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I. Introduction

The technique of rotation sampling on successive occasions is widely employed
in many scientific research works to estimate parameters of a population on
consecutive occasions in order to measure time-trends as well as the current
parameters in a time series. If there exists a relationship between the value of

an element in the population at time t and the changed value of the same

element at the succeeding time t/, then it is possible to use the information

contained in earlier samples to improve the current estimate of the population
parameters. In order to use the earlier sample infermation, one must carry out
the sampling in such a way that the two samples drawn at successive times t
and t/ have some elements in common. For example, on the h—th occasion we
may have parts of the sample that are matched with the (h-1)th occasion, parts
that are matched with both the (h-1)th and the (h-2)th occasions,

The optimum renlacement policy for two occasions has been investigated by

and so on.

Jessen (1942) and the general problem of replacement for more than two occa—

sions has been examined by Yates (1960), Patterson (1950), Eckler (1955), and
several others. However, the theory has been almost exclusively confined to
infinite populations.

A good summary of these papers is given by Cochran
(1963) .

Rao and Graham (1964) have developed a unified finite population

theory for composite estimators of both the current level and change in level

between consecutive occasions when a rotation sample design is used.
Recently, Pathak and Rao (1967) have improved an estimator of the popula—

tion mean in the following sampling scheme:

(1l.a)

Select a sample of n units on the first occasion by simple random sampling
without replacement.
(1.b) On the

second occasion, retain a sample of m units drawn with equal
s q
probability and without replacement from the sample obtained in (1a)

and select independently a sample of n — m units by simple¥random sam—
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pling without replacement from the whole population of size N.
For estimating the population mean on the second occasion, the customary
estimator (Jessen and Cochran) is given by
Ti=¢32.+ (1—¢) L
where Vla=V2m+b (F1.—Vim) is the regression estimator on
the matched portion.
Yuu is the sample mean of the unmatched portion on
occasion h (h=1, 2).
¥am 1s the sample mean of the matched portion on
occasion h (h=1, 2).
Vi is the sample mean of the whole sample on the first occasion.
# is determined such that the variance of T[ is minimized.
The improved estimator derived by Pathak and Rao is given by
Tr=ge (Memtla) 4 (1-go 3, )
m--m’
where m’ is the number of units in the independent sample of size n-m selected
on the second occasion which are not present in the n units selected on the first
occasion and ¢¥ is so chosen as to minimize the variance of T 2% They have
shown thet the customary estimator T') is always less efficient than the estimator
T4.
Des Kaj (1965) has considered the other sampling scheme over two cccasions
where sampling with probability proportional to an estimate of size (ppes sam-—

pling) is used on both the occasions:

<5
-
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-
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2.a) Select a sample of n units on the first cccasion by ppes sampling
replacement.

2.b) On the second occasion, a simple random sample of size m is selected
without replacement from the sample obtained in (2.a) and an independent
sample of n-m units is selected by ppes sampling with replacement from
the whole population.

As an est'mator of the population total on the second occasion Des Raj has

considered the following estimator:

?ppes:\v ?211‘}' (l—W) ?Zd (3\
where Vg = - 1 s Y
n—m P;:

is the estimator of the population total based on the unmatched sample on the
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second occasjon, S
SE"zav: (:Erim“_?lm> +?1n
is the difference estimator of the population total on the second occasion based
on the matched portion,
Vom=1z¥  h=12
m P
is the estimator of the population total based on the matched sample on occasion
h, and
O, =L
n P
s the estimator of the population tota! based on the whole sample, on the first
occasion, and w is so chosen as to minimize the variance of 41\"”%.
The main object of this paper is to derive estimators of the population mean
and total with the other sampling schemes which are confined to two occasions

only. It is also proposed to work out the expected gain in efficiency.

1I. Estimators for Equal Probability Sampling Scheme

Avadhani and Sukhatme (1969) have considered the followinyg sampling
scheme:

(3.3) Select a sample of n units on the first occasion by simple random sampling
without replacement.

(3.b) On the second occasion, retain a sample of m units drawn with equal
probability and without replacement from the sample obtained in (3.a)
and take a fresh sample of m’ units selected independently from the re-
maining N-n units by simple random sampling without replacement so as to
get a sample of predetermined size n =m+m/’.

For estimating the mean of the population of size N on the second occasion, we

construct the following estimator for the sampling scheme (3.a.b) which is similar

to the estimator T4 for the sampling scheme (l.a.b).

Yi=ay,./+ (1—a)¥l (4)
where Fhe=V2n+b (Fia—F1m)

and the constant a is so determimined that the variance of ¥ is minimum,

Further, let

o N, < 14
Tpr = ax (et DFenly 4 (1) 54,

=a%y,, + (l—a*) ¥la 6



where the constant a* is so chosen as to minimize the variance of Yok It is
clear that the estimator Y {* corresponding to the sampling scheme (3.2.b) is
similar to the estimator T {* corresponding to the sampling scheme (l.a.b).

For the comparison of the estimators Y4 and Y% consider first the approx—
imate variance of Y {* Assume that the sample size is large enough to make the
bias in ¥, negligible. For simplicity, the finite population correction terms will
be ignored. Then it can be easily seen that the variance of y §* for optimal
choice of a* is given by

o Var(Fa) Var(7La)—[Cov(Fan 7L
Var () = (52 + Var(300)—2C0v (Fan, Tha) ®

It is obvious that
- S, 2
Var(YZn):'_—X'“ (7)
n
It can be shown (see Cochran, p.336) that
Var(38) = 1= 8,2(1—p?) +——0%S,? (8)
m n
We observe that
14
COV(S’Zn; ?ﬂ'd) =‘E}Cov<y2m ! ?/Qd) +*IP;COV(S;2m,7 S’Qd) (9)

Now, it can be shown that

Cov(Fam, The) =Var(gom) +BCov(Ism, 71.)—BCoV(Toms im)

1 S, 2+ 1 0%S,2 — 1 0°S,
m n m

=71fSy2(1—pz)—|——lpZSy2 (10)
m n
and COV(?Zm/’ ?/Q,d>ﬁCOV<§’2m/, ?2m)+BCOV(?2m,3 S’ln)—BCOV(S’Zm,’ ?lm)
1 1
:_N S, — -ﬁp25y2 + N 0%S,?
=—§]syz (ignored) (11)
Thus Cov(¥aa, Tha) =S, (1—p")+ oS, (12)

Putting m=n(1—k), m’=nk and substituting from (7), (8), and (12) into (6),

we have after simplification
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7 o Syt (l—'kpz) <1+02"‘k02>
Yi*) 2= Yy 13
Var(Y [*) > okt (13)

Consider now the estimator Y{. Then proceeding in similar fashion, it can
be shown that the approximate variance of v{ for optimal choice of a is given
by

1 —kp?

Var(¥g)=Ss" o (14)

n 1—
The difference between the variances of Y {* and Y L is

Var(¥ §*)—Var(Y}) = E;i (11{—‘%(2;_).23-1;E§13;2> i

which is always positive unless p=0. We have thus proved the following result.

Theorem 1. In the sampling scheme (3.a.b), the estimator Y{ which is similar
to the estimator T in the sampling scheme (1l.a.b) is always more efficient than
the estimator Y * which is similar to the estimator T {* derived by Pathak and
Rao in the sampling scheme (l.a.b), provided 0<<k<<1 and p-%0.

Let us further consider the finite population model used by Avadhani and
Sukhatme (1969) for comparing the two different estimators YL and YJ* The

finite population model is defined as follows. Let

Vi=A+Bx,4e, i=12 - N (16)
N N
where 2 e =0= 12 ex,
=1 =1
2 %g 1 < o<
and e.l=cx, with ¢>0 and 0<g<2.
$z-1

Since e;/x;= */¢x, , it is clear that for very small values of x,, |e/x,|>1
which is impossible in view of (16). They therefore assume that for very small
values of x;, e, can assume only positive values or that x, cannot be so small
that |e;/x;|>1.

For comparing the two different estimators under this finite population
model, it is shown that ignoring the finite population correction terms, the
variances of Y% and Y{ for optimal choice of a* and a under the finite popula~
tion model are just the same as those obtained in (13) and (14) under the large
sample theory.

The optimal value of the replacement fraction k that minimizes Var(YQ)

can be shown to be given by
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Opt. k= [ 14/ 1—p? J™ (17)
Then, the minimum variance of YQ is

2 B 7__ 2
Var( . Pymin, =AY 1= (18)

n )

If A=0 in the finite population model (16), Avadhani and Sukhatme have pro-
posed the following ratio estimator of the population mean with the sampling
scheme (3.a.b):

Tr=a Jam+ (1—2) Fra
where  Jra=Rem Jin Kem=Ten/Tim
and they have obtained the minimum variance of Tg for optimal choice of a
and k which is the same as the minimum variance of Y) given by (18). This
shows that the regression estimator Y { and the ratio estimator Ty are equally
efficient with A=0 in the finite population model.

Further, it should be noted that the estimator Y f with the sampling scheme
(3.a.b) is similar to the estimator T with the sampling scheme (1l.a.b) and both
estimators are equally efficient. However, in the sampling scheme (3.a.b), the
estimator Y§ is more efficient than the estimator Y * while in the sampling
scheme (1.a.b), the estimator T4 is less efficient than the estimator T f* which

is similar to the estimator Y {*.

III. Estimators for Unequal Probability Sampling Scheme
We now consider the sampling scheme (2.a;b) stated in section 1. On the
first occasion a sample of n units is selected with probabilities p,, 1N§1 p,=1 and
with replacement. For estimating the population total Y, we have

gwln = L p3 YIi/pi

n i=1

N 2
3 p (Y v, )yr= Y (19)
=1 P n

where y,, is the value of the i-th unit on the first occasion. On the second

Var(?ln) = %

i

occasion a simple random sample of m units is selected without replacement from
the sample obtained on the first occasion and an independent sample of u=n—m
units is selected by ppes sampling with replacement from the whole population.

Based on the matched part an unbiased estimator of the population total Y, is
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given by
?m=?2m+bo<?ln_?lm> <20)

~
N7

where Yim

m B .
=1 2 Vui/py is the estimator of the population total Y, on the
m i=y
h-th occasion and b, is a preassigned constant.
Using theorems on conditional expectations and variances, we have

Var(¥,)= A (}’lﬁ—}lf) (Vy24b2V 2—2b 3V, V,) (21)

n

where  V,? = %} p (TEL_Y,)2, h=1,2

Dy

N
and 0= b3 P: ("Y'“ _Yl) (_YL—YE)/V1V2
1=) pl pl
is the correlation coefficient between y,,/p, and ys,/p,.

It can be easily seen that the value of b, which minimizes the variance of
?m is

b=B= 3 p, (J1_Y,) (J2_Y,)/v,? (23)
=1 P Py

1

Then, the minimum variance of Y, is given by
Var(Vo)mie = 2(1—62)V,2 4 12v,2 (24)
m n

which is similar to the variance of L4 given by (8) with equal probability sam—
pling scheme.

If b, must be computed from the sample, an effective estimator is likely to
be of the form

N § ('Xl“f*?lm) (LZI - ?2,11)
B = _1=1_ D1 Dy (25)

m

3 (,,XL;___?Im)z
i=1 Py

Then, it can be shown that the bias in B is of order n‘%‘.. Now, the population
total Y, is estimated by

?m*=?2m+]§ (?ln—?lm) (26)

If the sample size is large enough to make the bias in B negligible, then the
approximate variance of \{\Zm* can be shown to be the same as the minimum
variance of ¥_ given by (24).
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Further, based on the unmatched part an unbiased estimator of the popula-

tion total Y, is

?Zu = *17 > _&-
n—m P

Var(¥s.) =V.2/(n—m)
Using weights W, and W, as the inverses of the variances, the best combined

estimator of Y, is found by weighting the two estimators ¥ ,* and 1., as follows:

\L*ppeszwm?m*'{_wn 2u (27)
Putting m=n (1—k) and u=nk, the variance of .*,,,, is obtained after simpl-
ification as

Ve 1—ko?
Var($¥,,0) =5 0 (28)

The optimal value of the replacement fraction k that minimizes can be shown
to be given by

Opt. k=(14++/1—6% )~! (29)
Then, the minimum variance of ¥%,,,, is

vy kv 18

n 2 (30)

Var(?*ppes)min' =

which is similar to the minimum variance of ¥4 given by (18) with equal prob—
ability sampling scheme.
Under the assumption that V,>=V,?, the minimum variance of @\(”as derived

by Des Raj (1965) is given by

v 121 1)

Var(¥ppedmin = :

The difference between the variances of ¥ opes and Sk, is
N s V2 o o i
\far<Yppes>min' —Var(Y*ppes>mln' =72'1:1’(\/ 2(1—5) _\/1_6 )
(32)

which is always positive unless §=1in this case where both estimators are equally

efficient. We have thus proved the following theorem.
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Theorem 2. Under the large sample theory and the assumption that the variance
of y,/p, in ppes sampling (2.a.b) is the same on both occasions, the estimator
'lf*ppes proposed in this study is always more efficient than the estimator SA.’”GS
derived by Des Raj, provided §-41.

IV. Summary

For estimating the mean of a population on the second of two occasions by
equal probability sampling without replacement, the estimator proposed in this
study is more efficient than the one similar to that of Pathak and Rao(1967). The
variance of this estimator under the large sample theory is the same as it under
the finite population model used by Avadhani and Sukhatme (1969), provided

that the finite population correction terms are negligible.

For estimating the population total on the second of two successive occasions
by sampling with unequal probability and with replacement, the estimator pro-
posed in this study is more efficient than the estimator given by Des Raj (1965)
under the large sample theory and the assumption that the variance of v./p; in

ppes sampling is the same on both occasions.
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