points) Let V be the vector space of n-square matrices over a filed R. Let U and W be the subspace
of symmetric and antisymmetric matrices, respectively. Show that V = U & W. (The matrix M is
symmetric iff M = M?", and antisymmetric iff —M = M )

. Let U and W be the subspaces of R* generated by

{(1,1,0,-1),(1,2,3,0),(2,3,3, —1)} and {(1,2,2,-2),(2,3,2,-3),(1,3,4, -3)}
respectively. Find each of the following:

(a) (10 points) dim(U + W)
(b) (10 points) dim(U NW).

. (10 points) Prove that a linear mapping & : V' — U is nonsingular if and only if the image of a linearly

independent set is linearly independent.

. (10 points) Let F' : V" —-bvand G : U = W be lincar. Show that rank(G o F) <

min{rank(F),rank(G)}

. Let E be a linear operator on V for which F?*= E:LetU be the image of £ and W the kernel of E.

Show that

(@) (5 points) ifu € U, then E(u) = u
(b) (5 points) if E 1S not the identity I'on V', then F'is singular,
(¢) Spoints) V =UBW

. (10 points) Let D be the differential operator on a yector space M of functions f : R — R, thatis,

D(f) = df /dt. Find the matrix représentation of D'in the basis e te® t%e*} of V.

(10 points) Let M = ‘61 g ) where 4 and B-are square matrices. Show that the minimum

polynomial m(t) of M is'the least common multiple of the minimum polynomials g(t) and h(t) of
A and B, respectively.

Let T : V — V be linear. Suppose, for v € V, T#(v) = 0 but 757" (v) # 0, that is, T is nilpotent of
index k. Prove

(a) (5 points) the set S = {v,T(v),--- ,T* (v)} is linearly independent.
(b) (5 points) the subspace W generated by S is T-invariant.
(c) (5 points) the restriction Tof TtoW is nilpotent of index k.
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