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Multistability for Delayed Neural Networks
via Sequential Contracting

Chang-Yuan Cheng, Kuang-Hui Lin, Chih-Wen Shih, and Jui-Pin Tseng

Abstract—1In this paper, we explore a variety of new
multistability scenarios in the general delayed neural network
system. Geometric structure embedded in equations is exploited
and incorporated into the analysis to elucidate the underlying
dynamics. Criteria derived from different geometric configura-
tions lead to disparate numbers of equilibria. A new approach
named sequential contracting is applied to conclude the global
convergence to multiple equilibrium points of the system. The
formulation accommodates both smooth sigmoidal and piecewise-
linear activation functions. Several numerical examples illustrate
the present analytic theory.
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I. INTRODUCTION

N RECENT decades, various neural network models

have been proposed and employed in diverse applied
sciences and engineering successfully. Most of the neural
networks developed are based on Hopfield model [12] or
Cohen—Grossberg model [8]. Delays have been considered in
the neural network modeling, as time lags occur in transmitting
signal among real neurons and artificial neurons. Hopfield-
type neural network with delays was introduced in [25]. Later,
delay has been considered and extensively studied in neural
networks [1], [2], [13], [20], [29], [31], [36]. Concerning
the mathematical modeling, delays can modify the collective
dynamics for neural networks. Thus, in neural network models,
it is appealing to investigate how the collective dynamics
are determined by the connection strength, nonlinear coupling
functions, and transmission delays. Although the accomplish-
ments in those investigations have advanced the theories on
these delayed network systems, effective approaches combined
with powerful mathematical techniques are still in demand in
tackling the unsolved problems, for example, to elucidate the
variations of collective dynamics of the network system with
respect to the size of the network, connection strength, and
delay magnitude.
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Multistability is a notion to describe the coexistence of
multiple stable equilibria or cycles. Such dynamics is essential
in several applications of neural networks, including pattern
recognition and associative memory storage [6], [9], [11], [12].
Hopfield-type neural networks, with or without consideration
of transmission delays, have been the primary models that
attract a great deal of research interests on multistability.

In this paper, we consider the general delayed neural
network

dx; (1)
[;t = —uixi(1)
n
+ D Mg (x(0) + Bijgj (it — D1 +1 - (1)
j=l1
where i =1,...,n, u; > 0, a;j, fij are connection weights

from neuron j to neuron i, g;(-) are activation functions,
0 < t;; are time lags that are bounded above by 7j, and
I; stand for independent bias current sources. A typical class
of activation functions is

g €C2(R), g/(&) >0, forall ¢ eR
class A: {(€ —0y)g/ (&) <0, forall £ e R, & #o;
limg s oo £i() = vi, limgs oo i(E) = u;

where v;, u;, and o; are constants with u; <v;,i =1,...,n.
Class A contains the general bounded sigmoidal functions;
a typical example is g;(¢) = tanh¢. The present theory
also applies to (1) with piecewise-linear activation functions,
such as the three-segment standard output function in cellular
neural networks, g;(&) = [|& + 1| — |[& — 1]]/2. Let
pi = max{lu;|, |vil},i=1,...,n.

System (1) reduces to the classical and delayed Hopfield
neural networks in [12] and [25], as B;; = 0 and a;; = 0
for all i, j, respectively. It also represents the cellular neural
networks without delays [6] and with delays [29].

Multistability for (1) has been studied in several papers. The
existence of 3" equilibria for (1) with activation functions in
class A was established in [4] and [5]. Therein, it was also
shown that the 2" equilibria out of those 3" equilibria are
stable, and each of them is located in a positively invariant
region. Later, different criteria for stability were obtained
in [14] using the Lyapunov functional and matrix inequality
techniques. Several works are strongly restricted to the class of
piecewise-linear activation functions. For example, for (1) with
standard piecewise-linear output function, it was shown in [38]
that the system cannot have more than 3" equilibria, and
can have 2" locally exponentially stable equilibria. Hopfield
neural network with nondecreasing piecewise-linear activation
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functions with 27 corner points (2r + 1 saturation regions),
without time delays, was investigated in [34]. It was asserted
that the n-neuron system can have and only have (2r + 1)"
equilibria under some conditions, of which (r+1)" are locally
exponentially stable and the others are unstable. In [40], the
existence of (2k +2m — 1)" equilibria was concluded for (1)
with piecewise-linear activation functions with k+m saturation
regions. Other related works include [19], [21], and [26]-[28].

Convergence of dynamics (also called complete stability),
which means that every solution of the system converges
to one of the equilibrium points, is a key ingredient in
multistability. Quasi-convergence of dynamics for (1) was
established in [5]. It indicates that almost every orbit converges
to one of the 3" equilibria, and 2" among these 3" equilibria
are stable, under a delay-dependent criterion. Therein, (1) is
shown to be a strongly order-preserving under a special order
on the space of continuous functions C([—17ys, 0]). System (1)
is said to be cooperative (competitive) if a;;, f;;j > 0 (< 0)
for all j # i. Chua and Roska [7] have demonstrated that
if the interconnection matrix is irreducible, and the neuron
activations are modeled by sigmoidal functions (C', bounded
and strictly increasing), then the solution flow generated by a
cooperative cellular neural network without delay is eventu-
ally strongly monotone. According to the standard theory of
cooperative dynamical systems, the flow enjoys the so-called
limit set dichotomy, and generically, the solution converges
to the set of equilibria. Marco et al. extended the limit set
dichotomy to (1) with piecewise-linear activation functions,
nonsymmetric cooperative interconnection matrix, and without
delays [22] and with delays [23]. There were other studies on
complete stability that consider only piecewise-linear activa-
tion functions, such as [35] and [39]. Some investigations on
convergence of neural networks with discontinuous activation
functions can be found in [16] and [24].

Multistability has also been studied for Cohen—Grossberg
neural networks with a class of piecewise-smooth activation
functions with two saturated segments in [3]. It was shown
that under some conditions, the n-neuron networks can have
2" locally exponentially stable equilibrium points, each located
in a saturated region.

The purpose of this paper is two folds. The first is to
explore more multistability scenarios in the delayed neural
networks (1). The second is to introduce new analytic method-
ologies into the study of multistability in delayed systems.
For locating an equilibrium, we develop an approach that
combines the Brouwer’s fixed-point theorem or contracting
mapping theorem with the geometric configurations induced
from the structure of the equations. With such an approach,
we shall exploit a variety of multiple equilibria for (1).
For global convergence of dynamics (complete stability),
we introduce a new approach named sequential contracting.
We start by constructing a preliminary upper and lower dynam-
ics for each component of the system. The upper and lower
dynamics are designed to have their own solutions contracted
to some compact intervals. We then construct finer upper and
lower dynamics successively, so that the original dynamics
are attracted to more concentrated regions. A criterion for
contraction is then formulated so that these nested intervals

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 26, NO. 12, DECEMBER 2015

collapse into points, as the iterative constructions of upper
and lower dynamics carry on. Under different formulations
of lower and upper dynamics, delay-dependent criteria and
delay-independent criteria for multistability of (1) can be
derived, respectively. This approach can also lead to a network-
scale-dependent criterion for asymptotic behaviors and
synchronization in network systems [31], [32].

In previous works, as mentioned above, mathematical
studies on multistability in neural networks centered
around analyzing the existence of multiple equilibria using
standard method or utilizing the piecewise-linear structure
of the activation functions. Stability of the equilibrium and
local dynamics were studied by the linearization theory or
Lyapunov functional and matrix inequality techniques. On the
other hand, monotone dynamics theory, which requires the
interconnection matrix to be cooperative, has been adopted to
conclude the global dynamics. To explore further dynamical
scenarios for (1), which are embedded in the equations, new
ideas are required. The sequential contracting has been applied
to establish global convergence of dynamics for (1) in [30].
The dynamical scenario concluded therein is that every orbit
converges to one of the 3" equilibria. As only 2" out of
those 3" equilibria are stable, it was further concluded that
almost every orbit converges to one of the 2" stable equilibria.
In this paper, we improve the methodology to exploit further
fruitful dynamics in (1). One of the main results in this paper
is the existence of 3 equilibria, among which 2¥ equilibria
are attracting, for any k < n, in the n-neuron network (1).

Almost all the existing results on the number of multiple
equilibria are in terms of n-power of the number of saturated
(or near saturated) regions in a n-neuron system, as mentioned
above. Herein, the numbers of equilibria we derive are not in
power of n. These new multistability scenarios demonstrate the
strength of the present methodology, as they are inaccessible
by other treatments. Our approach applies to both smooth
sigmoidal and nondecreasing piecewise-linear activation func-
tions. Thus, the formulation also covers the case of piecewise-
linear activation functions with two saturated segments, but
with smooth corners.

The existence of 3* equilibria for (1) is discussed in
Section II. The global convergence of dynamics to 3% equilib-
ria via sequential contracting is presented in Section III. More
varieties of multiple equilibria are discussed in Section I'V. The
extension of the results in Sections II-IV to piecewise-linear
activation functions is mentioned in Section V. We provide two
numerical examples in Section VI. Finally, the conclusion is
drawn in Section VII.

II. MULTIPLE EQUILIBRIA IN (1)
Set N ={1,2,...,n}. The stationary equation for (1) is

n
Fi(x) = —ixi + Y _(aij + Bi))gj(x)) + i =0 (2)
j=l
for i € N, and we denote F = (Fy, ..., Fy).
There are various ways to find the equilibrium for an ordi-
nary differential equation system or delay equations. In this
paper, we present an approach that combines a geometric
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formulation on F; (x) in (2) and the Brouwer’s fixed-point the-
orem to study the existence of equilibrium for (1). Brouwer’s
fixed-point theorem states as: every continuous function from a
convex compact subset K of a Euclidean space to K itself has
a fixed point. Our idea is to locate a region (box)
K = K; x Ky x --- x K,, with each K; an interval in
R, so that for an arbitrary ((1,...,¢n) € K, there exists a
solution x; € K; to Fi ({1, ..., Gim1s Xis Citls -+ Cn) = 0, for
every i € N. If this holds and the corresponding mapping
Oy, ...5 ) = (x1,...,x,) is continuous, then there exists
a X that satisfies F;(X) = O for all i € N. X is then an
equilibrium of (1). To locate such a region K, we develop
a geometric formulation based on the structure of F;.

Let us define the single-variable upper and lower functions

fi @) = —pié + (aii + Bin)gi (&) + &
fi@) = —pié + (o + Pin) i (&) + k-
for i € N, where k" = >, i pjlaij + Byl + i,
ki = =201 ji pilaij + Bijl + L. It follows that
filxi) = F(x) < fix)

forallx = (x1,...,x,)andi € V. For J; withk, < J; < ki+,
i € N, we introduce a family of single-neuron equations

d
_é = fi(§) := —uié + (aii + pii)gi (&) + J; (3)

where f e R.
For given parameters u;, a;;, Bii, and i € N/, we denote

o <M
M = {zej\/lmaxgl(f) u+,8u}
Bi= i e Mtk e© < 250 < napsio)

The notation M and B are related to the sense of monostable
and (potentially) bistable scenarios, respectively.

Lemma 1: 1f i € B, there exist two points p; and g; with
pi < o; < g; such that f/(p;) = f/(gi) = 0, or equivalently,
g (pi) = gi(qi) = pi/(aii + i)

Proof: For each i € N, with fl/(gr) = —u; + (aii + Bii)
g/(¢), we have f/(&) = 0 if and only if g/(&) = ui/ai + Pir-
The graph of function g/(£) has a global maximum at o; and
limg_, +00 g;(£) = 0. Hence, by continuity of g, if

Hi / /

——— < maxg;(¢) = g;(o;

ot B 8 (&) = g;(0i)

that is, and i € B, there exist two points p; and g;, with

pi < oi < g, such that gl(Pz) = gl(%) = ui/aii + Bii- u
Note that ﬁ, ﬁ, and f; are vertical shifts of one another,

and they attain local minimum at p; and local maximum at g;.
We consider six disjoint subsets of 3
Bl =i e Nli € B, fi(pi)>0)
Bl ={i e Nli € B, fi(Gi) <0}
B} ={i e Nli € B, fi(pi) <0,
By =lieNlieB, fi(p)>0,
B =i e Nli € B, fi(pi) <0,
B =lieNlieB, fi(p)>0,

0 = inf ¢/
gyel]Rg,(f) <

fi@) > 0}
fi(Bi) <0, fi@G) > 0}
fi@) >0, fi@G) <0}
fi(Gi) <0}

3111

@ fi

Fig. 1.

(2)—(g) Type M, By, B;, Bg’ , Bi, 813’ and B}, respectively.

Herein, / and r stand for left and right; the superscript x and
subscript e in B}, x, e € {l,r,3} show the configurations for

upper function f, and lower function f,-, respectively. More
precisely, if x =1 (resp., r), then fl has a unique zero at the
left (resp., right) arm of its graph; if x = 3, then fl has exactly
three zeros. Same interpretation applies to e in 5} and fl The
configurations corresponding to each B} are shown in Fig. 1.
In particular, for i € M U B. U B there exist points ;,
m; with m; < m; such that f,(m ) = f,(m i) = 0. For
i€ B%, there exist pomts al,bl,cl with a; < bl < ¢; such
that fl(al) = ﬁ(b) = fl(cl) = 0 as well as points i, bi, &
with &; < b; < &, such that fl(al) = ﬁ(b )= fl(cl) =0, as
shown in Fig. 1(d).

The following theorems are the main results of this section.
We show that for each 1 < k < n, there exist parameters
with which (1) admits 3% equilibria. Let card(e) denote the
cardinality of set e.

Theorem 1: If M U Bl U Bl U B = N and
k = card (B ) > 1, then there exist 3k equ111br1a in (1).

Proof: We consider 3% disjoint closed regions in R”

QY ={(x1,...,xn) e R" | x; € Q"'} 4)
w = (w,...,w,)
w; = “I”,“m”, “r”, fori € B%
w; =“s”, fori e MUBLUB!
where Qf = [Cvli,&i], Q;" = [l;i,[;i], er = [51',51'],
and Q) = [m;,m;] are compact intervals, as shown

in Figs. 1 and 2. Let us take S:Zw as any one of these regions.
For any given (¢1, ..., ) € QY, we solve for x; in

hi(xi) =0 )
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Fig. 2. (a) Graph of activation function g; in class \A. (b) Configurations
of functions f; and f; fori e Bg’.

where h;(xi;) = —pixi + (@i + Bi)gi(xi) + 2oy ju
(aij + Pij)gj(¢j) + Ii, i € N. Note that each h; is a vertical
shift of f; in (3) and lies between ﬁ and ﬁ Thus, fori € Bg,
one can always find three solutions to (5), which lie in regions
Qﬁ, Q;”, and le’ , respectively. For i € MUPB;. UBf, there exists
one solution to (5), which lies in region Qf Next, we consider
a mapping ®% : Q% — QY defined by

@w(Cl,‘."Cn): (-X~],...

where X; is the solution of (5) lying in Q;”" . The mapping ®%
as defined is continuous, since each g; is continuous. It follows
from the Brouwer’s fixed-point theorem that there exists one
fixed point X = (x1, ..., X,) of ®¥ in QY which is also a zero
of the function F, where F is defined in (2). Consequently,
there exist 3% equilibria for (1) and each of the 3k disjoint
regions Q% contains one of the equilibria. ]

We note that what was obtained in [30] is the existence of 3"
equilibria for the n-neuron system (1). Theorem 1 establishes
the existence of 3* equilibria for (1) via Brouwer’s fixed-
point theorem. Next, we further apply the contraction mapping
theorem to assert the existence of exact 3% equilibria for (1),
under additional conditions. Let L; := gi(0;), i € N.

Theorem 2: Assume that M U B/ U B/ U B3 = N with
k = card(B3) > 1. For each i € N, fix a 6; € (0, ;) and
then define

s )Zn)

B i —0; e r [
L; := {®i+hi> lfl E'A/;UBr U B, (6)
L;, ifi € Bs.
If the parameters satisfy
n
0; > Z Lijlaij + Bijl @)

J=Lj#
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and
1i=b;
<
aii+pii°
1i=b;

if & € [mj,mil,i e MUBLUB
if & € (—00,a;1U[¢, 00),i € B} (8)
if & e [bi,bil,i € B3

gi (&)

i +fii°
S Hit0i

aii+pii?
for all i € NV, then there exist exactly 3k equilibria in (1), and
each region QW, defined in (4), contains exactly one of these
3% equilibria.

Proof: Let QY. w = (wy,...,wy,), be any one of the
3k regions defined in (4). We shall show that ®¥ defined in
Theorem 1 is a contraction map; there, hence, exists exactly
one equilibrium lying in QY. Assume that ®“(y) = y*,
oY (x) =x*, ie, foreachi=1,...,n

— iy + (i + Bi) g (6F) + 2521 i (ij + i) (v))
+1;, =0
—pix; + (@i + Bin)gi(x}) + 2oy jai(aij + Bij)gj(x))
+I; = 0.

Then, subtracting one equation from the other, we obtain

o = yOui — (i + Bii)gi (EN]

n
= D (i + Bipgindlxj —yi1=0
=L
where fi* is some number between x;“ and ylfk , and 7% is some
number between x; and y;. Let us divide the discussion into
four cases.

1) If w; = m, where i € Bg, then x/, y*, & € [5,-, bi], and
gi(&F) > (ui +0;)/(ai; + Pii) by (8). Hence

" = y7
=| D (@ + DS — ) /
J=lj#
[(eii + i) g (&) — mil
> Lijlaij+ Bl | /6i § Ix = ¥llo

Jj=Lj#

IA

where [Z?:LJ-#I- Ljla;j + Bij|1/6; < 1, owing to (7).
2) If i € MUBLUB., then x7, y*, & € [y, m;]. Thus,
0 < g;(&") < (ui—6)/(aii + Pii), due to (8). It follows

that
|(@ii + Bii)gi (&) — wil = wi — (@i + i) gi(&EF) > 6.
Subsequently
lx; = 7l
n
< > Lilaij + Bijl /|(aii + Bi)gi (&) — wil
=L
AIx = ¥ylloo
n
<11 D Ljlai+ 8yl /a- I = ¥lloo
J=1,j#i

where [Z?:Lj;éi Ljlaij + Bij11/60; < 1, owing to (7).



CHENG et al.: MULTISTABILITY FOR DELAYED NEURAL NETWORKS VIA SEQUENTIAL CONTRACTING

The situation for w; = r or I, i € Bg, is similar.
Therefore, ®% is a contraction mapping and there exists a
unique fixed point X = (Xi,...,%,) of ®¥, lying in QY.
Restated, for eachi =1,...,n

n

—uixi + i g (%) + Z

j=lj#i

aijgj (X)) + > Bijgi(x)) + Ji
j=1
=0. O

Thus, X is the unique equilibrium point of (1) lying in Q.
On the other hand, if X is an equilibrium point of (1), then
its components satisfy (2), and thus must lie in some QY.
System (1), therefore, admits exactly 3% equilibria. ]

Notably, (8) describes how the slope of g; is smaller or
larger than u;/(a;; + fii) on the indicated regions with the
help of 6;. In fact, (7) prefers smaller |a;; + Bijl, i # j.
Moreover, (7) favors larger 6; € (0, u;), since each L j in the
right-hand side of (7) is lowered if ¢; is larger, as seen from
the definition of L ;.

The existence of equilibrium for (1) in Theorem 1 is the
most clear-cut situation, as for each i, the intersection scenario
with the horizontal axis for the upper function ﬁ is identical
to the one for the lower function fvl We shall pursue more
complicated cases where the upper and lower functions have
disparate intersection configurations with the horizontal axis
in Section IV.

III. GLOBAL CONVERGENCE OF DYNAMICS IN (1)

In this section, we shall discuss the globally convergent
dynamics for (1), i.e., every solution of (1) converges to one
of the equilibria. This implicates that almost every orbit of (1)
converges to one of the stable equilibria. More precisely, the
orbits, which do not lie on the stable manifolds of the unsta-
ble equilibria, will converge to one of the stable equilibria.
To conclude globally convergent dynamics, we shall apply the
newly developed sequential contracting scheme. We describe
this scheme and formulation for (1) in Section III-A. We then
implement the scheme to the case of 3% equilibria for the
n-neuron system in Section III-B.

A. Sequential Contracting

An upper function and a lower function for each component
of the equations were formulated to locate the equilibria in
Section II. To study the dynamics, such a formulation is
insufficient and it is tempting to design a sequence of upper
and lower dynamics to capture the asymptotic behaviors of
the solutions. This gives rise to the sequential contracting
scheme. The idea is actually quite natural. We organize the
coupling terms in (1) so that the dynamics corresponding to
each component equation can be controlled by some scalar
equations. We start by constructing a preliminary upper equa-
tion and a lower equation for each component. Such upper
and lower dynamics can usually be constructed due to the
dissipative property of the coupled systems. The upper and
lower equations are designed to have their own dynamics
contracted to some compact intervals. Each component for
the original dynamics of (1) is then trapped in the interval
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after certain time. We then construct finer upper and lower
dynamics, so that the original dynamics are attracted to even
more concentrated regions after a later time. We then formulate
a criterion for contraction under, which these nested intervals
collapse into points, as the iterative constructions of upper and
lower dynamics carry on continuously.

Notably, (1) is dissipative, as observed from the equations
that the summation terms in (1) are bounded. Such a property
was formally justified in [18]. Therefore, a solution
x(t) = x(t;t0,¢) of (1), starting from arbitrary
¢ € C(-tm,0],R") at t = 1y, exists on [fp, 00).
In the following discussion, we fix an initial condition ¢.
Its evolution x(f) = (x((¢), ..., x,(?)) is then a fixed function
defined on [fy, 00) and the ith component x;(¢) satisfies

Xi(t) = —pixi(t) + i g (x; (1) + Pii gi (xi (t — 7i7)) + w;
(10)

for all + > 19, where w; := Zj#{a,-jgj(x]-(t)) +
Pijgj(x;(t—1i;))} + I;. Herein, each w;, i € N, is a function
of ¢, which is defined from the solution x(¢); i.e., w; varies
with respect to solutions. For a fixed solution x(¢), w; is indeed
a function of ¢, i.e., w; = w;(t), and (10) is like a scalar
equation for each i.

For later use, we define for each i e N

" (00) := lim wi™(T), wj™ (00) := lim w]™"(T)

where w™(T') := sup{w;(¢) | #+ > T} is nonincreasing in T
and w""(T) := inf{w;(¢) | t > T} is nondecreasing in T.
We define the following preliminary upper and lower bounds
for (10), respectively:

(1)
12)

hi(@) = —uié + 2(lai| + i) pi + w0 (t0)
hi(€) == —pi¢ — 2(laiil + |Biil)pi + w;™" (t0)
where fzi and h; are linear decreasing functions with unique
ZET0S: Afl and Al’.’, where Afl = [2(aiil + |BiiDpi +
W™ (10)]/pi and A} = [=2(laii| + |Biil)pi + W™ (10)]/ i
respectively. Notably, 7; (A?) = —h; (A") = 4(laii|+1 Bii) pi+
w™(t9) — w™"(to) > 0. Applying the arguments similar to
those for [33, Lemma 2.1] reveals that for eachi € N

hi (xi(0) + (i | + 1 Bii ) pi A
< xi() < hi(xi (@) — (leii| + 1 Biil) pi

for all ¢+ > t9. Consequently, there exists a #4 (depending on
¢) such that x;(¢) enters and remains in interval [Aﬁ’, Al’.l] for
all i and ¢ > 4. Accordingly, we can construct the second
preliminary upper and lower bounds for (10)

f§<o>(5,T)::[yl(5’T) BirLiziihi(A}) i i =0

5i(E, T) — PiiLiwiihi (A") if By <0

(13)
fi(())(g, T) = 7i(&, T) — BiiLi Tul:lt (Ié,) if pi; >0
i€ T) — BiiLitiihi (Al) if Bii <0

(14)
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where

P&, T) = —pi + (aii + Pii)gi (&) + w™ (T)
Vi€, T) == —pié + (i + Bii)gi () + w;™™(T)
for some T > tg. It is not difficult to see that condition (M1)
(in the Appendix) implies |a;;| + |fii| > 0, and thus
i@ < fO¢ 0 < FO¢ T
< 2@ 1) < fO€10) < hi©)
forall T > t9p and & € R. From (15), conditions (M1) and (M2)

(in the Appendix) imply that there exists a unique zero nﬁgo) (T)

[resp.. ()] of £O¢.T) =0 [resp.. fV. T) = 0] for
each T > Ty, where Ty is defined in condition (M2). Moreover

5)

e v (0 ~ (0 ~ (0 ~ (0 N
Al < O (1) < (1) < (1) < O (1p) < Al

By arguments similar to those for [33, Lemma 2.2], we can
show that for any T > max{ty + 7;;, To}

FO0i(0), T) + 1Biil (i | + 1Bid)pi Litii
<50 < fOW@), T) = 1Bil(ai) + 1Bil)pi Litii

for t > T. Consequently, x;(¢) enters and remains in interval
[nﬁfo)(T), rhgo)(T)] contained in [Alh, Af’] after certain time.

Then, iteratively applying arguments based on constructing

finer upper f:.(k) and lower bounds fi(k) for (10) allows us to
establish the convergence of x;(t) to some compact interval,
say J;, as t — oo. The formulation of such f:.(k) and fi(k)
and the precise statement of this convergence (Proposition 2)
are arranged in the Appendix. Herein, we say that a real-
valued function y(z) converges to a compact interval J if
diy@),J) :=inf{|ly(t)—¢|: ¢ € J} = 0, as t — o0. On the
other hand, another possible configuration of upper and
lower functions leads to the convergence of x;(f) to one of
three compact intervals, which is summarized in Proposition 3
(in the Appendix). As performed component by component
successively, this sequential contracting scheme converts the
convergence of solution x(¢) to an equilibrium of (1) into
solving a corresponding linear system of algebraic equations
via the following proposition.

Proposition 1: Let x(t) = (x1(t),...,x,(t)) be a fixed
solution of (1). Assume that for every i € N, there exists
a compact interval J; of length d;, such that x;(¢) converges
to J; and d; satisfies

di < [wW™(00) — w™(00)] /ni

for some #; > 0, and there exist a compact interval J~l and a
L; > 0, such that J; € J; and

g/ < L; forall ¢ € Jj.

Let M := [mjjli<ij<n With mij = i, mjj = —(laij| +
|Bij )L for i # j. If the Gauss—Seidel iteration for solving
the linear system

Mv =0 (16)
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converges to zero, the unique solution of (16), or equivalently,
Am < 1, then every d; degenerates into zero, and the solution
x(¢) of (1) converges to a singleton, where

v o= max {|4;] : 4; : eigenvalue of (Dm — LM)*IUM}

1<i<n
and M = Dy — Lm — Um with Dy, — Ly, and — Uy the
diagonal, strictly lower triangular and strictly upper triangular
parts of M, respectively.
Proof: We first claim that for each i € N, there exists a
sequence of compact intervals {Ji(k)},‘:io with Jl.(k) D J;, and
the length dl.(k) of Ji(k) satisfies

i—1
k 2 k
di = 1> (laij| + 1B DL d}?
j=1

n
o
+ > (aij| + 18D LjdS "
j=i+l1

/”li A7)

for every k € N, where Jl.(o) = J~, Let us sketch the
arguments for the claim through induction. Assume that the
claim holds for k =k —1 € Nand all i € N for some k > 2,
and it holds for k = k and every i € {1,...,{ — 1} with
1 <{—1 < n. Thatis, x;(¢) converges to the compact interval
T® esp., 75 yifi = 1,..., =1 (resp., i = £+1,...,n).
Set
3 -1
v (k .
W (00) i= Ir + > min {aggi (&) + Brigi(n)
j=1&1e0nJ;
n
+ D0 min {ayg (&) + Brigi(n)
j=t+1&nes 7 0n];
3 -1
o (k
W (00) == I + > max {aggi(&) + Brigi(m)
j=1&0e1PnJ;
n
+ D> max  {agg(&) + Brigi(m).
j=t+1&ned 00,

In respecting the term w, associated with the solution
(x1(1), ..., x,(t)) defined in (10), and the definition of
wp"(00) and wy'*(00), we obtain

W (00) < wiFi(00) < WM™ (00) < W (00)

noting that x;(¢) converges to Jl.(];) N J; (resp., Ji(]zfl) nJ)
ifi =1,...,0—1 (resp., i = €+ 1,...,n). Thus, x.(¢)
converges to J,; with its length dy satisfying
dr < [w]™(00) — W} (00)] /e
o (k v (k
(W (00) = W (00)] /e
(-1 }
¥ k
> acjl + 1peDLjad

j=1

IA

IA

n ~
+ > dlagjl + 1DLd "
j=t+1

/ ne = dégk)
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where the last inequality follows from applying the mean valve
theorem to Wék)(oo) - Wégk)(oo), recalling g/(¢) < L; if
& e J(k) N J; and J(k) NJ; € J;, for all i € N and
k € N. These computations also explain the formulation of d; ®
in (17). Subsequently, x¢(t) converges to a compact }nterval
Jg(k) that contains J; and whose length is exactly dék). That
is, the assertion holds for k = k and i = ¢ as well. We thus
justify the claim.

We observe that {(dfk), .. .,d,gk))}keN is exactly the
Gauss—Seidel iteration for solving the linear system (16).
From the previous arguments, it follows that (x 1), ... i x,, 1))
converges to a singleton if the iteration {(df y e d )} eN
satisfies d(k) — 0 as k — oo, for all i € J\/' In addition,
Jm < 1 is a sufficient and necessary condition for such a
convergence of the Gauss—Seidel iteration for (16) [15]. ®

The convergence to zero for Gauss—Seidel iteration in
Proposition 1 can be assured if M is strictly diagonal
dominant [37].

Lemma 2: Under the strictly diagonal dominance of
M: i > Zj;éi{(laij| + IﬁijI)Lj} for all i € N, the
Gauss—Seidel iteration converges to zero, the unique solution
of (16).

B. Global Convergence to 3* Equilibria for (1)

Next, we investigate the convergence of dynamics in (1)
with 3k equilibria. Notice that the formulation of hl, hl
in (11) and (12), and £OC, T), £O, T) in (13) and (14),
depends on a given solution x(¢). To formulate the convergence
condition for all solutions of (1), we need to employ the
following solution-independent upper and lower functions:

F©) =T +k F©) =T + k- (18)

where kKoo= Xl ulagl + 1BiDps + L
ki = =201 jzi(edjl + 1Bijl)pj + i, and
MG
i + (i + Bin)gi (&) — BiiLiwi Hi(AH) if i = 0
- [—ﬂif + (aii + Bin)gi(©) — BuLiti Hi(AH) if Bii <0
(9
| wie + @i+ Bingi©) — BuLiti Hi(Al") if i = 0
- [—/h‘f + (@i + Pii)gi (&) — Bii Litii Hi(Af) if Bii <0

and AH and AH are, respectlvely, the unique zeros of the
linear decreasmg functions H; and H; defined as

Bi(©) = —pi¢ + 2(aii| + |Biil)pi + &
Fi(@) = — i — 2\asi| + |Bii i + k7.
F; and F; are also vertical shifts of f; and f; and fAi(O)(" 7).

fi(o) (-, T) defined in Sections II and III-A, respectively. It is
not difficult to verify

Hi(&) < hi(&) < hi(€) < Hi(©)
F©) < f0¢T) < f0¢ 1) < B©)

19)
(20)
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for all T > ty and ¢ € R. Moreover
Fi(&) < fi®) = £(O) < F(©)
for all £ e R, as I{V,-(AIH) > 0 and I;V,-(AiH) < 0.

When MU B/ U B; U Bg = N holds, we further consider
the condition

2y

Fi(pi)>0 ifi eBr
Fi(gi) <0 ifi e B! (22)
Fi(pi) <0, Fi(g) >0 ifieB

where p;,q; are defined in Lemma 1. Under (22), there
exists a unique zero mF (resp., mF ) to F (resp., F)
ifie MUBIU B;, and there exist exactly three zeros aF
bE, ¢ el (resp., af, bF ¢ to E; (resp., F) ifi € B3, and

1
af < AF<pl<b <bf <g <¢cf . Let

a; <a;
. (aii| + |BiiDpi
0 Lildlaiil + 1Biilpi + 2205y j2i(aijl + 1Bi Dpj]

To conclude the stability of 2F out of these 3% equilibria,
we further need the following functions:

<C

n

n
i) = —pi¢ +augi @ + D laijlpj + D 1Bijlpj +1i
J=L#i j=1
n n
[©) = —wié +aiigi@ — D laijlpj — D \Bijlpj + 1
j=1,#i j=l1
for i € N. Notably
Q) < fi©) < fi©) < 1i©) (23)
for all £ € R. Moreover, if L; > u;j/a;; > 0, there
exist exactly two points p; and ¢; with p; < o, < ¢q;

such that g/(p;) = g/(gi)) = pi/ai. If in addition that
I;(gi) > 0 and I; (p;) < 0, then there exist exactly three zeros
al, bl
I

bI and cI) for I (resp., I) where
«I _ Al

and ¢ c (resp., a

<al <pi<bl <b! <g <
We assume 83 ;é ? and con51der the followmg condition.
Condition (1): L > ui/oii > 0, I;(gi) > 0, and [; (p;) < 0,
for i € B3.

Assumlng MUBLUBIUBS = N with card(B3) =k > 1,
we define the followmg 2" regions:

a; <¢.

Vo= {(x1, ..., x0) € R | x; € Q) (24)
w = (w19"'9wn)
w; = “1”,“r”, fori € Bg

w; = “s”, fori e MUB,UB

where Qf = (—oo,éil), Q{ = (511, 00), and Qf = R, under
condition (I). Notably, QY C QY and Q"NQY = difw £ w
due to (23). Denote by Xy the equilibrium lying in Q. We can
then establish the global convergence of dynamics for (1) and
show that each equilibrium Xy is attracting in the sense that
every solution evolved from initial value in Q% converges
10 Xy.

Theorem 3: Assume that M U Bl U Bl U B} = W,
(7) and (22) hold, and for each i ¢ A/
|Biiltii < tj; (25)



3116

and
<;j;+§; if & e [mf,mf],ie MuBUB!
gl(€) | < g, ifce (- s0.aF[U[¢F . o0). i € B}
> et if g e [bF.bF). i € B3
(26)

for some 6; € (0, ;). Then, (1) achieves global convergence
to the 3% equilibria provided that the Gauss—Seidel iteration
for the linear algebraic system (16) converges to zero, the
unique solution, where m;; = (1 — 2|B;;|Lit;;)0; fori € N,
mij = —(ajj| + |Bij)L; for i, j € N, i # j, and L; is
defined in (6). If condition (I) holds in addition, then the 2¥
out of these 3% equilibria are attracting; more precisely, every
solution x(¢) evolved from an initial value in QY converges
to Xy, as  — oo, where QY is defined in (24).

Proof: Based on (21), it can be verified
that (26) implies (8). Consequently, (1) admits exactly 3k
equilibria under the conditions imposed by Theorem 2.
Next, let us prove the convergence of dynamics. Let
(x1(®),...,x,(t)) be an arbitrary solution of (1). Then,
each component x;(t) can be written in the form (10).
Ifi e MUBl U Bf, then there exists a unique zero

! (resp., mf) to f( )( to) [resp., f( )( to)] where
[mf mf ] C [m mF ], by (20) and the first two inequalities
in (22) Ifi e B% , then there exist exactly three zeros alf blf ,
andc (resp., a bf and cf) to f( )( to) resp., fi( )( , 10)]
by the last 1nequa11ty in (22); in add1t10n [a f ]1C [&F AF 1,
(6/,6/1 < [6F,bF1, and [/, 81 < [cF e, Then, it
is not difficult to verify that component x;(r) satisfies
MD-M3) if i e MUBL U Bl and satisfies (B1)—(B3)
for i e Bg, under (22), (25), and (26) (see the Appendix).
By Propositions 2 and 3, we obtain the convergence of x;(t)
to an interval J; of length d; for every i € N, where d;
satisfies

di < [w]™(00) — w™™ (00)|/L(1 = 211t | Lizi)6i]. (27)
Notbly, J; < [nl,ml1if i € MUB U B, and
Ji € laf,af1uib] bl 1U el éf] C laf, el if i e 83
Ifie 83, which of the intervals [a ] [bF bF] [El , C; ¢
Ji is actually contained in depends on the 1n1t1a1 condition;

the detailed arguments are similar to [33, Proposition 4].
Moreover, g} (&) < L;, where

=0 e i vF ~F

L; 1f]eB3,5e[aj,j]

By Proposition 1, it follows that (x{(¢), ..., x,(t)) converges
to a singleton if the Gauss—Seidel iteration for (16) converges
to zero, the unique solution of (16), where m;; = (1 — 2|f;i|
Litii)0; if i € N and m;j = —(loyj| + |Bi; )L if i, j € N
and i # j.

Below, let us show that QY is positively invariant under
the solution flow of (1). Let (x1(¢),...,x,(¢t)) be a solution
evolved from an initial condition lying QY. From (1),
we obtain

Li(xi (1) < %:(1) < L (xi(0)). (28)
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From (28) and the configurations of f and fl, fori e Bg,
we see that x; () < 0, should x;(¢) stay in (al , b; yy (c 00),
and x;(¢) > 0, should x;(¢) stay in (—oo, VI) U (bI VI) under
condition (I). Consequently, for i € 63, x;(t) remains in
(—00,13 ) resp (l; 00)] and actually converges to [Zz a ]
(resp., [¢! BB 1]) if w; =1 (resp., r). We hence justify the pos-
itive invariance of QY. Subsequently, every solution evolved
from an initial value in Q¥ converges to Xy, due to the global
convergence of (1). |

Corollary 1: If M is  strictly  diagonal-dominant,

e, (I = 2|BulLiwi)0; > 2 {(laij| + 1Bi;DL;}, for
all i € N, then the Gauss—Seidel iteration converges to
zero, and the assertions of Theorem 3 hold under the same
assumptions.

Remark 1: 1) In the proof of Theorem 3, it was shown
that every solution converges to a single point as t — oo.
This point is certainly an equilibrium of (1). 2) Theorem 3
concludes that the 2% equilibria out of these 3% equilibria are
attracting in (1). By applying the arguments in [30, Th. 3.4],
we can further prove that these 2% equilibria are asymptotically
stable and the other (3% — 2%) equilibria are unstable without
additional assumptions.

We stress that to establish analytic theory to conclude the
global dynamics for (1), several additional conditions have
been imposed in Theorem 3. These are certainly sufficient
conditions that are formulated according to the mathemati-
cal methodologies. It is likely that the convergent dynamics
already holds under the assumption of Theorem 1.

IV. OTHER CASES OF MULTISTABILITY

In this section, we elaborate on the other cases of multiple
equilibria in (1). These cases are more complicated than the
one in Section II. We illustrate the idea for n = 2.

System (1) with n = 2 reads as

d
x;t(t) = —u1x1(t) + a1181(x1(2)) + a1282(x2(2))
+ L1181 (x1(t — 711)) + Praga(xa(t —12)) + It
(29)
d
90— prnstt) + a8110) + (200
+ p181(x1(t — 121)) + Pa2ga(x2(t — 22)) + L.
(30)
The upper and lower functions are now
fi(©) = —wi& + (i + Bi)gi (&) + laij + Pijlpj + L
fi(©) = —wi& + (i + Bi)gi (&) — laij + Pijlpj + L

where i, j € {1,2} and j # i. For this two-neuron system,
there are four basic types: 1) (M, M); 2) (M, B); 3) (B, M);
and 4) (B, B), which correspond to 1,2 € M, 1 € M and
2eB,1eBand2 e M,and 1,2 € B, respectively, according
to the notation in Section II. We further denote the following
subtypes of these four types.

Notation 1: Denote subtype (7')(I") if 1,2 € M, (I")(%)
if 1 e Mand 2 € B}, (;)(") if 1 € B} and 2 € M, and
() if 1 e B: and 2 € BY,.
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TABLE 1
SUBTYPES IN (M, M), (M, B), (B, M), AND (B, B)

Type Subtype  Cases
(M,M) Ty
(M B ) T
T3
Ty
Ts
(B ;M ) Ts
17
Ts
Ty
Tio
T
T2

—~

E g

58

E B8 BE BB BB §
o =W oW =

[N EAEAN] NS AN
-
]
=
g8
-

P BsB8E

(B,B)

N~~~

NN NN N~~~ o~~~ o~~~ A~~~
= 0 HO0 RO 0O GRO GO OI OO RN RN RN R o o W M

o e o R MO0 00 I TR R o o

~— % ~— — e — —

In these notations, the first (second) column corresponds to the
configurations of upper and lower functions for the first neuron
i = 1 (second neuron i = 2). The notation 5} is as defined
in Section II. We list these 20 subtypes Ty, k = 1, ..., 20,
in Table I. The cases of Ti, 1>, T3, Tg, T7, T19, T11, and T4
have been discussed in Section II.

We need the following notation to further describe the
geometric configurations of the upper and lower functions.

Notation 2:

1) For an interval Z = [p,¢], we say that Z > 0 (<
0) if p > 0 (¢ < 0). Denote ¢Z := [cp,cc], if
c>0,cT :=[cg,col,ifc <0, p+T :=[f+o0,
S+ ¢, for a real number S; g;(Z) := [gi(0), gi(¢)] for
increasing function g;.

2) Forintervals Zy = [ok, k], k = 1,2, 71415 := [01+02,
¢1 + ¢2], an interval.

3) For a given 5 € R, define functions fl.”(é) = —u;¢ +
(0ii +ii)8i (&) +(aij +Pij)gj(m+1i, where i, j € {1,2}
and j #i.

4) For each ¢, define intervals K;(&;7Z) = —uié +
(aii +Pi) i )+ (aij+Bi))g; D +1i = { (&) : n € T},
where i, j € {1,2}, j # i. Regarding ¢ as a variable,
denote by K;(¢; [0, ¢]) an interval-valued function of ¢.

Note that the graph of K;(¢; [e,¢]) is a strip that lies
between the graphs of functions fig (&) and fig ).

Herein, we demonstrate the analysis for the existence of
equilibria in three cases: 1) (1)(5) € T12: 2) (g)(g) € Tis; and
3) (3)(}) € The. First, let us take the case &) to introduce
further notation. In this case, we have fi(m;) = fi1(m1)=0
with m; < my. Denote S; := [my,m], an interval.
If sz(ﬁz; S}) < 0, the strip between the graphs of functions
/5" and f5"! intersects the horizontal axis by three intervals.
Here, we take az; + f21 > O to introduce the following
notation and the case of opposite sign can be treated similarly.
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Fig. 3. Configuration under asj + f21 > 0. (a) Graphs of fl &) andfl &).
(b) K7(p2; S1) < 0O: strip Kp(&; S1) bounded by the graphs of fzm1 and

f2m ! intersects &-axis by three intervals. (c) K (pp; S1) > 0: strip K5 (&; S1)
intersects ¢-axis by one interval.

Each of functions fzrh ' and fznA1 !

¢ / ) has three zeros,
sy fit@h = feY) = @) = 0, and
AaEs G5 e = 0 with

sV <l < bV < B < &V < &V [Fig. 3(a) and (b)].

Denote the intervals A3 := [a{V,a"], BS' .= (6", bV,
and CZS1 = [551),651)]. Let us explain the notation: Agl is
obtained by the intersections of the left arms of fznv1 ! and fzr;’ !
with the horizontal axis; in addition, the values of F>(xy, x2)
lie between f;"' (x2) and f;"' (x2), when x is restricted to .
Similar interpretation applies to B; ! and Czs "

If K2(p2; S1) > 0, then each of functions fz';”(é‘) and
fzr;” (¢) has one zero, say fz';” (rh(zl)) =0 and fz';”(n%gl)) =0
(21) < ﬁ1(21) [Fig. 3(c)]. Denote the interval
SZS = [ihg), nA}g)]. In this case, the strip between the graphs

with m

of ;"' and f,"" intersects the horizontal axis by one interval.
Theorem 4: Consider (29) and (30) with the case (])(3).
There exists one equilibrium if K»(p2; S1) > 0, and three
equilibria if K7(ps; S1) < O.
Proof: For the case K»>(p2; S1) < 0, we consider the
following three regions:

QY = {(xl,xz) e R?|x; € Q;D"}

w = (v, w2),w) =s,wy =1, m, r

where Q) = §1, Q) = A, QF = By, and Q) = C)". Let
QY be any one of these regions. For any given (¢1, (2) € QV,
we solve for x; in

—pixi + (i + i) gi(xi) + (aij + Bij)g; () + 1 =0 (31)

for i, j € {1,2} and j # i. Note that f1 (&) < f'(¢) < /1(&)
for all n Q52 and e < fzn(f) < £5"'(&) [resp.,
H1E) < HIE) < 1) for all e Sy if azi + o1 > 0
(resp., a21 + f21 < 0). Accordingly, one can always find
three solutions to (31), which lie in regions Qﬁ, Q;.", and
Q7, respectively. We define a mapping ®% : Q% — QW
by ®Y(¢1,2) = (X1, %2) where X; is the solution of (31).
The mapping ®V as defined is continuous, as in the proof of
Theorem 1. It follows from the Brouwer’s fixed-point theorem
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TABLE 11
CRITERIA FOR VARIOUS NUMBERS OF EQUILIBRIUM
POINTS FOR THE CASE (%)(g)

Criteria

az1 + fB21 >0
Ko (p2; A1) >0
K (p2; A1) < 0 < Ka(p2; B1)
K2 (p2; B1) < 0 < Ko(p2; C1)
Ka(p2;C1) <0

g1 + B21 <0
Kg(ﬁ2;01) >0
K2(p2;C1) < 0 < Ka(p2; B1)
K (p2; B1) < 0 < Ka2(p2; A1)
Ks(p2; A1) <0

f§ Equi.

O N W W

N=REN RV, )

TABLE III
CRITERIA FOR VARIOUS NUMBERS OF EQUILIBRIUM
POINTS FOR THE CASE (%)(7)

Criteria # Equi.
ag1 +B21 >0
KQ(ﬁQ;Al) >0 3
Ko(p2;e) <0 and K2(g2;8) >0fore=A;,BiorC; 5
Kg(ﬁQ;B1) <0, Kg(ﬁ2;01)>0, KQ(QQ;A1)>0 7
K>(p2;C1) <0, K2(G2; B1) > 0, K2(g2; A1) <0 7
Ko(p2;C1) < 0, Ka(G2; A1) >0 9
ag1 + P21 <0
K2(g2;C1) <0 3
Ko(p2;e) <0 and K2(G2;e) >0fore=A;,BiorCqy 5
Ka(p2; B1) < 0, K2(p2; A1) > 0, K2(g2;C1) >0 7
K>(p2; A1) <0, K2(Q27B1)>0 K2(G2;C1) <0 7
Ka(p2; A1) <0, K2(42;C1) >0 9

that there exists a fixed point X = (x1,xz) of ®¥ in QV,
which is also a zero of F in (2). Consequently, there exist
three equilibria for (29) and each region QWY contains one
equilibrium.

If K2(p2; S1) > 0, then by constructing a continuous
mapping on the region QY = S X 52 , Wwhere
Sy' = [y, m$"] and £ (i§”) ey = 0
resp., 38"y = AR0hsY) = 01 ax + far > 0
(resp., < 0), and by similar arguments, we conclude that there
exists an equilibrium for (29), which lies in the region Q%. ®

Denote A; := [ay,a1], Bl :i= [l;l,l;l], and Cy := [¢1, C1].
By similar arguments, we can obtain the following existence
of multiple equilibria.

Theorem 5: Consider the case( )G )or( )( ). Then, there
exist parameters such that (29) and (30) have three five, seven,
or nine equilibria. The criterion for each of these existence is
listed in Tables II and III, respectively.

Proof: We only show the case (;)(g). The other cases
are similar.

If a1 + f21 > 0 and Ko(po; Ay) > O orif ap) + f21 <0
and Ky(p2; C1) > 0, then Ky(&; o) intersects the £-axis by
one interval, say S5, for ¢ = Ay, By, and C;. Thus, there
exist three regions: A x S?l, By X Sf‘, and C; x Szcl, and
each can be regarded as region QY in the proof of Theorem 4;
hence, there are three equilibria.

If az1 + f21 > 0, Ka(p2; A1) < 0, and Ka2(p2; By) > 0,
then K>(&; Ap) intersects the ¢-axis by three intervals,
say A;l, B?‘, C?l, and K;(¢; e) intersects the &-axis by
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one interval, say S35, for ¢ =
five regions Ay x A5', Ay X BM, A x C?l, By x Sfl, and
C x S2C ' and hence five equilibria. Same assertion holds if
az1 + a1 <0, Ka(p2; C1) <0, and Kz(p2; By) > 0.

If a2y + f21 > 0, Ka2(p2; B1) <0, and Kz(p2; C1) > 0 or
az1 + f21 < 0, Ka2(p2; By) < 0, and K> (p2; Ay) > 0, there
are seven regions to be considered as previous cases and hence
seven equilibria.

If az1 + 21 > 0, Ka(p2; C1) < 0 or a1 + f21 < 0, and
K>(p2; A1) < 0, there are nine regions to be considered and
hence nine equilibria. [ ]

We can apply sequential contracting formulation similar to
Theorem 3 to obtain global convergence of dynamics for the
cases of multiple equilibria in Theorems 4 and 5. As the
above analysis is performed componentwise, it certainly can
be extended to the general n-neuron system (1).

Bi, Ci. Then, there exist

V. PIECEWISE-LINEAR ACTIVATION FUNCTIONS

It is straightforward to extend the discussions
in Sections II-IV to (1) with piecewise-linear activation
functions

u; if —oco<¢ < p;
g =quit =& —p) if pi<&=<gi (32)
v; if gi <& < o0.

This class of functions includes the standard activation
function in cellular neural networks

1
8i(€) = 5(c+ 1=l — 1D,

In this case, we adapt the setting M and B to

ieN.

M::[ze/\/l ulf Hi ]
gi — pi — i + Pii
B::[ie./\/|0< ad <lf_u_l].
aii + i Gi — pi

Further classification according to the intersections of ﬁ and
f,- with the horizontal axis, as those shown in Fig. 1, can be
formulated with p; and ¢; replaced by p; and g;, respectively.

All the results in Sections II-IV can thus be extended
to (1) with such piecewise-linear activation functions. The
extension also holds if the middle part of g; for p; < ¢ < ¢g;
in (32) is replaced by an increasing function connecting the
two saturation segments.

VI. NUMERICAL ILLUSTRATIONS

In this section, we present two examples for (1) with n = 2
or n = 3 to illustrate the theorems in Sections II-IV. We take
the activation function as g;(¢) = tanh(¢), and thus o; = 0,
pi = 1, Li =1fori= 1,2,3.

Example 1: This example illustrates Theorem 5 for the case
n =2 and (g)(g). We consider the parameters

U1 = 1, arl= 1.5, alp = 0.07, ,811 = 0.1, ,312 =0.08
ur =1, a1 =0.1, apn=14, p1=0.1, pp=0.1
I = —0.05, L, =032

711 = 120 = 0.05, 71120 = 101 = 10.
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Fig. 4. Numerical simulation for Example 1.

Herein, a2 + f12 = 0.15 > 0, az; + o1 = 0.2 > 0.
Moreover, p;y = —0.7127085, g1 = 0.7127085, p» =
—0.6584789, g» = 0.6584789, kfr = 0.1, ki = —02,
k;r = 052, and k, = 0.12. Let us examine the
condition in Theorem 5. We compute to find intervals
Ay = [a,a1] = [—1.69581395, —1.26304012] and
By := [by,b1] = [—0.17106488,0.37914872]. Condition
Ko(p2; A1) < 0 < Ka(p2; By) in Table II can be directly
justified

K>(p2; A1) = [—0.0745232, —0.0579265] < 0
K> (p2; B1) = [0.0785704,0.1848471] > 0.

The parameters chosen here also satisfy the convergence
theorem that is not included in this paper. It can be observed
in Fig. 4 that almost all trajectories converge to three equilibria
marked in red (the other two equilibria are marked in green).
These five equilibria can be computed numerically as

(1.5582,1.9426), (—0.15341,1.691), (—1.2876, 1.5082),
(—1.6522, —1.0216), (—1.5578, —0.30005).

Example 2: This example illustrates Theorems 2 and 3
for (1) with n = 3. We consider the parameters

1 1.8 005 0
w)=1|(1]), (@)=(005 19 0
1 0 005 06
0.05 02 0 005
)= 0 ), BpH=| 0 01 0.05
0.15 005 0 0.1

It is straightforward to see i = 1,2 € Bg and i =3 € M,
and thus card(Bg) = 2. In addition, we set 7;; = 0.1, 7;; = 12
fori,j = 1,2,3,i # j. We compute to find p; = py =
—0.8813736, g1 = g2 = 0.8813736, kfr =0.15, k] = —0.05,
k¥ =0.1,k; =—0.1,k3 =0.25, and k; = 0.05. First, let us
examine the conditions in Theorem 2. For (7), fori =1 € Bg,
we take ) = 0.3 € (0, 1); then

01 = 0.3 > Lolaiz + Bi2l + Lslas + i3] = 0.107.

3119

Fori =2¢ Bg, we take 6 = 0.4 € (0, 1); then
0) = 0.4 > Li|azi + 21| + L3lazz + 3] = 0.107.
For i =3 € M, we take 63 = 0.2 € (0, 1); then
03 = 0.2 > Lilasi + 31| + Lalazz + B3] = 0.1.

For (8), fori =1 € Bg, we take ) = 0.3 € (0, 1); then for
5 € (_OO, &1] ) [519 OO)

—6
max g (&) = 0.25098 < 0.35 = L 7L
81) ail + B
and for & € [by, by
. + 0,
min g/ (&) = 0.97723 > 0.65 = L7
81) arl + B
Fori=2¢ Bg, we take 6 = 0.4 € (0, 1); then
—6
max gh(¢) = 0.23747 < 0.3 = 272
82(0) a2 + B
for & € (—o0, az] U [¢2, 00), and
. o+ 6
min g5 (&) = 0.98996 > 0.7 = ———
£2(0) a2 + P

for & € [ba, by]. For i =3 € M, we take 63 = 0.2 € (0, 1);
then for & € [m3, m3]

uz — 03

o33 + B33

Next, let us examine the conditions in Theorem 3. For (22),
fori=1¢ Bg, we have

max g4(¢) = 0.97402 < 1.14286 =

Fi(p1) = —0.2188399 < 0, F1(g;) = 0.3188399 > 0.
Fori=2¢ Bg, we have
F>(p2) = —0.3508400 < 0, F»(G2) = 0.3508400 > 0.
For (25)
Bt = 0.02 < 7, = 0.2439024

Bt = 0.01 < 7{; = 0.2439024
Btz = 0.01 < 7§, = 0.2333333.

We need the following quantities to examine (26):

alf = —1.4941831, bf = —0.3387856, ¢f =2.2719172
af = —2.1616717, bf =0.2210641, & =1.6413113
af = —1.6850199, hY = —0.1862482, ¢ =2.1258384
a¥ = —2.1258384, bY =0.1862482, ¢ =1.6850199
mE =0.7054875, mi =0.0664389.

For (26), for i = 1 € B3, we take 0; = 0.3 € (0, 1); then for
¢ e (—o0,afTU[ef, 00)

_(91
max ¢/ (&) = 0.30935 < 0.35 = AL 71
81 ) v
and for ¢ € [éF,l;f]
O

min g/ () = 0.89704 > 0.65 = vy
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Fig. 5. Numerical simulation for Example 2.

Fori=2¢ Bg, we take 6, = 0.4 € (0, 1); then

w2 — 0o
max g5 (&) = 0.26046 < 0.3 = ———
82(6) a2 + f2
for & € (—oo,&f] U [Ef, 00), and for ¢ € [55,55]
. + 6,
min g)(&) = 0.96648 > 0.7 = 272
82(6) a2 + f2
For i =3 € M, we take 63 = 0.2 € (0, 1); then
’ M3 — 03
max g5(¢) = 0.99860 < 1.14286 = ————
3 a33 + B33

for & € [rhg,rhg].
A direct computation yields
0.288 —0.05 —0.057

—0.05 0.392 —0.057
—0.05 —0.05 0.19544

M =

which is strictly diagonal-dominant. Fig. 5 shows that almost
all trajectories converge to four of the nine equilibria, as
concluded by Corollary 1. Numerical computation shows that
these nine equilibria are
(2.0630, 2.0056, 0.6439),
(—0.1236, 1.9368, 0.5334),
(—1.7684, 1.8830, 0.4430),
(—0.0696, —0.0167, 0.4286),
(—1.9022, —1.9615, 0.1762).

(1.9989, —0.0731, 0.5392)

(—1.8331,0.0320, 0.3220)

(1.9427, —1.8312, 0.4401)
(—0.0174, —1.8977, 0.3145)

VII. CONCLUSION

We have developed an approach that combines the geomet-
ric structure embedded in the equations with Brouwer’s fixed-
point theorem or contracting mapping principle to conclude
the existence of multiple equilibria in the general delay neural
network (1). We further employed a new methodology, named
sequential contracting, to investigate the global dynamics and
convergence of solutions to one of the equilibrium points. The
approach unfolds from constructing suitable lower and upper
equations iteratively for (1). Effective designs of lower and
upper dynamics can then capture the asymptotic behaviors of
the coupled systems. Such a formulation has the advantage that
the nonlinear terms in the equations are not overmanipulated
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by linearization or other treatments, and hence exploits the
intrinsic nonlinear nature of the system. This methodology
and analysis are completely different from the commonly
or previously adopted approaches, such as Lyapunov func-
tion technique and matrix inequality, for concluding global
dynamics. With the present new methodology, we are able to
establish new multistability scenarios for neural networks with
delays and with smooth sigmoidal or piecewise-linear activa-
tion functions. Our approach can be applied to investigate the
asymptotic behaviors in other neural networks and nonlinear
systems. In addition to multistability for neural networks, the
idea of sequential contracting has been successfully applied to
study the asymptotic phases in an integro-differential equation
modeling T-cell differentiation [10], synchronous behaviors in
a gene regulatory model [17], and synchronization for coupled
cells [32].

APPENDIX

Sequences of upper and lower functions used in Section III

iPe )
e ) = piLin fEV (REV@), T) it i =0
- [ P& T) = B Liii SV (& D(T), ) if i <0
e
e T - ﬂiiLiTiifi(k_l) ('hgk_l)(T), T) if pii =0
- [ FET) = fuLiwii [V (mEDV@), T) i B <0

for T > Ty, k € N, where n%fk)(T) [resp., rhl(k)(T)] is the
unique solution of f:.(k) (&, T) =0 [resp., ﬁ(é, T) = 0]. They
are vertical shifts of fi(o) (&, T) and fi(O) &, 1).

Three conditions for monostable scenario of upper and
lower functions are as follows.

Condition (M1): |Biiltii < (loiil + |Bii)pi/ALil4(Jaii| +
|Biil)pi + W (o) — w™ (t0)]}.

Condition (M2): There exists a Ty > fo such that f:.(o)(o, To)
and fi(o)(-, Tp) have unique zeros, rhgo)(To) and nﬁfo)(To),
respectively.

Condition (M3): gi(&) < (ui — 60;)/(eii + Pi;) for all
e [rhgo)(To),n%fo)(To)] for some 6; € (0, u;).

Under conditions (M1)—-(M3), the configuration of the upper
and lower functions forces x;(t) to converge to an interval
whose length can be estimated.

Proposition 2: Assume that conditions (M1)—-(M3) hold for
some i € N. Then, x;(¢) satisfying (10) converges to [mi , m,-],
where

i —m; < [w"™(00) — wM"(00)]/[(1 = 2|Bii| Litii)0;].

Three conditions for bistable scenario of upper and lower
functions are as follows.

Condition (B1): L; > u;/(aii + fii) > 0, |Biilzii < (loi| +
1Bii Dpi /{Li[4(laii| + | Biil)pi + wi™ (1) — wi™ (t0)]}.

Notably, condition (B1) implies L; > u/(a;; + Bii). There
hence exist exactly two points p; and g; with p; < o; < gj,
satisfying

gi(pi) = &'(qi) = i/ (i + Bii)-
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Condztzon (B2): There exists a Tp >
FOG, To) > 0 and £O (5, To) < 0.

Under condition (B2), there exist exactly three zeros
ai, bj and & (resp., a;, bi, and ¢i) of f(o)( Ty) =
[resp., f()( Tp) = 0], where a; < a; < p; < b < b <
gi < ¢ < ¢. Let 6; € (0, u;) be a fixed number. The third
condition is concerned with the slope of function g;.

Condition (B3):

29 [ > (i +0,)/(ii + Bii) if &€ € [by, bil,
' < (ui = 0))/(oui + Bii) if ¢ € (=00, a;] U[¢i, 00).

Under conditions (B1)—(B3), the configuration of the upper
and lower functions forces x;(t) to converge to one of the
three intervals whose lengths can be estimated.

Proposition 3: Assume that conditions (B1)-(B3) hold for
some i € AN and some 6; € (0, u;). Then x;(¢) satisfying
(10) converges to one of the three disjoint intervals: [a;, a;],
[b;, bi], and [c;, ¢;], where

0 = ai _Qi’Ei _Qi’El — ¢
< [0 (00) — w™ (00) | /I(1 — 2| Bii| LiTii)6i].

Propositions 2 and 3 can be verified by applying the

arguments parallel to those for [33, Proposition 4]. More

precisely, the arguments for Proposition 2 is actually parallel
to the subcase R (or £) considered therein.

to such that
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