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中 文 摘 要 ： 於計畫中進行調查一個新的計算方式於求解叉狀等候系統的

穩態機率。我們初步證明此推導計算方式，縮減了以往複雜

的矩陣計算。我們希望在這個研究計畫中可以演繹和推導此

方法於一般服務時間的系統中。這種計算法的好處是在大型

的矩陣計算時可以顯著地減少計算量，提供使用者快速而且

正確的解。 

中文關鍵詞： 類生死過程之馬可夫鏈, 等候理論, 穩態機率 

英 文 摘 要 ：  

英文關鍵詞：  
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Calculating Balance Equations of A Fork-Type Queue By State-Aggregate
Approach
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Abstract. Stationary probabilities are fundamen-
tal in response to various measures of performance in
queueing networks. Solving stationary probabilities
in Quasi-Birth-and-Death(QBD) type Markov Chain
normally are dependent on the structure of the queue-
ing network. In this paper, a new computing scheme
is developed for attaining stationary probabilities in
queueing networks of the fork-type. This scheme pro-
vides a general approach to reducing the complexity
of computing algorithm. The result becomes more
significant when a large buffer size is involved but
cannot be ignored. The background theorem of this
approach is proved and provided with an illustrated
example in this paper.

1 System Description and
Model Formulation

Consider a fork-type queueing model as shown in Fig-
ure 1. There are two work stations: the buffer space
at the first station is fairly larger than that at the
second station. Without loss of generality, we as-
sume it is infinite at the first buffer but the size at
the second buffer is B. All jobs after service at the
first station are transferred immediately to the second
station with probability q. With this simple model,
we will show how to construct a computing procedure
to obtain stationary probabilities with product form.
In general, this scheme provides a direct approach to
reducing the complexity of computing algorithm.

Assume that jobs arrive at the first station accord-
ing to a Poisson process with rate λ and join an infi-
nite waiting space at station 1. After service in sta-
tion 1, with probability q, the job moves to a queue of
finite capacity B at station 2. In other words, with
probability 1 − q, the job leaves the system. Each
queue is served by a single server with exponential
service time of rate of µ1 and µ2. Note that the model
belongs to the class of Markovian queueing network
with blocking at the second station. Let n(t) and
m(t) be the number of jobs present at time t in sta-
tion 1 and 2, respectively. The process {(n(t), m(t)),
t ≥ 0} is a Markov process on state space ∪i≥0l(i)
with l(i) = {(i, 0), . . . , (i, B)}, i ≥ 0. In the long run,
let (n,m) present the system state and their possible
transitions be given in the table 2.6.

The infinitesimal generator (transition rate ma-
trix) Q has a block-tridiagonal structure, indicating a
quasi-birth-and-death(QBD) process. Note that the
last case when the second stage buffer is full or m = B
in the state-transition table, we assume that the job
departed from station 1 leaves the system with prob-
ability 1 (i.e. the job leaves immediately when all
buffer at station 2 is occupied) or we may say that
the job which finds the buffer in station 2 is full get-
s lost. This assumption is obviously made for the
purpose of the fork-type structure. Apparently, if
the buffer size and the service rate at the second sta-
tion are large enough, the probability of reaching this
blocking state can be negligible. In fact, solving the
stationary probability of states with m = B is one of
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一、 參加會議經過 

在參加洛利之「1st International IBM Cloud Academy Conference」後，緊接著參加

此次會議。會議在芝加哥的 Marriott 的飯店舉行，為期四天。 

 這個會議有超過 1000 篇的論文發表，是大型的會議，專家學者來自世

界各地的，如美國、法國、挪威、瑞典、以色列、意大利、韓國、日本、

英國和。大會的子題共有 27 個，詳見附錄。  

  研究報告是「A two-stage security-check system at border-crossing 
stations」內容是關於分析安全服務系統，這一類的服務系統中存在兩個主

要目標：最大化安全檢查的有效性，和最大限度地減少客戶的等待時間。

研究發現，這兩個目標可以是一致的。或根據對容量狀態調整系統的衝突，

主要是建立二階段式的選擇性安全檢查系統，研究中將此系統建成數學模
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型，以一個兩階段的排隊過程分析其等候時間。每一位旅客都需經過第一

階段的督察檢查，然後選出一個比例的客戶通過第二階段作進一步檢查。

這個進一步檢查的比例，可以數學證明確定保有足夠的安檢水平，成為一

個檢查約束。另外，也提供一階段與二階段之檢查比較分析，基於兩者之

性能，以精確和近似方法計算隊列長度和等候時間以表示其服務能力。討

論在一個“安全有利的”，“安全不利”或“安全不可行”的狀態，根據到達率

和必要的安全水平調查在美國和加拿大邊界過境站之安全檢查的排隊系

統。我們發現，兩個階段的安全檢查系統優於一階段安全檢查系統。雖然

這些研究結果證實單一服務器模型，但是這些特性也保持在一個更一般性

多服務器設置。 

 

  筆者也參加其他的議題報告內含如下列議題 

 Observations from OASIS Violations Data for Border Inspection 
 A Meta-Heuristic Optimization for Scheduling Heat-Treatment 
Furnace in Steel Casting Industry 

 QRA and RBD techniques to evaluate the cost-effectiveness of 
transport security systems 

 The Demand Weighted Vehicle Routing Problem 
 A serial scheme for resource-constrained scheduling within 
Microsoft Project 2010 

 Scheduling of Multi-skilled Staff Across Multiple Locations 
 Bicriteria Scheduling with Batch Deliveries 
 Approximation Schemes for Parallel Machine Scheduling with 
Availability 

 Single machine batch scheduling with release times and delivery 
costs 

 Solution Approaches for a Joint Production and Transportation 
Planning Problem 

 Optimal delivery time quotation in supply chains to minimize 
tardiness and delivery costs 

 Bi-criteria Scheduling Subject to Machine Availability 
 Design of Characteristic Functions for Cooperative Games in 
Operations Planning 

 Production Scheduling with Subcontracting: The Subcontractor’s 
Pricing Game 
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經過進一步的討論，筆者獲得許多寶貴的經驗，對未來的研究和研究議

題提供深遠的影響。 

二、 與會心得 

筆者能參加此次會議，純屬因緣巧合。原因受到議題主持人的邀請，雖

然此次會議並不是筆者過去長期參與的會議，但是參與後發現許多值得學

習的題目和研究方法。同時也可以將筆者過去研究出之評估效能的數學模

型方法介紹給從事智慧型製造研究的學者專家。也希望能在會議中能吸取

其他的工業事例，藉此運用數學模型解決他們的問題。 

三、 攜回資料名稱及內容 

光碟會議集 (Proceedings of POMS 2012 Conference Program)。 

 
 

四、 附錄 

 

會議 Topics 

Behavioral Operations 
Capacity Management  
Empirical Research in OM  
Finance and OM Interface  
Healthcare Operations Management  
Humanitarian Operations and Disaster Management  
Inventory Management  
Manufacturing Operations  
Operations Management in China and East Asia  
OM in India / SE Asia  
OM in Latin America and the Caribbean  
Operations Management and Economic Models  
OM – Marketing Interface  
OM-Practice  
OM in Travel, Tourism and Hospitality  
Product Innovation and Technology Management  
Product Management  
Production Planning and Scheduling  
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Retail Operations Management  
Scheduling and Logistics  
Service Operations  
Supply Management  
Supply Chain Management  
Supply Chain Risk Management  
Sustainable Operations  
Teaching in OM  
Vendor and Supply Contracts 
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After 911

Waiting at Security Screening point at an airport

Border Line‐ups ‐ South‐bound AM hours – to the USA
http://www.th.gov.bc.ca/ATIS/index.htm

A two-stage security-check system at 
border-crossing stations 

Zhe George Zhang
Department of Decision Sciences, Western Washington University,

Bellingham, WA98225, USA
Faculty of Business Administration, Simon Fraser University

Vancouver, BC, Canada

Hsing Luh and Chia-Hung Wang
National Chengchi University  

Outline 
 Introduction 

 Modeling and Analysis

 Numerical Illustrations and Model validation

 Practical Value of the Study

 Conclusion
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I. Introduction – main issues

 Two Main Goals: 

 To achieve sufficient security‐level. 

 To offer good customer service (or less waiting time).

 Questions:

 Does increasing required security level always lead to 
increasing customer waiting cost?

 Which configuration of  security‐check facility performs 
better?  Two‐stage or One‐stage inspection?

Our approach
 Develop a stylized two‐stage queueing model to 
capture the main features of the system.

 Discover the performance characteristics and identify 
th   j  i t   f th  k  d i i   i blthe major impacts of the key decision variable.

 Validate these properties discovered via simulation 
model

Related Literature – a sample
 Queueing models – El‐Taha and Maddah (2006), 
Zhang (2009),  Whitt (2008, 2009), etc.

S i Ch k M d l   K b   d J b  ( ) Security‐Check Models – Kobza and Jacobson (1997),

 Jacobson et al. (2001), Lee et al (2009), Babu et al 
(2006), and Zhang (2009).

 strac

II. Modeling ‐ An abstract model to capture the main 

characteristics of the system

Abstract model developed

Properties Discovered

p

simulation 
verification

Determine the Abstract Level

 Modeling the critical factors (components)

 Ignoring the non‐significant details

 Developing a realistic model to represent the practical 
system

 Keeping the mathematical tractability and simplicity 
(both exact and approximation approaches)

Model detail level

Red : realistic level
Blue: math tractability

Here is an example: Modeling Primary (Stage 1) 
Inspection Operations at a border crossing station
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Exact Analysis v.s Approximation Approach

 If the exact (but complex) analysis is feasible, do 
we need the approximation approach?

It depends..

 Purpose of the studyp y

 – performance evaluation/optimization for systems 
with predictable general behaviors; 

 ‐ insights generation for systems with unknown 
behaviors. 

 Computational complexity of the exact approach

 Robustness and accuracy of the approximation 
approach.

Exact Analysis

 Computational approach – algorithm‐based and no‐
closed form formulas.

 More restrictive assumptions.

C i l  l i    R li i   d li Computational complexity v.s Realistic modeling.

But…

 Can be used to verify the approximations in special 
cases.

When is an approximation approach 
worthwhile for insight generation?
 Captures the main characteristics of the system

 Needs  realistic conditions 

 e.g. Heavy traffic condition

 Is accurate and robust enough

 Has Relatively simple computations 

 Reveals the fundamental relationship between the 
main performance measure(s) and the key decision 
variable(s) for a given set of system parameters.

An example  of good approximation: In security‐check queues, 
the key decision variable is p – proportion of selected 
customers for further inspection – (this section is technical and 

details may be omitted in presentation)

 2nd stage queue performance (as the 1st stage is trivial) based on bounds:

 Key approximation  LST of Inter arrival times for 2nd Stage Queue(b d    Key approximation – LST of Inter‐arrival times for 2nd Stage Queue(based on 

heavy traffic condition):

 Further approximation:

 Then, we can establish the convexity of the performance measures in the 
key decision variable.

Minimum p – required security level
(The details of this section may be omitted in presentation)

 Proportion in (a), denoted by pc, is not controllable and proportion in 
(b)  denoted by pd  is controllable  (b), denoted by pd, is controllable. 

 Actual proportion p= pc + pd is also controllable via pd.

Sufficient security level
Carrying a threat No threat

Alarm TA FA

Clear FC TC

Ho: a customer does not carry a threat;Ho: a customer does not carry a threat;
Ha: a customer carries a threat.
Rejecting Ho is equivalent to generating an “alarm”
Accepting Ho is equivalent to  generating a “clear” 

P(FC)=P(Type 2 Error) - fatal; P(FA)=P(Type 1 
Error) – increasing congestion level 

Minimize P(FC) is equivalent to Maximize P(TA) for 
a given P(T)=P(TA)+P(FC).



2012/9/28

4

An Example
Cost of Raising Security Level

 Higher p => higher

=> More non‐threat‐carrying customers need to go 
through further inspection..

( | ) 1 ( )cP T FI p 

 Question: If you are a customer crossing the border, do 
you like a higher p or a lower p?

 Any answers??

After p0 is determined, E(WC) should be minimized

Implication of capacity status

III Numerical Illustrations and Model 
Validation 
 Accuracy of Approximation

 v.s



2012/9/28

5

Unique Advantage of TSCS
Real‐Dataset

IV Practical Value of the Study

Information from our model V Conclusion 
 Addressed the issue of trade‐off between security level 
and customer service quality

 Combined – analytical model, approximations, 
simulations  and empirical studiessimulations, and empirical studies

 Generated valuable information and insights for 
practitioners

 Stimulate more future research topics – e.g. we are 
now working on the multi‐class customer security‐
check system for airport checkpoints.
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