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In this paper, we propose two new methods for evaluating students’ answerscripts based on interval-val-
ued fuzzy grade sheets. The marks awarded to the answers in the students’ answerscripts are represented
by interval-valued fuzzy sets. Each element in the universe of discourse belonging to an interval-valued
fuzzy set is represented by an interval between zero and one. The degree of similarity between an inter-
val-valued fuzzy mark and a standard interval-valued fuzzy set is calculated by a similarity function. An
index of optimism k determined by the evaluator is used to indicate the degree of optimism of the eval-
uator, where k 2 [0,1]. The experimental results show that the proposed methods are more stable than
Biswas’s method for students’ answerscripts evaluation. They can evaluate students’ answerscripts in a
more flexible and more intelligent manner.
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1. Introduction

Biswas (1995) pointed out that a chief goal of educational
institutions is to provide students with evaluation reports regard-
ing their examination as sufficient as possible and with the
unavoidable error as small as possible. In recent years, some
methods have been presented for students’ evaluation (Bai &
Chen, 2008a, 2008b, 2008c; Biswas, 1995; Chang & Sun, 1993;
Chen & Lee, 1999; Cheng & Yang, 1998; Chiang & Lin, 1994;
Echauz & Vachtsevanos, 1995; Frair, 1995; Hwang, Lin, & Lin,
2006; Kaburlasos, Marinagi, & Tsoukalas, 2004; Law, 1996; Ma
& Zhou, 2000; McMartin, Mckenna, & Youssefi, 2000; Pears, Dan-
iels, Berglund, & Erickson, 2001; Wang & Chen, 2007a, 2007b;
Weon & Kim, 2001; Wu, 2003). Bai and Chen (2008a) presented
a method for evaluating students’ learning achievement using
fuzzy membership functions and fuzzy rules. Bai and Chen
(2008b) presented a method for automatically constructing con-
cept maps based on fuzzy rules for adaptive learning systems.
Bai and Chen (2008c) presented a method for automatically con-
structing grade membership functions of fuzzy rules for students’
evaluation. Biswas (1995) presented a fuzzy evaluation method
(fem) for applying fuzzy sets in students’ answerscripts evalua-
tion. He also proposed a generalized fuzzy evaluation method
(gfem) for students’ answerscripts evaluation. Chang and Sun
(1993) presented a method for fuzzy assessment of learning per-
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formance of junior high school students. Chen and Lee (1999)
presented two methods for evaluating students’ answerscripts
using fuzzy sets. Cheng and Yang (1998) presented a method
for using fuzzy sets in educational grading systems. Chiang and
Lin (1994) presented a method for applying the fuzzy set theory
to teaching assessment. Frair (1995) presented a method for stu-
dent peer evaluations using the analytic hierarchy process meth-
od. Echauz and Vachtsevanos (1995) presented a fuzzy grading
system to translate a set of scores into letter grades. Hwang
et al. (2006) presented an approach for test-sheet composition
with large-scale item banks. Kaburlasos et al. (2004) presented
a software tool, called PARES, for computer-based testing and
evaluation used in the Greek higher educational system. Law
(1996) presented a method for applying fuzzy numbers in educa-
tional grading systems. Ma and Zhou (2000) presented a fuzzy set
approach for the assessment of student-centered learning.
McMartin et al. (2000) used scenario assignments as assessment
tools for undergraduate engineering education. Pears et al.
(2001) presented a method for student evaluation in an interna-
tional collaborative project course. Wang and Chen (2007a) pre-
sented two methods for students’ answerscripts evaluations
based on the similarity measure between vague sets (Gorzalcz-
any, 1987, 1989). Weon and Kim (2001) presented a leaning
achievement evaluation strategy using fuzzy membership func-
tions. Wu (2003) presented a method for applying the fuzzy set
theory and the item response theory to evaluate learning
performance.

In Biswas (1995), the fuzzy marks awarded to answers in the
students’ answerscripts are represented by fuzzy sets (Zadeh,
1965). In a fuzzy set, the grade of membership of an element ui
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in the universe of discourse U belonging to a fuzzy set is repre-
sented by a real value between zero and one, however, if we can
allow the marks awarded to the questions of the students’ answer-
scripts to be represented by interval-valued fuzzy sets (Gorzalcz-
any, 1987, 1989), then there is room for more flexibility, where
the grade of membership of an element in the universe of discourse
belonging to an interval-valued fuzzy set is represented by an
interval in [0,1].

In this paper, we present two new methods for students’
answerscripts evaluation based on interval-valued fuzzy grade
sheets. The marks awarded to the answers in the students’ answer-
scripts are represented by interval-valued fuzzy sets. The degree of
similarity between an interval-valued fuzzy mark and a standard
interval-valued fuzzy set is calculated by a similarity function. An
index of optimism k determined by the evaluator is used to indi-
cate the degree of optimism of the evaluator, where k 2 [0,1]. If
0 6 k < 0.5, then the evaluator is a pessimistic evaluator. If k = 0.5,
then the evaluator is a normal evaluator. If 0.5 < k 6 1.0, then the
evaluator is an optimistic evaluator. We also make an experiment
to compare the experimental results of the proposed method with
the ones using Biswas’s method (1995). The experimental results
show that the proposed methods are more stable than Biswas’s
method for students’ answerscripts evaluation. The proposed
methods can evaluate students’ answerscripts in a more flexible
and more intelligent manner.

The rest of this paper is organized as follows. In Section 2, we
briefly review similarity measures between interval-valued fuzzy
sets from (Chen, 1994). In Section 3, we briefly review Biswas’s
methods for students’ answerscripts evaluation from (Biswas,
1995). In Section 4, we present a new method for students’ answer-
scripts evaluation based on interval-valued fuzzy grade sheets. We
also present a generalized fuzzy evaluation method for students’
answerscripts evaluation using interval-valued fuzzy grade sheets.
In Section 5, we make an experiment to compare the experimental
results of the proposed method with Biswas’s method (1995). The
conclusions are discussed in Section 6.

2. Similarity measures between interval-valued fuzzy sets

Zwick, Carlstein, and Budescu (1987) presented a method for
measuring the distance between two real intervals. Let X and Y
be two intervals in [b1,b2], where X = [x1,x2] and Y = [y1,y2]. The
distance D(X,Y) between the intervals X and Y is calculated as
follows:

DðX;YÞ ¼ jx1 � y1j þ jx2 � y2j
2ðb2 � b1Þ

: ð1Þ

Then, the degree of similarity S(X,Y) between the intervals X and Y
can be calculated as follows (Zwick et al., 1987):

SðX;YÞ ¼ 1� DðX; YÞ: ð2Þ

Let X and Y be two intervals in [0,1], where X = [x1,x2],
Y = [y1,y2], 0 6 x1 6 x26 1, and 0 6 y1 6 y2 6 1. Based on Eqs. (1)
and (2), the degree of similarity S(X,Y) between the intervals X
and Y can be calculated as follows (Zwick et al., 1987):

SðX; YÞ ¼
1; if y1 6 x1 6 x2 6 y2;

1� jx1�y1 jþjx2�y2 j
2 ; otherwise;

(
ð3Þ

where S(X,Y) 2 [0,1]. It is obvious that if X and Y are identical inter-
vals, then D(A,B) = 0 and S(X,Y) = 1. The larger the value of S(X,Y),
the higher the similarity between the intervals X and Y.

Assume that x and y are two real values between zero and one,
where x = [x,x] and y = [y,y], then based on Eq. (3), we can see that

Sðx; yÞ ¼ Sð½x; x�; ½y; y�Þ ¼ 1� jx� yj þ jx� yj
2

¼ 1� jx� yj: ð4Þ
Let eA and eB be two interval-valued fuzzy sets in the universe of
discourse X, where

X ¼ fx1; x2; . . . ; xng;eA ¼ ½a11; a12�=x1 þ ½a21; a22�=x2 þ � � � þ ½an1; an2�=xn;eB ¼ ½b11; b12�=x1 þ ½b21; b22�=x2 þ � � � þ ½bn1; bn2�=xn;

[ai1,ai2] denotes the grade of membership of xi belonging to the
interval-valued fuzzy set eA; ½bi1; bi2� denotes the grade of member-
ship of xi belonging to the interval-valued fuzzy seteB;0 6 ai1 6 ai2 6 1;0 6 bi1 6 bi2 6 1, and 1 6 i 6 n. Based on the ma-
trix representation method, the interval-valued fuzzy sets eA and eB
can be represented by the matrices A and B, respectively, where

A ¼ h½a11; a12�; ½a21; a22�; . . . ; ½an1; an2�i;
B ¼ h½b11; b12�; ½b21; b22�; . . . ; ½bn1; bn2�i:

If eA and eB are identical interval-valued fuzzy sets (i.e., eA ¼ eB), then
aij = bij, 1 6 i 6 n and 1 6 j 6 2. In this situation, we can see that
A ¼ B.

By applying Eq. (3), the degree of similarity TðA;BÞ between the
interval-valued fuzzy sets eA and eB can be calculated by the similar-
ity function T (Zwick et al., 1987),

TðA;BÞ ¼
Pn

i¼1Sð½ai1; ai2�; ½bi1; bi2�Þ
n

¼
Pn

i¼11� jai1�bi1 jþjai2�bi2 j
2

n
; ð5Þ

where TðA;BÞ 2 [0,1]. The larger the value of TðA;BÞ, the higher the

similarity between the interval-valued fuzzy sets eA and eB. It is obvi-

ous that if eA and eB are identical interval-valued fuzzy sets (i.e.,eA ¼ eB), then TðA;BÞ ¼ 1.
In Eq. (5), we assume that all elements in the universe of dis-

course U are of equal importance. However, if we can allow each
element in the universe of discourse U to have a different degree
of importance, then there is room for more flexibility. Chen
(1994) also considers the situation that each element ui in the uni-
verse of discourse U has a different degree of importance. Assume
that the degree of importance of each ui in the universe of dis-
course U is described by a weighted matrix W ,
W ¼ hw1;w2; . . . ;wni, where wi denotes the weight of ui in U,
0 6 wi 6 1, and 1 6 i 6 n. Let A and B be the matrix representations
of the interval-valued fuzzy sets eA and eB, respectively, where

A ¼ h½a11; a12�; ½a21; a22�; . . . ; ½an1; an2�i;
B ¼ h½b11; b12�Þ; ½b21; b22�Þ; . . . ; ½bn1; bn2�i:

Then, the degree of similarity GðA; B;WÞ between the interval-val-
ued fuzzy sets eA and eB can be calculated by the similarity function
G (Chen, 1994),

GðA;B;WÞ ¼
Pn

i¼1½1� ðjai1 � bi1j þ jai2 � bi2jÞ=2� �wiPn
i¼1wi

; ð6Þ

where GðA;B;WÞ 2 ½0;1�. The larger the value of GðA;B;WÞ, the high-
er the similarity between the interval-valued fuzzy sets eA and eB. It
is obvious that if eA and eB are identical interval-valued fuzzy sets,
then GðA; B;WÞ ¼ 1. Furthermore, if w1 = w2 = � � � = wn, then
GðA;B;WÞ ¼ TðA;BÞ.
3. A review of Biswas’ methods for students’ answerscripts
evaluation

Biswas (1995) used the matching function S to measure the de-
gree of similarity between fuzzy sets (Chen, 1988; Zadeh, 1965).
Let A and B be two fuzzy sets of the universe of discourse X, where



Table 2
A generalized fuzzy grade sheet (Biswas, 1995).

Question no. Sub-questions Fuzzy mark Derived letter grade Mark

Q.1 Q.11 F11 g11 m1

Q.12 F12 g12

Q.13 F13 g13

Q.14 F14 g14

Q.2 Q.21 F21 g21 m2

Q.22 F22 g22

Q.23 F23 g23

Q.24 F24 g24
..
. ..

. ..
. ..

. ..
.

Q.n Q.n1 Fn1 gn1 mn

Q.n2 Fn2 gn2

Q.n3 Fn3 gn3

Q.n4 Fn4 gn4

Total mark =

Table 1
A fuzzy grade sheet (Biswas, 1995).

Question no. Fuzzy mark Grade

Q.1 x1 x2 x3 x4 x5 x6

Q.2
Q.3
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

Q.n

Total mark =
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X ¼ fx1; x2; . . . ; xng;
A ¼ lAðx1Þ=x1 þ lAðx2Þ=x2 þ � � � þ lAðxnÞ=xn;

B ¼ lAðx1Þ=x1 þ lAðx2Þ=x2 þ � � � þ lAðxnÞ=xn;

lA denotes the membership function of the fuzzy set A,
lA(xi) 2 [0,1], lB denotes the membership function of the fuzzy
set B, lB(xi) 2 [0,1], and 1 6i 6 n. The fuzzy sets A and B can be rep-
resented by the vectors A andB, respectively, where

A ¼ hlAðx1Þ;lAðx2Þ; . . . ;lAðxnÞi;
B ¼ hlBðx1Þ;lBðx2Þ; . . . ;lBðxnÞi:

Then, the degree of similarity SðA; BÞ between the fuzzy sets A and B
is calculated as follows (Chen, 1988; Chen & Wang, 1995):

SðA;BÞ ¼ A � B
MaxðA � A;B � BÞ

; ð7Þ

where SðA;BÞ 2 ½0;1�. The larger the value of SðA;BÞ, the higher the
similarity between the fuzzy sets A and B.

Biswas (1995) presented a ‘‘fuzzy evaluation method” (fem) for
evaluating students’ answerscripts based on the matching function
S. He used five fuzzy linguistic hedges, called standard fuzzy sets
(SFS) of the universe of discourse X for students’ answerscripts
evaluation, i.e., E (excellent), V (very good), G (good), S (satisfac-
tory) and U (unsatisfactory). He used the vector representation
method to represent the fuzzy sets E, V, G, S and U by the vectors
E, V ;G; S and U, respectively. He pointed out that ‘‘A”, ‘‘B”, ‘‘C”, ‘‘D”
and ‘‘E” are letter grades, where 90 6 A 6 100, 70 6 B < 90,
50 6 C < 70, 30 6 D < 50 and 0 6 E < 30. Furthermore, he presented
the concept of ‘‘mid-grade-points”, where the mid-grade-points of
the letter grades A, B, C, D and E are P(A), P(B), P(C), P(D) and P(E),
respectively, P(A) = 95, P(B) = 80, P(C) = 60, P(D) = 40 and P(E) = 15.
Assume that an evaluator evaluates the ith question (i.e., Q.i) of a
student’s answerscript using a fuzzy grade sheet as shown in Table
1. In the second row of Table 1, the real values x1,x2,x3,x4,x5 and x6

awarded to the question Q.1 indicate that the degrees of satisfac-
tion of the evaluator for that answer are 0%, 20%, 40%, 60%, 80%
and 100%, respectively, where 0 6 xi 6 1 and 1 6 i 6 6. By using
the vector representation method, the fuzzy mark F1 can be repre-
sented by the vector F1, where F1 ¼ hx1; x2; x3; x4; x5; x6i.

In the following, we briefly review Biswas’ algorithm for stu-
dents’ answerscript evaluation from (Biswas, 1995) as follows:

Step 1: For each question Q.i, in the answerscript, where
1 6 i 6 n, repeatedly perform the following tasks:
(1) The evaluator awards a fuzzy mark Fi to each ques-

tion Q.i by his/her best possible judgment and fills
up each cell of the ith row for the first seven col-
umns, where 1 6 i 6 n. Let Fi be the vector repre-
sentation of Fi, where 1 6 i 6 n.

(2) Calculate the degrees of similarity
SðE; FiÞ; SðV ; FiÞ; SðG; FiÞ; SðS; FiÞ and SðU; FiÞ, respec-
tively, where E;V ;G; S and U are the vector repre-
sentations of the standard fuzzy sets E (excellent),
V (very good), G (good), S (satisfactory) and U
(unsatisfactory), respectively.
(3) Find the maximum value among the values of
SðE; FiÞ; SðV ; FiÞ; SðG; FiÞ; SðS; FiÞ and SðU; FiÞ. If SðE; FiÞ
is the maximum value among the values of
SðE; FiÞ; SðV ; FiÞ; SðG; FiÞ; SðS; FiÞ and SðU; FiÞ, then
award the letter grade ‘‘A” to the question Q.i due to
the fact that the letter grade ‘‘A” corresponds to E
(excellent) of the standard fuzzy set; if SðV ; FiÞ is
the maximum value among the values of SðE; FiÞ;
SðV ; FiÞ; SðG; FiÞ; SðS; FiÞ and SðU; FiÞ, then award the
letter grade ‘‘B” to the question Q.i due to the fact that
the letter grade ‘‘B” corresponds to V (very good) of
the standard fuzzy set; if SðG; FiÞ is the maximum
value among the values of SðE; FiÞ; SðV ; FiÞ; SðG; FiÞ;
SðS; FiÞ and SðU; FiÞ, then award the letter grade ‘‘C”
to the question Q.i due to the fact that the letter grade
‘‘C” corresponds to G (good) of the standard fuzzy set;
if SðS; FiÞ is the maximum value among the values of
SðE; FiÞ; SðV ; FiÞ; SðG; FiÞ; SðS; FiÞ and SðU; FiÞ, then
award the letter grade ‘‘D” to the question Q.i due
to the fact that the letter grade ‘‘D” corresponds to S
(satisfactory) of the standard fuzzy set; if SðU; FiÞ is
the maximum value among the values of SðE; FiÞ;
SðV ; FiÞ; SðG; FiÞ; SðS; FiÞand SðU; FiÞ, then award the
letter grade ‘‘E” to the question Q.i due to the fact that
the letter grade ‘‘E” corresponds to U (unsatisfactory)
of the standard fuzzy set.

Step 2: Calculate the total mark of the student as follows:

Total Mark ¼ 1
100
�
Xn

i¼1

½TðQ :iÞ � PðgiÞ�; ð8Þ

where T(Q.i) denotes the mark allotted to question Q.i in
the test paper, gi denotes the derived letter grade awarded
to Q.i by Step 1 of the algorithm, and P(gi) denotes the mid-
grade-point of gi. Put this total score in the appropriate box
at the bottom of the fuzzy grade sheet.

Biswas (1995) also presented a generalized fuzzy evaluation
method (gfem) for students’ answerscripts evaluation, where a
generalized fuzzy grade sheet shown in Table 2 is used to evaluate
the students’ answerscripts. In the generalized fuzzy grade sheet
shown in Table 2, for all j = 1,2,3,4 and for all i, gij denotes the de-
rived letter grade by the fuzzy evaluation method fem for the
awarded fuzzy mark Fij and mi denotes the derived mark awarded
to the question Q.i, where

mi ¼
1

400
� TðQ :iÞ �

X4

j¼1

PðgijÞ; ð9Þ



Table 3
An interval-valued fuzzy grade sheet.

Question
no.

Interval-valued fuzzy mark Derived
fuzzy
letter
grade

Q.1 [0,0] [0.2, 0.3] [0.4,0.5] [0.6,0.7] [0.8,0.9] [1,1]
Q.2
Q.3
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

Q.n

Total mark =
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T(Q.i) denotes the mark allotted to question Q.i in the question pa-
per, gij denotes the derived letter grade awarded to sub-question
Q.ij, P(gij) denotes the mid-grade-point of gij, 1 6 i 6 n, 1 6 j 6 4,
and the Total Mark ¼

Pn
i¼1mi.

4. A new method for evaluating students’ answerscripts based
on interval-valued fuzzy grade sheets

In this section, we present a new method for evaluating stu-
dents’ answerscripts based on interval-valued fuzzy grade sheets.
Let X be the universe of discourse, where X = {0%,20%,40%,60%,
80%,100%}. Biswas (1995) used the five fuzzy linguistic hedges
E (excellent), V (very good), G (good), S (satisfactory) and U
(unsatisfactory) of the universe of discourse X, called the standard
fuzzy sets, for students’ answerscripts evaluation, defined as
follows:

E¼0=0%þ0=20%þ0:8=40%þ0:9=60%þ1=80%þ1=100%;

V ¼0=0%þ0=20%þ0:8=40%þ0:9=60%þ0:9=80%þ0:8=100%;

G¼0=0%þ0:1=20%þ0:8=40%þ0:9=60%þ0:4=80%þ0:2=100%;

S¼0:4=0%þ0:4=20%þ0:9=40%þ0:6=60%þ0:2=80%þ0=100%;

U ¼1=0%þ1=20%þ0:4=40%þ0:2=60%þ0=80%þ0=100%:

It is obvious that these five standard fuzzy sets E (excellent), V (very
good), G (good), S (satisfactory) and U (unsatisfactory) also can
equivalently be represented by interval-valued fuzzy sets eE, eV , eG,eS and eU , respectively, whereeE ¼ ½0; 0�=0%þ ½0;0�=20%þ ½0:8;0:8�=40%þ ½0:9;0:9�=60%

þ ½1;1�=80%þ ½1;1�=100%;

eV ¼ ½0; 0�=0%þ ½0;0�=20%þ ½0:8;0:8�=40%þ ½0:9; 0:9�=60%

þ ½0:9;0:9�=80%þ ½0:8; 0:8�=100%;

eG ¼ ½0; 0�=0%þ ½0:1; 0:1�=20%þ ½0:8;0:8�=40%þ ½0:9; 0:9�=60%

þ ½0:4;0:4�=80%þ ½0:2; 0:2�=100%;

eS ¼ ½0:4; 0:4�=0%þ ½0:4;0:4�=20%þ ½0:9;0:9�=40%

þ ½0:6; 0:6�=60%þ ½0:2;0:2�=80%þ ½0;0�=100%;

eU ¼ ½1;1�=0%þ ½1;1�=20%þ ½0:4;0:4�=40%þ ½0:2;0:2�=60%

þ ½0;0�=80%þ ½0; 0�=100%:

The standard interval-valued fuzzy sets eE; eV ; eG; eS and eU can be rep-
resented by matrices E, V , G, S and U, respectively, where

E ¼ h½0;0�; ½0; 0�; ½0:8;0:8�; ½0:9; 0:9�; ½1;1�; ½1;1�i;
V ¼ h½0;0�; ½0; 0�; ½0:8;0:8�; ½0:9; 0:9�; ½0:9;0:9�; ½0:8;0:8�i;
G ¼ h½0;0�; ½0:1;0:1�; ½0:8;0:8�; ½0:9; 0:9�; ½0:4;0:4�; ½0:2;0:2�i;
S ¼ h½0:4;0:4�; ½0:4; 0:4�; ½0:9;0:9�; ½0:6;0:6�; ½0:2;0:2�; ½0;0�i;
U ¼ h½1;1�; ½1;1�; ½0:4; 0:4�; ½0:2;0:2�; ½0; 0�; ½0;0�i:

Assume that ‘‘A”, ‘‘B”, ‘‘C”, ‘‘D” and ‘‘E” are letter grades, where
90 6 A 6 100, 70 6 B < 90, 50 6 C < 70, 30 6 D < 50 and 0 6 E < 30.
Assume that an evaluator evaluates the ith question (i.e., Q.i) of a
student’s answerscript using an interval-valued fuzzy grade sheet
as shown in Table 3. In the second row of the interval-valued fuzzy
grade sheet shown in Table 3, the interval-valued fuzzy marks [0,0],
[0.2,0.3], [0.4,0.5], [0.6,0.7], [0.8,0.9] and [1,1] awarded to the an-
swer to question Q.1 indicate that the degrees of the evaluator’s sat-
isfaction for that answer are 0%, 20%, 40%, 60%, 80% and 100%,
respectively. Let this interval-valued fuzzy mark of the answer to
question Q.1 be denoted by eF 1. Then, we can see that eF 1 is an inter-
val-valued fuzzy set of the universe of discourse X, where

X ¼ f0%;20%;40%;60%;80%;100%g;eF 1 ¼ ½0;0�=0%þ ½0:2; 0:3�=20%þ ½0:3;0:4�=40%þ ½0:6; 0:7�=60%

þ ½0:8;0:9�=80%þ ½1;1�=100%:

In this case, eF 1 can be represented by a matrix F1, shown as follows:

F1 ¼ h½0;0�; ½0:2;0:3�; ½0:3;0:4�; ½0:6;0:7�; ½0:8; 0:9�; ½1;1�i:

The proposed interval-valued fuzzy evaluation method (IVFEM)
for students’ answerscripts evaluation is presented as follows:

Step 1: For each question in the answerscript repeatedly per-
form the following tasks:
(1) The evaluator awards an interval-valued fuzzy

mark eF i represented by an interval-valued fuzzy
set to each question Q.i by his/her judgment and
fills up each cell of the ith row for the first seven
columns, where 1 6i 6 n. Let Fi be the matrix repre-
sentation of the interval-valued fuzzy mark eF i of
question Q.i, where 1 6 i 6 n.

(2) Based on Eq. (5), calculate the degrees of similarity
HðE; FiÞ;HðV ; FiÞ;HðG; FiÞ;HðS; FiÞ and HðU; FiÞ,
respectively, where E;V ;G; S and U are matrix rep-
resentations of the standard fuzzy sets eE (excel-
lent), eV (very good), eG (good), eS (satisfactory) andeU (unsatisfactory), respectively. Assume that
HðE;FiÞ ¼ bi1;HðV ;FiÞ ¼ bi2;HðG;FiÞ ¼ bi3;HðS;FiÞ ¼ bi4

and HðU;FiÞ ¼ bi5, where bij 2 [0,1], 1 6 i 6 n, and
1 6 j 6 5.

(4) Because the standard fuzzy sets eE; eV ; eG; eS and eU
correspond to the letter grades ‘‘A”, ‘‘B”, ‘‘C”, ‘‘D”
and ‘‘E”, respectively, the derived fuzzy letter grade
~gi of question Q.i is represented by a fuzzy set,
shown as follows:

~gi ¼ bi1=Aþ bi2=Bþ bi3=C þ bi4=Dþ bi5=E; ð10Þ

where A, B, C, D and E are letter grades,
HðE;FiÞ ¼ bi1;HðV ;FiÞ ¼ bi2;HðG;FiÞ ¼ bi3;HðS;FiÞ ¼ bi4

and HðU;FiÞ ¼ bi5;bij 2 ½0;1�;16 i6 n, and 1 6 j 6 5.

Step 2: Calculate the total mark of the student as follows:

Total Mark ¼ 1
100
�
Xn

i¼1

½TðQ :iÞ � Kð~giÞ�; ð11Þ

where T(Q.i) denotes the mark allotted to the question
Q.i in the test paper, ~gi denotes the fuzzy letter grade
awarded to Q.i by Step 1, and Kð~giÞ denotes the derived
grade-point of the derived fuzzy letter grade ~gi based
on the index of optimism k determined by the evaluator,
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where k 2 [0,1]. If 0 6 k < 0.5, then the evaluator is a
pessimistic evaluator. If k = 0.5, then the evaluator is a
normal evaluator. If 0.5 < k 6 1.0, then the evaluator is
an optimistic evaluator. Because 90 6 A 6 100, 70 6
B < 90, 50 6 C < 70, 30 6 D < 50 and 0 6 E < 30, the de-
rived grade-point K(gi) shown in Eq. (11) is calculated
as follows:
Kð~giÞ ¼ fbi1 � ½ð1� kÞ � 90þ k� 100�
þ bi2 � ½ð1� kÞ � 70þ k� 90�
þ bi3 � ½ð1� kÞ � 50þ k� 70�
þ bi4 � ½ð1� kÞ � 30þ k� 50�
þ bi5 � ½ð1� kÞ � 0þ k� 30�g
=ðbi1 þ bi2 þ bi3 þ bi4 þ bi5Þ; ð12Þ

where k is the index of optimism determined by the eval-
uator, k 2 [0,1], HðE; FiÞ ¼ bi1;HðV ; FiÞ ¼ bi2;HðG; FiÞ ¼ bi3;

HðS; FiÞ ¼ bi4 and HðU; FiÞ ¼ bi5;bij 2 ½0;1�, 1 6 i 6 n, and
1 6 j 6 5. Put the derived total mark in the appropriate
box at the bottom of the interval-valued fuzzy grade sheet.

Example 4.1. Consider a student’s answerscript to an examination
of 100 marks. Assume that in total there are four questions to be
answered:

TOTAL MARKS ¼ 100;
Q :1 carries 30 marks;
Q :2 carries 20 marks;
Q :3 carries 30 marks;
Q :4 carries 20 marks:

Assume that an evaluator awards the student’s answerscript using
the interval-valued fuzzy grade sheet shown in Table 4, where the
index of optimism k determined by the evaluator is 0.60 (i.e., k
0.60). Assume that ‘‘A”, ‘‘B”, ‘‘C”, ‘‘D” and ‘‘E” are letter grades, where
90 6 A 6 100, 70 6 B < 90, 50 6 C < 70, 30 6 D < 50 and 0 6 E < 30.
Assume that the five standard fuzzy sets are eE (excellent), eV (very
good), eG (good), eS (satisfactory) and eU (unsatisfactory) represented
by interval-valued membership values, shown as follows:eE ¼ ½0;0�=0%þ ½0; 0�=20%þ ½0:8;0:8�=40%þ ½0:9;0:9�=60%

þ ½1;1�=80%þ ½1;1�=100%;

eV ¼ ½0; 0�=0%þ ½0;0�=20%þ ½0:8;0:8�=40%þ ½0:9;0:9�=60%

þ ½0:9;0:9�=80%þ ½0:8; 0:8�=100%;

eG ¼ ½0; 0�=0%þ ½0:1;0:1�=20%þ ½0:8;0:8�=40%þ ½0:9;0:9�=60%

þ ½0:4;0:4�=80%þ ½0:2; 0:2�=100%;

eS ¼ ½0:4; 0:4�=0%þ ½0:4; 0:4�=20%þ ½0:9;0:9�=40%

þ ½0:6; 0:6�=60%þ ½0:2;0:2�=80%þ ½0;0�=100%;

eU ¼ ½1;1�=0%þ ½1;1�=20%þ ½0:4;0:4�=40%þ ½0:2;0:2�=60%

þ ½0;0�=80%þ ½0; 0�=100%:
Table 4
Interval-valued fuzzy grade sheet of Example 4.1.

Question no. Interval-valued fuzzy mark

Q.1 [0,0] [0,0] [0,0] [0.5,
Q.2 [0,0] [0,0] [0,0] [0.7,
Q.3 [0,0] [0.5,0.6] [1,1] [0.7,
Q.4 [1,1] [0.7,0.8] [0.5,0.6] [0,0]
From Table 4, we can see that the interval-valued fuzzy marks
of the questions Q.1, Q.2, Q.3 and Q.4 represented by interval-val-
ued fuzzy sets are eF 1; eF 2; eF 3 and eF 4, respectively, whereeF 1 ¼ ½0; 0�=0%þ ½0;0�=20%þ ½0; 0�=40%þ ½0:5; 0:6�=60%

þ ½1;1�=80%þ ½0:7; 0:8�=100%;

eF 2 ¼ ½0; 0�=0%þ ½0;0�=20%þ ½0; 0�=40%þ ½0:7; 0:8�=60%

þ ½0:8;0:9�=80%þ ½1;1�=100%;

eF 3 ¼ ½0; 0�=0%þ ½0:5; 0:6�=20%þ ½1;1�=40%þ ½0:7; 0:8�=60%

þ ½0:4;0:5�=80%þ ½0;0�=100%;

eF 4 ¼ ½1;1�=0%þ ½0:7;0:8�=20%þ ½0:5;0:6�=40%þ ½0;0�=60%

þ ½0; 0�=80%þ ½0;0�=100%:
[Step 1] The standard interval-valued fuzzy sets eE; eV ; eG; eS and eU
can be represented by the matrices E;V ;G; S and U,
respectively, where

E ¼ h½0;0�; ½0; 0�; ½0:8; 0:8�; ½0:9; 0:9�; ½1;1�; ½1;1�i;
V ¼ h½0; 0�; ½0;0�; ½0:8; 0:8�; ½0:9;0:9�; ½0:9;0:9�; ½0:8;0:8�i;
G ¼ h½0; 0�; ½0:1;0:1�; ½0:8; 0:8�; ½0:9;0:9�; ½0:4;0:4�; ½0:2;0:2�i;
S ¼ h½0:4; 0:4�; ½0:4; 0:4�; ½0:9;0:9�; ½0:6;0:6�; ½0:2; 0:2�; ½0;0�i;
U ¼ h½1;1�; ½1;1�; ½0:4;0:4�; ½0:2;0:2�; ½0;0�; ½0;0�i:

The interval-valued fuzzy marks eF 1; eF 2; eF 3 and eF 4 also can be repre-
sented by matrices F1, F2, F3 and F4, respectively, where

F1 ¼ h½0;0�; ½0; 0�; ½0;0�; ½0:5;0:6�; ½1;1�; ½0:7;0:8�i;
F2 ¼ h½0;0�; ½0; 0�; ½0;0�; ½0:7;0:8�; ½0:8;0:9�; ½1;1�i;
F3 ¼ h½0;0�; ½0:5;0:6�; ½1;1�; ½0:7; 0:8�; ½0:4;0:5�; ½0; 0�i;
F4 ¼ h½1;1�; ½0:7;0:8�; ½0:5;0:6�; ½0;0�; ½0; 0�; ½0; 0�i:

By applying Eq. (5), we can get

HðE;F1Þ ¼
1
6

1� j0� 0j þ j0� 0j
2

� �
þ ð1� j0�0j þ j0� 0j

2

� ��
þ 1� j0:8� 0j þ j0:8� 0j

2

� �
þ 1� j0:9� 0:5j þ j0:9�0:6j

2

� �
þ 1� j1� 1j þ j1� 1j

2

� �
þ 1� j1� 0:7j þ j1�0:8j

2

� ��
¼ 1

6
ð1þ 1þ 0:2þ 0:65þ 1þ 0:75Þ ¼ 0:767;

HðV ;F1Þ ¼
1
6

1� j0�0j þ j0�0j
2

� �
þ 1� j0�0j þ j0�0j

2

� ��
þ 1� j0:8�0j þ j0:8�0j

2

� �
þ 1� j0:9�0:5j þ j0:9�0:6j

2

� �
þ 1� j0:9�1j þ j0:9�1j

2

� �
þ ð1� j0:8�0:7j þ j0:8�0:8j

2

� ��
¼ 1

6
ð1þ1þ0:2þ0:65þ0:9þ0:95Þ ¼ 0:783;
Derived fuzzy letter grade

0.6] [1,1] [0.7, 0.8]
0.8] [0.8,0.9] [1,1]
0.8] [0.4,0.5] [0,0]

[0,0] [0,0]

Total mark =



Table 5
A generalized interval-valued fuzzy grade sheet.

Question No. Sub-questions Interval-valued
fuzzy mark

Derived fuzzy
letter grade

Mark

Q.1 Q.11 eF 11 eg11 m1

Q.12 eF 12 eg12

Q.13 eF 13 eg13

Q.14 eF 14 eg14

Q.2 Q.21 eF 21 eg21 m2

Q.22 eF 22 eg22

Q.23 eF 23 eg23

Q.24 eF 24 eg24
..
. ..

. ..
. ..

. ..
.

Q.n Q.n1 eF n1 egn1 mn

Q.n2 eF n2 egn2

Q.n3 eF n3 egn3

Q.n4 eF n4 egn4

Total mark =
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HðG;F1Þ ¼
1
6

1� j0�0j þ j0�0j
2

� �
þ 1� j0:1�0j þ j0:1�0j

2

� ��
þ ð1� j0:8�0j þ j0:8�0j

2

� �
þ 1� j0:9�0:5j þ j0:9�0:6j

2

� �
þ 1� j0:4�1j þ j0:4�1j

2

� �
þ 1� j0:2�0:7j þ j0:2�0:8j

2

� ��
¼ 1

6
ð1þ0:9þ0:2þ0:65þ0:4þ0:45Þ ¼ 0:600;

HðS;F1Þ ¼
1
6

1� j0:4�0j þ j0:4�0j
2

� �
þ 1� j0:4�0j þ j0:4�0j

2

� ��
þ 1� j0:9�0j þ j0:9�0j

2

� �
þ 1� j0:6�0:5j þ j0:6�0:6j

2

� �
þ 1� j0:2�1j þ j0:2�1j

2

� �
þ 1� j0�0:7j þ j0�0:8j

2

� ��
¼ 1

6
ð0:6þ0:6þ0:1þ0:95þ0:2þ0:25Þ ¼ 0:450;

HðU;F1Þ ¼
1
6

1� j1�0j þ j1�0j
2

� �
þ 1� j1�0j þ j1�0j

2

� ��
þ 1� j0:4�0j þ j0:4�0j

2

� �
þ 1� j0:2�0:5j þ j0:2�0:6j

2

� �
þ 1� j0�1j þ j0�1j

2

� �
þ 1� j0�0:7j þ j0�0:8j

2

� ��
¼ 1

6
ð0þ0þ0:6þ0:65þ0þ0:25Þ ¼ 0:250:

Because the standard fuzzy sets are eE; eV ; eG; eS and eU corresponding
to the letter grades ‘‘A”, ‘‘B”, ‘‘C”, ‘‘D” and ‘‘E”, respectively, the de-
rived fuzzy letter grade eg1 of question Q.1 is represented by a fuzzy
set, shown as follows:eg1 ¼ 0:767=Aþ 0:783=Bþ 0:600=C þ 0:450=Dþ 0:250=E:

Because the value of the index of optimism k given by the evaluator
is 0.60 (i.e., k = 0.60), by applying Eq. (12), we can get

Kðeg1Þ ¼ f0:767� ½ð1� 0:60Þ � 90þ 0:60� 100�
þ 0:783� ½ð1� 0:60Þ � 70þ 0:60� 90�
þ 0:600� ½ð1� 0:60Þ � 50þ 0:60� 70�
þ 0:450� ½ð1� 0:60Þ � 30þ 0:60� 50�
þ 0:250� ½ð1� 0:60Þ � 0þ 0:60� 30�g
=ð0:767þ 0:783þ 0:600þ 0:450þ 0:250Þ
¼ ð0:767� 96þ 0:783� 82þ 0:600� 62
þ 0:450� 42þ 0:250� 18Þ=2:85
¼ ð73:632þ 64:206þ 37:2þ 18:9þ 4:5Þ=2:85 ¼ 69:627:

In the same way, we can get Kðeg2Þ ¼ 71:343;Kðeg3Þ ¼ 60:466 and
Kðeg4Þ ¼ 44:610.

[Step 2] Because the questions Q.1, Q.2, Q.3 and Q.4 carry 30
marks, 20 marks, 30 marks and 20 marks, respectively
(i.e., T(Q.1) = 30, T(Q.2) = 20, T(Q.3) = 30 and T(Q.4) =
20), based on Eq. (11), we can get

Total mark

¼ TðQ :1Þ�Kðeg1ÞþTðQ :2Þ�Kðeg2ÞþTðQ :3Þ�Kðeg3ÞþTðQ :4Þ�Kðeg4Þ
100

¼ 30�69:627þ20�71:343þ30�60:466þ20�44:610
100

¼ 2088:81þ1426:86þ1813:98þ892:2
100

¼ 62:2185
¼ 62 ðassuming that no half mark is given in the total markÞ:

In the following, we present a generalized interval-valued fuzzy
evaluation method (GIVFEM) for students’ answerscripts evaluation
based on interval-valued fuzzy sets, where a generalized interval-
valued fuzzy grade sheet shown in Table 5 is used to evaluate the
students’ answerscripts. In the generalized interval-valued fuzzy
grade sheet shown in Table 5, each question Q.i consists of four
sub-questions, i.e., Q.i1, Q.i2, Q.i3 and Q.i4, and eF ij denotes the inter-
val-valued fuzzy mark of sub-question Q.ij, where eF ij is represented
by an interval-valued fuzzy set, 1 6 i 6 n, and 1 6 j 6 4. For all j = 1,
2, 3, 4 and for all i, egij denotes the derived fuzzy letter grade by the
proposed interval-valued fuzzy evaluation method IVFEM of the
awarded interval-valued fuzzy mark eF ij with respect to the sub-
question Q.ij, and mi is the derived mark awarded to the question Q.i,

mi ¼
1

400
� TðQ :iÞ �

X4

j¼1

KðegijÞ; ð13Þ

and

Total Mark ¼
Xn

i¼1

mi;

where T(Q.i) denotes the mark allotted to Q.i in the test paper, gij de-
notes the derived letter grade awarded to Q.ij, and KðegijÞ denotes the
derived grade-point of the letter grade egij based on the index of
optimism k determined by the evaluator, where k 2 [0,1]. If 0
6k < 0.5, then the evaluator is a pessimistic evaluator. If k = 0.5, then
the evaluator is a normal evaluator. If 0.5 < k 6 1.0, then the evalu-
ator is an optimistic evaluator. Assume that the derived letter grade
with respect to the sub-question Q.ij is egij, where egij is represented
by a fuzzy set, shown as follows:egij ¼ bðijÞ1=Aþ bðijÞ2=Bþ bðijÞ3=C þ bðijÞ4=Dþ bðijÞ5=E; ð14Þ

where A, B, C, D and E are letter grades, HðE; FijÞ ¼ bðijÞ1;HðV ; FijÞ ¼
bðijÞ2;HðG; FijÞ ¼ bðijÞ3;HðS; FijÞ ¼ bðijÞ4 and HðU; FijÞ ¼ bðijÞ5; bðijÞk 2
½0;1�; Fij is the matrix representation of the interval-valued fuzzy
mark eF ij, 1 6 i 6 n, and 1 6 j 6 4, and 1 6 k 6 5. Then, the derived
grade-point KðegijÞ shown in Eq. (13) is calculated as follows:

KðegijÞ ¼ fbðijÞ1 � ½ð1� kÞ � 90þ k� 100�
þ bðijÞ2 � ½ð1� kÞ � 70þ k� 90�
þ bðijÞ3 � ½ð1� kÞ � 50þ k� 70�
þ bðijÞ4 � ½ð1� kÞ � 30þ k� 50�
þ bðijÞ5 � ½ð1� kÞ � 0þ k� 30�g
=ðbðijÞ1 þ bðijÞ2 þ bðijÞ3 þ bðijÞ4 þ bðijÞ5Þ; ð15Þ

where k is the index of optimism determined by the evaluator and
k 2 [0,1]. Put the derived total mark in the appropriate box at the
bottom of the generalized interval-valued fuzzy grade sheet.



September 1, 2007  

Question No. Satisfaction levels Grade 

Q.1 0 0 0 0.6 0.9 0.8

Q.2 0 0 0.6 0.9 0.8 0 

Q.3 0 0 0 0.6 0.8 0.9

Q.4 0 0.6 0.9 0.8 0.2 0 
     Total mark = 

September 2, 2007  

Question No. Satisfaction levels Grade 

Q.1 0 0 0 0.8 0.9 1 

Q.2 0 0 0.7 0.8 0.9 0 

Q.3 0 0 0 0.7 0.9 0.8

Q.4 0 0.5 0.8 0.7 0 0 
     Total mark = 

September 3, 2007  

Question No. Satisfaction levels Grade 

Q.1 0 0 0 0.6 0.9 0.7

Q.2 0 0 0.6 0.8 0.7 0 

Q.3 0 0 0 0.5 0.7 0.9

Q.4 0 0.5 0.8 0.6 0 0 
     Total mark = 

September 4, 2007  

Question No. Satisfaction levels Grade 

Q.1 0 0 0 0.6 0.8 0.7

Q.2 0 0 0.5 0.9 0.7 0 

Q.3 0 0 0 0.7 0.9 0.8

Q.4 0 0.6 0.9 0.7 0 0 

     Total mark = 

Fig. 1. Evaluating the student’s answerscript at different days using Biswas’s
method (1995).

September 1, 2007  
Question 
No. Interval-valued fuzzy marks Grade 

Q.1 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] 

Q.2 [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] [0, 0] 

Q.3 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] 

Q.4 [0, 0] [0.5, 0.6] [0.8, 0.9] [0.7, 0.8] [0.1, 0.2] [0, 0] 

Total mark = 

September 2, 2007  
Question 
No. Interval-valued fuzzy marks Grade 

Q.1 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] 

Q.2 [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] [0, 0] 

Q.3 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.8, 0.9] 

Q.4 [0, 0] [0.5, 0.6] [0.8, 0.9] [0.7, 0.8] [0, 0] [0, 0] 

     Total mark = 

September 3, 2007  
Question 
No. Interval-valued fuzzy marks Grade 

Q.1 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.7, 0.8] 

Q.2 [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.7, 0.8] [0, 0] 

Q.3 [0, 0] [0, 0] [0, 0] [0.5, 0.6] [0.7, 0.8] [0.8, 0.9] 

Q.4 [0, 0] [0.5, 0.6] [0.8, 0.9] [0.6, 0.7] [0, 0] [0, 0] 

     Total mark = 

September 4, 2007  
Question 
No. Interval-valued fuzzy marks Grade 

Q.1 [0, 0] [0, 0] [0, 0] [0.6, 0.7] [0.8, 0.9] [0.7, 0.8] 

Q.2 [0, 0] [0, 0] [0.5, 0.6] [0.8, 0.9] [0.7, 0.8] [0, 0] 

Q.3 [0, 0] [0, 0] [0, 0] [0.7, 0.8] [0.8, 0.9] [0.8, 0.9] 

Q.4 [0, 0] [0.6, 0.7] [0.8, 0.9] [0.7, 0.8] [0, 0] [0, 0] 

     Total mark = 

Fig. 2. Evaluating the student’s answerscript at different days using the proposed
method.

Table 6
A comparison of the evaluating results for different methods.

Days Methods

Biswas’s method The proposed method

September 1, 2007 69 66
September 2, 2007 72 66
September 3, 2007 55 66
September 4, 2007 55 66
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5. Experimental results

We have made an experiment to compare the evaluating results
of the proposed method with Biswas’s method (1995) for different
days. In our experiment, there are four questions to be answered in
a student’s answerscript, where

TOTAL MARKS ¼ 100;
Q :1 carries 20 marks;
Q :2 carries 25 marks;
Q :3 carries 25 marks;
Q :4 carries 30 marks:

Assume that the optimism index k of the evaluator is 0.60 (i.e.,
k = 0.60). That is, the evaluator is a slightly optimistic evaluator.
The evaluator uses Biswas’s method (1995) and the proposed meth-
od to evaluate the student’s answerscript on different days, respec-
tively. The results are shown in Figs. 1 and 2, respectively. A
comparison of the evaluating results of the student’s answerscript
is shown in Table 6, where the degree of optimism of the total mark
for each day evaluated by the proposed method is equal to 0.60.
From Table 6, we can see that the proposed method is more stable
to evaluate the student’s answerscript than Biswas’s method
(1995). It can evaluate students’ answerscripts in a more flexible
and more intelligent manner.

6. Conclusions

In this paper, we have presented two new methods for evaluat-
ing students’ answerscripts based on interval-valued fuzzy grade
sheets. The marks awarded to the answers in the students’ answer-
scripts are represented by interval-valued fuzzy sets. The degree of
similarity between an interval-valued fuzzy mark and a standard
interval-valued fuzzy set is calculated by a similarity function. An
index of optimism k determined by the evaluator is used to indi-
cate the degree of optimism of the evaluator, where k 2 [0,1]. From
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the experimental results shown in Table 6, we can see that the
proposed methods can evaluate students’ answerscripts more sta-
ble than Biswas’s method. They can evaluate students’ answer-
scripts in a more flexible and more intelligent manner.
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