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In practice, in order to reduce default risks with credit-risk customers, a seller (e.g., a manufacturer or a
retailer) frequently requests its credit-risk customers to pay a fraction of the purchase amount at the time
of placing an order as collateral deposit, and then grants a permissible delay on the outstanding balance
(i.e., a down-stream partial trade credit). By contrast, the seller usually receives a permissible delay on
the entire purchase amount from the supplier (i.e., an up-stream full trade credit). In this paper, we
propose an economic production quantity (EPQ) model for deteriorating items in a supply chain with
both up-stream and down-stream trade credit financing. By using fractional programming results,
we can prove that the optimal solution not only exists but also is unique. Moreover, we propose three
discrimination terms to identify the optimal solution among possible alternatives. Finally, some
numerical examples are presented to highlight the theoretical results and managerial insights.

& 2013 Elsevier B.V. All rights reserved.
1. Introduction

Financial supply chain management and working capital man-
agement are increasingly recognized as important means to
increase profitability in a supply chain. The physical product flow
has long been addressed by researchers and practitioners. However,
now companies have identified the financial side of the supply
chain as a promising area for improvements. By actively managing
payment terms and working capital requirements, managers can
influence financial performance and achieve significant cost savings.
The permissible delay in payments (i.e., trade credit) allows a buyer
to accumulate revenue and earn interest during the credit period.
However, beyond this credit period the seller charges the buyer
interest on the unpaid balance. Hence, from the buyer′s perspective,
a permissible delay in payments reduces its holding cost, and thus is
a powerful promotional tool to attract new customers, who consider
it as an alternative incentive policy to price discounts. On the other
hand, from the seller′s perspective, although offering trade credit
increases its opportunity cost due to interest loss during the credit
period, it reduces its buyer′s holding cost, attracts new customers,
and in turn increases its profit.

In 1913, the economic order quantity (EOQ) was first proposed by
Harris (1913). Since then prolific extensions of his EOQ model have
ll rights reserved.
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been developed by researchers. Grubbstrom (1980) built an inventory
model with two trade credit periods with no optimization. Goyal
(1985) obtained the retailer′s optimal order quantity in an EOQ model
when the supplier offers a permissible delay in payments. Aggarwal
and Jaggi (1995) extended the EOQ model with trade credit financing
from non-deteriorating items to deteriorating items. Jamal et al. (1997)
further generalized the EOQ model to allow for shortages. Chang et al.
(2003) developed an EOQ model for deteriorating items under
supplier credits linked to ordering quantity. Huang (2003) proposed
an inventory model by assuming that the supplier offers the retailer a
permissible delay and the retailer also provides its customers another
permissible delay to stimulate demand. Ouyang et al. (2006) estab-
lished an optimal ordering policy for deteriorating items under trade
credits. Liao (2007) presented an economic production quantity (EPQ)
model for deteriorating items under permissible delay in payments.
Teng et al. (2009) proposed an EOQ model with two warehouses and
solved the problem by an arithmetic–geometric inequality method. Hu
and Liu (2010) presented an EPQ model with permissible delay in
payments and allowable shortages. Teng et al. (2011) extended an EOQ
model for stock-dependent demand to supplier′s trade credit with a
progressive payment scheme. Skouri et al. (2011) studied supply chain
models for deteriorating items with ramp-type demand rate under
permissible delay in payments. Teng et al. (2012a) discussed vendor-
buyer inventory models with trade credit financing under a non-
cooperative and an integrated environments. Concurrently, Teng et al.
(2012b) established an EOQ model with trade credit financing for
increasing demand. Min et al. (2012) developed an EPQ model with
antity models for deteriorating items with up-stream full trade
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inventory-level-dependent demand and permissible delay in pay-
ments. Tsao (2012) considered manufacturer′s production and war-
ranty decisions for an imperfect production system under system
maintenance and trade credit. Mahata (2012) proposed an EPQ model
for deteriorating items by assuming that the retailer obtains a full
trade credit offered by the supplier and offers a partial trade credit to
his/her customers. Recently, Chung and Cárdenas-Barrón (2013) pre-
sented a simplified solution procedure to an EOQ model for deterior-
ating items by Min et al. (2010) with stock-dependent demand and
two-level trade credit. Chern et al. (2013) established Stackelberg
solution in a vendor-buyer supply chain model with permissible delay
in payments. Ouyang and Chang (2013) proposed an optimal produc-
tion lot with imperfect production process under permissible delay in
payments and complete backlogging. Chen et al. (2013a) established
the retailer′s optimal EOQ when the supplier offers conditionally
permissible delay in payments link to order quantity. Concurrently,
Chen et al. (2013b) attempted to overcome some shortcomings of
mathematical model and expressions in Liao et al. (2012).

In this paper we propose an EPQ model for deteriorating items in a
supply chain in which a retailer receives a full trade credit from its
supplier and simultaneously offers a partial trade credit to his/her
customers. This model is closely related to that of Mahata (2012) but
the interest earned and interest payable have been calculated in an
different and, according to our opinion, more properly way. By
applying convex fractional programming results, we obtain the
necessary and sufficient conditions of an optimal solution and propose
three discrimination terms to identify the global minimum solution
among different alternatives. Finally, some numerical examples are
used to illustrate the theoretical results and managerial insights.
2. Notation and assumptions

For simplicity, the notation and the assumptions used through
the paper are presented below.Notation

D demand rate in units per year
P production rate in units per year, P4D
ρ fraction of non-production time¼1�D/P
A set-up or ordering cost in dollars per order
h holding cost in dollars per unit per year excluding

interest charges
c purchase cost per unit in dollars
p selling price per unit in dollars, p4c
M up-stream trade credit in years offered by the supplier to

the retailer
N down-stream trade credit in years offered by the retailer

to its buyers
Ic interest rate charged per dollar per year
Ie interest rate earned per dollar per year
α fraction of total purchase cost which the buyer must pay

at the time of placing an order, 0rαr1
1�α fraction of total purchase cost which the buyer has a

permissible delay of N years
t1 time in years at which production stops
θ constant deterioration rate, 0rθo1
T replenishment cycle time in years
Tn optimal replenishment cycle time
TRC(T) seller′s annual total relevant cost in dollars
TRCn(Tn) seller′s optimal annual total relevant cost in dollars

2.1. Assumptions
(1)
Pl
cr
The demand rate is known and constant.

(2)
 Shortages are not allowed.
ease cite this article as: Chen, S.-C., et al., Economic production qu
edit and down-stream partial.... International Journal of Production
(3)
ant
Eco
Time horizon is infinite, and replenishments are instantaneous.

(4)
 A bank in general loans money only on the retailer′s expected

receivable revenue (i.e., the revenue received from future
sales, which is not including deteriorated items). Therefore,
the retailer′s interest charged is based on the non-deteriorated
items, which is not the entire on-hand inventory as that
includes deteriorated items.
(5)
 The seller receives a full credit period of M years from its supplier,
and in turn provides a partial trade credit to its credit-risk
customers who must pay α portion of the total purchase cost at
the time of placing an order as collateral deposit, and then receive
a permissible delay of N years on the outstanding amount. Notice
that to good-credit customers, the seller may provide a full trade
credit in which we simply set α¼0. Hence, our proposed model
includes the special case in which the seller offers a down-stream
full trade credit to its customers.
(6)
 IfMZN then the seller deposits the sales revenue into an interest
bearing account. If MZT þ N (i.e., the permissible delay period is
longer than the time at which the retailer receives the last
payment from its customers), then the seller receives all revenue
and pays off the entire purchase cost at the end of the permissible
delayM. Otherwise (ifMrT þ N), the seller pays the supplier the
sum of all units sold by M�N and the collateral deposit received
from N toM, keeps the profit for the use of the other activities, and
starts paying for the interest charges on the items sold afterM�N.
(7)
 If NZM, then the seller finances and pays its supplier the entire
amount of the delayed payment ð1�αÞcDT at the end of the trade
credit M, and then pays down the loan after time N at which the
seller starts to receive sales revenue from its customers. For the
collateral deposit, the seller deposits the sales revenue into an
interest bearing account until the end of the permissible delay M.
If TZM, then the seller pays the supplier all units sold by M,
keeps the profit for the use of the other activities, and starts
paying for the interest charges on the items sold after M.
3. Mathematical formulation of the model

During the production period ½0; t1�, the inventory level is affected
by production, demand, and deterioration. The evolution of the
inventory level can be described by the following differential equation:

dIðtÞ
dt

þ θIðtÞ ¼ P�D; 0rtrt1; ð1Þ

with the initial inventory level Ið0Þ ¼ 0.
Next, during non-production period ½t1; T �, the inventory

depletes by the combined effect of demand and deterioration.
Consequently, the change in the inventory level is described by the
following differential equation:

dIðtÞ
dt

þ θIðtÞ ¼ �D; t1rtrT ; ð2Þ

with the ending inventory level IðTÞ ¼ 0.
The solutions of the above differential equations are respectively:

IðtÞ ¼ P�D
θ

ð1�e�θtÞ; 0rtrt1; ð3Þ

and

IðtÞ ¼ D
θ
ðeθðT�tÞ�1Þ; t1rtrT : ð4Þ
From the continuity of the inventory level at time t1 the
following relation between t1 and T prevails:

t1 ¼
1
θ
ln 1þ D

P
ðeθT�1Þ

� �
ð5Þ

For the derivation of the seller′s annual total relevant cost, the
mathematical expressions of set-up cost, holding cost (excluding
ity models for deteriorating items with up-stream full trade
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interest charges), deterioration cost, and the interest payable and the
interest earned are required.
B  Loan Amount B   Loan Amount 
(a)
Pl
cr
Annual set�up cost ¼ A=T ð6Þ
(b)
Instant Payment 
Time 

Delayed Payment 
Time 0 M T

A A C

0 N M T T+N

C 

Fig. 1. M4N and MrT .
Annual holding cost excluding interest charges

¼ h
T

Z t1

0
IðtÞdt þ

Z T

t1
IðtÞdt

� �

¼ h
θ2T

Pðθ t1 þ e�θt1�1Þ þ DðeθðT�t1Þ�θT�e�θt1 Þ� �
¼ h

θT
ðPt1�DTÞ ð7Þ

which was derived by Mahata (2012).
Notice that the holding cost usually includes capital cost.
However in this model we consider trade credit options so
we exclude interest charges (note that the per unit per unit
time holding cost has been defined excluding interest
charges). The capital cost is calculated below separately.”
(c)
 Annual deterioration cost ¼ cðPt1�DTÞ=T ð8Þ
Nevertheless, for the derivation of the seller′s annual total
relevant cost, the up-stream and the down-stream trade credits
should be taken into consideration. From the values of N and M,
there are two possible cases: (1) NoM and (2) NZM. Then, these
two cases are examined separately below.

3.1. Annual total relevant cost for the case of NoM

Based on values of M, T, and T þ N (i.e., the time at which the
seller receives the payment from the last customer), three sub-cases
can occur: (i) MrT , (ii) TrMrT þ N(i.e., M�NrTrM), and (iii)
T þ NrM(i.e., TrM�N). For these three cases, we derive the
annual interest earned and the annual interest payable accordingly.

3.1.1. Sub-case 1.1. MrT
In this sub-case, the seller accumulates revenue and earns

interest: (1) from the portion of instant payment starting time
0 through M, and (2) from the portion of delayed payment starting
time N through M. Hence, the interest earned per cycle is Ie times
the total area of the triangle OMA and the triangle NMA’ as shown
in Fig. 1. Therefore, the annual interest earned is given by

pIeD
2T

αM2 þ ð1�αÞðM�NÞ2
h i

: ð9Þ

Notice that Mahata (2012) did not recognize the fact that the
seller offers customers a permissible delay of N, and hence receives
money from N to T+N, not from 0 to T. Consequently, he
miscalculated the annual interest earned as follow:

pIeD
2T

M2 þ ð1�αÞN2
h i

: ð10Þ

On the other hand, the seller grants its buyers a permissible
delay of N periods, and receives the money from its buyers from
time N through T+N. Thus, at time M the seller receives αpDM
dollars from instant payment and ð1�αÞpDðM�NÞ dollars from
delayed payment, and pays its supplier αcDM þ ð1�αÞcDðM�NÞ
dollars. The retailer must finance (1) all items sold after M for the
portion of instant payment, and (2) all items sold after M�N for
the portion of delayed payment at an interest charged Ic per dollar
per year. As a result, the interest payable per cycle is (c/p) Ic times
the total area of the triangle ABC and the triangle A′B′C′ as shown
in Fig. 1. Therefore, the annual interest payable is given by

cIcD
2T

αðT�MÞ2 þ ð1�αÞðT þ N�MÞ2
h i

: ð11Þ
ease cite this article as: Chen, S.-C., et al., Economic production qu
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Notice that the seller′s interest payable should be based on the
number of unsold supplier′s parts, not the number of finished
goods in stock. For example, the seller receives 2000 parts from
the supplier at time 0, uses 100 parts to make 100 finished goods
per day, sells 50 goods per day, and stores 50 goods per day. On
Day 1, the seller has 50 finished goods in stock but 1950 supplier′s
parts unsold. If there is no trade credit, then the seller′s interest
charge is based on those 1950 unsold parts, not 50 finished goods
in stock. In addition, the seller offers customers a permissible
delay of N, and hence receives money from N to T+N, not from 0 to
T. Mahata (2012) did not recognize those two facts, and inappro-
priately calculated the annual interest payable as follow:

cIc
θ2T

ðP�DÞ 1�θM�expð�θMÞ½ � þ θðPt1�DTÞ� �
; ð12Þ

which is significantly different from (11). As a result the seller′s
annual total relevant cost by using (6)–(9) and (11) is:

TRC1ðTÞ ¼
A
T
þ hþ θ c

θ T
ðPt1�DTÞ

þ cIcD
2T

αðT�MÞ2 þ ð1�αÞðT þ N�MÞ2
h i

�pIeD
2T

αM2 þ ð1�αÞðM�NÞ2
h i

: ð13Þ

3.1.2. Sub-case 1.2. TrMrT þ N.
Again, the seller accumulates revenue and earns interest from two

accounts: (1) the portion of instant payment starting time 0 through
M, and (2) the portion of delayed payment starting time N throughM.
Hence, the seller′s annual interest earned as shown in Fig. 2 as

pIeD
2T

αT2 þ 2αTðM�TÞ þ ð1�αÞðM�NÞ2
h i

: ð14Þ

Likewise, the seller receives all instant payment by time T
(rM) so that there is no interest payable for the portion of instant
payment. However, the seller must finance all items sold during
time interval ½M�N; T �. Therefore, the annual interest payable is

cIcD
2T

ð1�αÞðT þ N�MÞ2: ð15Þ

Consequently, the seller′s annual total relevant cost by using
(6)–(8), (14) and (15) is

TRC2ðTÞ ¼
A
T
þ hþ θ c

θ T
ðPt1�DTÞ þ cIcD

2T
ð1�αÞðT þ N�MÞ2

�pIeD
2T

αT2 þ 2αTðM�TÞ þ ð1�αÞðM�NÞ2
h i

: ð16Þ

3.1.3. Sub-case 1.3. T þ NrM.
In this sub-case, the seller receives the total revenue before

the trade credit period M, and hence there is no interest payable.
antity models for deteriorating items with up-stream full trade
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Fig. 4. MrN and MrT .

Delayed  Payment 

Revenue 

0 T M N T+N

Loan Amount 

Time Time 
Instant  Payment 

Revenue 

0 T M

Fig. 5. MrN and MZT .
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From Fig. 3, we know that the annual interest earned is:

pIeD
2T

αT2 þ 2αTðM�TÞ þ ð1�αÞT2 þ 2ð1�αÞTðM�T�NÞ
h i

¼ pIeD
2

2M�T�2ð1�αÞN½ �: ð17Þ

Hence, the seller′s annual total relevant cost is

TRC3ðTÞ ¼
A
T
þ hþ θ c

θ T
ðPt1�DTÞ� pIeD

2
2M�T�2ð1�αÞN½ �: ð18Þ

Combining (13), (16), and (18), the seller′s annual total relevant
cost is given as

TRCðTÞ ¼
TRC1ðTÞ; if MrT

TRC2ðTÞ; if TrMrT þ N

TRC3ðTÞ; if T þ NrM

8><
>:

Hence, TRC(T) is continuous in T, and has the following properties

TRC1ðMÞ ¼ TRC2ðMÞ; and TRC2ðM�NÞ ¼ TRC3ðM�NÞ: ð19Þ

Then we proceed with the case of NZM.

3.2. Annual total relevant cost for the case of NZM

Now based on values of M and T, the following two sub-cases
can occur: (i) MrT , and (ii) MZT . Let′s discuss them accordingly.

3.2.1. Sub-case 2.1. MrT
From Fig. 4 we know the annual interest earned from the instant
payment is

pIeD
2T

ðαM2Þ: ð20Þ

In this sub-case, for instant payment the seller must finance
αcDðT�MÞ at time M, and pay off the loan at time T. As to delayed
Please cite this article as: Chen, S.-C., et al., Economic production qu
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payment, the seller must finance ð1�αÞcDT for delayed payment at
time M, and pay off the loan at time T+N. Therefore, the annual
interest payable is

cIcD
2T

αðT�MÞ2 þ ð1�αÞT T þ 2ðN�MÞ½ �
n o

: ð21Þ

Consequently, the annual total relevant cost is

TRC4ðTÞ ¼
A
T
þ hþ θ c

θ T
ðPt1�DTÞ

þ cIcD
2T

αðT�MÞ2 þ ð1�αÞT T þ 2ðN�MÞ½ �
n o

� pIeD
2T

αM2:

ð22Þ

We then discuss the last sub-case in which NZMZT .

3.2.2. Sub-case 2.2. MZT.
From Fig. 5 we know the annual interest earned from the

instant payment is

pIeD
2

α T þ 2ðM�TÞ½ �: ð23Þ

In this sub-case, there is no interest payable for instant payment.
However, the seller must finance ð1�αÞcDT for delayed payment at
time M, and pay off the loan at time T+N. Therefore, the annual
interest payable is

cIcD
2

ð1�αÞ T þ 2ðN�MÞ½ �: ð24Þ

Consequently, the seller′s annual total relevant cost is

TRC5ðTÞ ¼
A
T
þ hþ θ c

θ T
ðPt1�DTÞ þ cIcD

2
ð1�αÞ T þ 2ðN�MÞ½ �

�pIeD
2

α T þ 2ðM�TÞ½ �: ð25Þ
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Combining (22) and (25), we know that the seller′s annual total
relevant cost is

TRCðTÞ ¼
TRC4ðTÞ; if MrT

TRC5ðTÞ; if MZT

(

It is clear that TRC(T) is continuous in T, and has the following
properties

TRC4ðMÞ ¼ TRC5ðMÞ: ð26Þ

Now, our aim is to determine the optimal replenishment cycle
Tn for both cases of NoM, and NZM.
4. Determination of the optimal replenishment cycle

In this section, the necessary and sufficient conditions for the
determination of the optimal replenishment cycle are presented
for the case of NoM first, and then the case of NZM. According to
Theorem 3.2.10 in Cambini and Martein (2009), the function

qðxÞ ¼ f ðxÞ
gðxÞ ð27Þ

is pseudo-convex, if f(x) is non-negative, differentiable and convex,
and g(x) is positive, differentiable and concave. Applying Theorem
3.2.9 in Cambini and Martein (2009), we know that q(x) is strictly
pseudo-convex if f(x) is strictly convex. Let′s apply the above
theoretical results to obtain the optimal solution Tn such that
TRCiðTnÞ for i¼ 1; 2;…; 5 is minimized.

4.1. Optimal replenishment cycle time for the case of NoM

By applying the above mentioned results, we separately mini-
mize each of TRCiðTÞ for i¼ 1; 2;and 3; and obtain the following
theoretical results.

Theorem 1.
(1)
Pl
cr
TRC1ðTÞ is a strictly pseudo-convex function in T, and hence
exists a unique minimum solution Tn

1.

(2)
 If MrTn

1, then TRC1ðTÞ subject to MrT is minimized at Tn

1.

(3)
 If MZTn

1, then TRC1ðTÞ subject to MrT is minimized at M.
Proof. See Appendix A.
To find Tn

1, taking the first-order derivative of TRC1ðTÞ, setting
the result to zero, and re-arranging terms, we get

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ �
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	

þD½αM2 þ ð1�αÞðM�NÞ2�ðpIe�cIcÞ
2

þ cIcDT
2

2
�A¼ 0: ð28Þ

From Theorem 1, we know that (28) has a unique solution, Tn

1. If
Tn

1ZM, then TRC1ðTÞ is minimized at Tn

1. Otherwise, TRC1ðTÞ is
minimized at M.

By using the analogous argument, we have the following
results.

Theorem 2.
(1)
 TRC2ðTÞ is a strictly pseudo-convex function in T, and hence
exists a unique minimum solution Tn

2.

(2)
 If M�NrTn

2rM, then TRC2ðTÞ subject to TrMrT þ N is
minimized at Tn

2.

(3)
 If Tn

2rM�N, then TRC2ðTÞ subject to TrMrT þ N is mini-
mized at M�N.
ease cite this article as: Chen, S.-C., et al., Economic production qu
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ant
Eco
If Tn

2ZM, then TRC2ðTÞ subject to TrMrT þ N is minimized
at M.
Proof. See Appendix B.
To get Tn

2, taking the first-order derivative of TRC2ðTÞ, setting
the result to zero, and re-arranging terms, we get

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	

þDð1�αÞðM�NÞ2ðpIe�cIcÞ
2

þ DT2½αpIe þ ð1�αÞcIc�
2

�A¼ 0: ð29Þ

It is clear from Theorem 2 that (29) has a unique solution Tn

2. If
M�NrTn

2rM, then TRC2ðTÞ is minimized at Tn

2. If T
n

2rM�N, then
TRC2ðTÞ is minimized at M�N. If MrTn

2, then TRC2ðTÞ is mini-
mized at M.

Finally, for the case of NoM, we have the following similar
results for TRC3ðTÞ.

Theorem 3.
(1)
 TRC3ðTÞis a strictly pseudo-convex function in T, and hence
exists a unique minimum solution Tn

3.

(2)
 If Tn

3rM�N, then TRC3ðTÞ subject to T þ NrM is minimized
at Tn

3.

(3)
 If Tn

3ZM�N, then TRC3ðTÞ subject to T þ NrM is minimized
at M�N.
Proof. See Appendix C.
Similarly, taking the first-order derivative of TRC3ðTÞ, setting

the result to zero, and re-arranging terms, we get

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	
þ DT2pIe

2
�A¼ 0:

ð30Þ
From Theorem 3, we know that (30) has a unique solution Tn

3.
If Tn

3rM�N, then TRC3ðTÞ is minimized at Tn

3. If T
n

3ZM�N, then
TRC3ðTÞ is minimized at M�N.

For simplicity, let′s define two discrimination terms.

Δ1 ¼
Pðhþ θ cÞ

θ

DðM�NÞeθðM�NÞ

P þ D½eθðM�NÞ�1� �
1
θ
ln 1þ D

P
ðeθðM�NÞ�1Þ

� �� 	

þDðM�NÞ2pIe
2

�A; ð31Þ

and

Δ2 ¼
Pðhþ θ cÞ

θ

DMeθ M

P þ D½eθ M�1� �
1
θ
ln 1þ D

P
ðeθ M�1Þ

� �� 	

þD½αM2 þ ð1�αÞðM�NÞ2�ðpIe�cIcÞ
2

þ DM2cIc
2

�A: ð32Þ

Then we have the following results.

Lemma 1. Δ1oΔ2.

Proof. See Appendix D.

Theorem 4.
(1)
 If Δ2o0, then TRCðTÞ is minimized at Tn

1.

(2)
 If Δ2 ¼ 0, then TRCðTÞ is minimized at M.

(3)
 If Δ1o0 and Δ240, TRCðTÞ is minimized at Tn

2.

(4)
 If Δ1 ¼ 0, then TRCðTÞ is minimized at M�N.

(5)
 If Δ140, then TRCðTÞ is minimized at Tn

3.
Proof. See Appendix E.
ity models for deteriorating items with up-stream full trade
nomics (2013), http://dx.doi.org/10.1016/j.ijpe.2013.07.024i
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Table 1
Numerical example for NoM.

Case i P M A p Δ1 Δ2 Tn

i TRCn

i

n
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4.2. Optimal replenishment cycle time for the case of NZM

Similar to the case of NoM, we have the following results.

Theorem 5.

1 3000 0.10 150 75.00 �117.46 �19.87 0.107ðT1Þ 1810.24
2 4000 0.10 100 75.00 �56.06 75.71 0.075ðTn

2Þ 1667.08
3 3500 0.15 150 100.00 37.41 234.47 0.089ðTnÞ 791.25
(1)

3

Pl
cr
TRC4ðTÞ is a strictly pseudo-convex function in T, and hence
exists a unique minimum solution Tn

4.

(2)
 If MrTn

4, then TRC4ðTÞ subject to MrT is minimized at Tn

4.

(3)
 If MZTn

4, then TRC4ðTÞ subject to MrT is minimized at M.

Table 2
Numerical example for NZM.

Case i P M A N Δ3 Tn

i TRCn

i

4 3000 0.06 150 1.00 �103.14 0.107ðTn

4Þ 19,482.10
5 3500 0.09 100 1.10 26.50 0.080ðTn

5Þ 20,406.00
Proof. The proof is similar to that in Theorem 1, and hence
omitted.

To find Tn

4, taking the first derivative of TRC4ðTÞ, setting the
result to zero, and re-arranging terms, we derive

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	

þ αDM2ðpIe�cIcÞ
2

þ cIcDT
2

2
�A¼ 0: ð33Þ

It is obvious from Theorem 5 that (33) has a unique solution, Tn

4.
If Tn

4ZM, then TRC4ðTÞ is minimized at Tn

4. Otherwise, TRC4ðTÞ is
minimized at M.

By using the analogous argument, we have the following
results.

Theorem 6.
(1)
 TRC5ðTÞ is a strictly pseudo-convex function in T, and hence
exists a unique minimum solution Tn

5.

(2)
 If MZTn

5, then TRC5ðTÞ subject to MZT is minimized at Tn

5.

(3)
 If MrTn

5, then TRC5ðTÞ subject to MZT is minimized at M.
Proof. The proof is omitted.
To get Tn

5, taking the first derivative of TRC5ðTÞ, setting the
result to zero, and re-arranging terms, we derive

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	

þ αpIeDT
2

2
þ ð1�αÞcIcDT2

2
�A¼ 0: ð34Þ

It is clear from Theorem 6 that (34) has a unique solution, Tn

5. If
Tn

5rM, then TRC5ðTÞ is minimized at Tn

5. Otherwise, TRC5ðTÞ is
minimized at M.

Again, let′s define the third discrimination term.

Δ3 ¼
Pðhþ θ cÞ

θ

DMeθ M

P þ D½eθ M�1� �
1
θ
ln 1þ D

P
ðeθM�1Þ

� �� 	

þ αpIeDM
2

2
þ ð1�αÞcIcDM2

2
�A: ð35Þ

We then have the following results.

Theorem 7.
(1)
 If Δ3o0, then TRCðTÞ is minimized at Tn

4.

(2)
 If Δ3 ¼ 0, then TRCðTÞ is minimized at M.

(3)
 If Δ340, TRCðTÞ is minimized at Tn

5.
Proof. The proof is omitted.
5. Numerical examples

In this section, we provide some numerical examples to
illustrate several distinct theoretical results as well as to gain
some managerial insights.
ease cite this article as: Chen, S.-C., et al., Economic production qu
edit and down-stream partial.... International Journal of Production
Example 1. For the case of NoM, let′s assume that D¼2500 units
per year, N¼0.05 years, c¼$50 per unit, h¼$15 per unit per year,
θ¼0.05, α¼0.05, Ic¼0.15 per dollar per year, and Ie¼0.10 per dollar
per year. Since we have three possible alternatives, we provide
three cases for each alternative. By using Theorem 4, we easily
obtain the optimal solutions on three different sets of parameters
as shown in Table 1.

Example 2. For the case of NZM, we assume that D¼2500 units
per year, p¼$75, c¼$50 per unit, h¼$15 per unit per year, θ¼0.05,
α¼0.05, Ic¼0.15 per dollar per year, and Ie¼0.10 per dollar per
year. Since we have only two possible alternatives, we provide two
cases for each alternative. Applying Theorem 7, we can easily get
the optimal solutions on two different sets of parameters as shown
in Table 2.

6. Conclusions

The use of a down-stream partial trade credit to reduce
default risks with credit-risk customers has received a very little
attention by the researchers. In this paper, we have built an
appropriate EPQ model for deteriorating items in which the
seller (e.g., a manufacturer or a retailer) receives an up-stream
full trade credit from its supplier while offers a down-stream
partial trade credit to its credit-risk customers. In fact, our
proposed inventory model forms a general framework that
includes many previous models as special cases such as Goyal
(1985), Teng (2002), Teng (2009), Teng and Goyal (2009), and
others. In addition, we have pointed some inappropriate manip-
ulations on interest earned and payable by Mahata (2012). By
applying the theoretical results in convex fractional programs,
we have obtained the necessary and sufficient conditions for
finding a unique optimal solution. Furthermore, we have pro-
posed three discrimination terms to identify the optimal solu-
tion among alternatives. Finally, we have used several numerical
examples to show all possible alternatives.

For further research, this paper can be extended in several
ways. For instance, we may consider an integrated solution for
both the seller and the buyer, or a non-cooperative Nash solution.
Also, we could generalize the model to allow for shortages,
quantity discount, backlogging, etc. Finally, we could consider
the effect of inflation rates on the optimal credit period and cycle
time simultaneously.
Acknowledgements

The authors would like to thank Guest Editor Leopoldo Eduardo
Cárdenas-Barrón and two anonymous referees for their
antity models for deteriorating items with up-stream full trade
Economics (2013), http://dx.doi.org/10.1016/j.ijpe.2013.07.024i

http://dx.doi.org/10.1016/j.ijpe.2013.07.024
http://dx.doi.org/10.1016/j.ijpe.2013.07.024
http://dx.doi.org/10.1016/j.ijpe.2013.07.024


S.-C. Chen et al. / Int. J. Production Economics ∎ (∎∎∎∎) ∎∎∎–∎∎∎ 7
encouragement and constructive comments. The research was sup-
ported by the ART for Research from the William Paterson University
of New Jersey.

Appendix A. Proof of Theorem 1

From (13), let

f 1ðTÞ ¼ Aþ hþ θ c
θ

ðPt1�DTÞ þ cIcD
2

αðT�MÞ2 þ ð1�αÞðT þ N�MÞ2
h i

� pIeD
2

αM2 þ ð1�αÞðM�NÞ2
h i

Z0; if T40; ðA1Þ

and

g1ðTÞ ¼ T40: ðA2Þ
Taking the first- and second-order derivatives of f 1ðTÞ, we have:

f ′1ðTÞ ¼
hþ θ c

θ

PDeθT

P þ DðeθT�1Þ�D
� �

þ cIcD T�M þ ð1�αÞN½ �; ðA3Þ

and

f ″1ðTÞ ¼
hþ θc

θ

P2Dθ eθT ð1�D=PÞ
½P þ DðeθT�1Þ�2

( )
þ cIcD40: ðA4Þ

Therefore, q1ðTÞ ¼ ðf 1ðTÞ=g1ðTÞÞ ¼ TRC1ðTÞ is a strictly pseudo-
convex function in T, which completes the proof of Part (1) of
Theorem 1. The proof of Parts (2) and (3) immediately follows
from Part (1) of Theorem 1. This completes the proof of Theorem 1.
Appendix B. Proof of Theorem 2

From (16), let

f 2ðTÞ ¼ Aþ hþ θ c
θ

ðPt1�DTÞ þ cIcD
2

ð1�αÞðT þ N�MÞ2

� pIeD
2

αM2 þ 2αTðM�TÞ þ ð1�αÞðM�NÞ2
h i

Z0 if T40; ðB1Þ

and

g2ðTÞ ¼ T40: ðB2Þ
Taking the first- and second-order derivatives of f 2ðTÞ, we have:

f ′2ðTÞ ¼
hþ θ c

θ

PDeθT

P þ DðeθT�1Þ�D
� �

þ cIcDð1�αÞðT þ N�MÞ�pIeDαðM�TÞ;

ðB3Þ
and

f ″1ðTÞ ¼
hþ θ c

θ

P2Dθ eθT ð1�D=PÞ
½P þ DðeθT�1Þ�2

( )
þ D αpIe þ ð1�αÞcIc½ �40: ðB4Þ

Therefore, q2ðTÞ ¼ ðf 2ðTÞ=g2ðTÞÞ ¼ TRC2ðTÞ is a strictly pseudo-
convex function in T, which completes the proof of Part (1) of
Theorem 2. The proof of Parts (2)–(4) immediately follows from
Part (1) of Theorem 2. This completes the proof of Theorem 2.
Appendix C. Proof of Theorem 3

Again, by using (18), we let

f 3ðTÞ ¼ Aþ hþ θ c
θ

ðPt1�DTÞ� pIeD
2

2TM�T2�2ð1�αÞTN
h i

Z0; if T40;

ðC1Þ
and

g3ðTÞ ¼ T40: ðC2Þ
Please cite this article as: Chen, S.-C., et al., Economic production qu
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Taking the first- and second-order derivatives of f 3ðTÞ, we have:

f ′3ðTÞ ¼
hþ θc

θ

PDeθT

P þ DðeθT�1Þ�D
� �

�pIeD M�T�ð1�αÞN½ �; ðC3Þ

and

f ″3ðTÞ ¼
hþ θ c

θ

P2Dθ eθT ð1�D=PÞ
½P þ DðeθT�1Þ�2

( )
þ pIeD40: ðC4Þ

Therefore, q3ðTÞ ¼ ðf 3ðTÞ=g3ðTÞÞ ¼ TRC3ðTÞ is a strictly pseudo-
convex function in T, which completes the proof of Part (1) of
Theorem 3. The proof of Parts (2) and (3) immediately follows
from Part (1) of Theorem 3. This completes the proof of Theorem 3.
Appendix D. Proof of Δ1oΔ2

Since TRC2ðTÞ is a strictly pseudo-convex function in T, we
know from (29) that

d
dT

TRC2ðTÞ ¼
1

T2

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	


þDð1�αÞðM�NÞ2ðpIe�cIcÞ
2

þ DT2½αpIe þ ð1�αÞcIc�
2

�A

!
ðD1Þ

is an increasing function in T, and hence we get

d
dT

TRC2ðM�NÞ ¼ Δ1

ðM�NÞ2
o d

dT
TRC2ðMÞ ¼ Δ2

M2 : ðD2Þ

Thus, Δ1oΔ2. This completes the proof.
Appendix E. Proof of Theorem 4

From (28), we have

d
dT

TRC1ðTÞ ¼
1

T2

Pðhþ θ cÞ
θ

DTeθT

P þ DðeθT�1Þ�
1
θ
ln 1þ D

P
ðeθT�1Þ

� �� 	


þD½αM2 þ ð1�αÞðM�NÞ2�ðpIe�cIcÞ
2

þ cIcDT
2

2
�A

!
: ðE1Þ

If Δ2o0, then it is clear from (E1) that

lim
T-1

d
dT

TRC1ðTÞ ¼
cIcD
2

40; and
d
dT

TRC1ðTÞ
���
T ¼ M

¼ Δ2

M2 o0 ðE2Þ

By applying the Mean Value Theorem and Theorem 1, we know
that there exists a unique Tn

1A ðM;1Þ such that ðd=dTÞTRC1ðTn

1Þ ¼ 0.
Hence, TRC1ðTÞ is minimizing at the unique point Tn

1, which
satisfies (28). By using the analogous argument, we have

d
dT

TRC2ðM�NÞ ¼ Δ1

ðM�NÞ2
o d

dT
TRC2ðMÞ ¼ Δ2

M2 o0; ðE3Þ

which implies TRC2ðTÞ is minimizing at M. Likewise, we get

lim
ξ-0

d
dT

TRC3ðξÞo
d
dT

TRC3ðM�NÞ ¼ Δ1

ðM�NÞ2
o0; ðE4Þ

which implies TRC3ðTÞ is minimizing at M�N. Consequently, by
using (19), (E3), and (E4), we obtain

TRC1ðTn

1ÞoTRC1ðMÞ ¼ TRC2ðMÞoTRC2ðM�NÞ ¼ TRC3ðM�NÞ: ðE5Þ
As a result, we complete the proof that if Δ2o0, then TRCðTÞ is

minimized at Tn

1. By using the analogous argument, one can easily
prove the rest of Theorem 4.
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