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Abstract

Given a bivariate joint distribution of random vector (X, Y'), we can easily de-
rive the conditional probability distributions of fx|y and fy|x. Conversely, given
conditional probability distributions of fx|y and fy|x, can we find the correspond-
ing joint distribution? The compatibility issues of conditional distribution include:
(a) how to determine whether they are compatible; (b) how to find the joint distri-
bution if they are compatible; (¢) how to find the most nearly joint distribution if

they are incompatible.

Using the theory of ratio matrix approach, we can determine the given con-
ditional probability distributions are compatible or not by checking whether their
corresponding ratio matrix or the extension matrix of this ratio matrix is rank one or
not. When elements of the ratio matrix are all positive, this thesis uses the singular
value decomposition theorem of linear algebra to develop the singular value decom-
position approach to deal with the compatibility issues. When elements of the ratio
matrix are not all positive, we provide the most nearly rank one matrix approach to
solve the compatibility issues. This most nearly rank one matrix approach can be
considered as the extension of singular value decomposition approach. To develop
the most nearly rank one matrix approach, we use the concept of semi-Frobenius
norm to provide three solving methods (unconstrained method, Lagrange multiplier
method, and multivariate Newton’s method) with related algorithms. This thesis
gives the mathematical procedure on these three solving methods in detail and uses

examples to explain the compatibility issues.
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When the conditional distributions are incompatible, we usually have two nearly
joint distributions. It would be worth of discussing the combination of these two
nearly joint distributions. Hence, this thesis compares and analyzes the compatibil-
ity issues with three different weights, which are equal, inverse proportional to the

total errors, and relating to eigenvectors.

Keywords : conditional probability distribution, compatibility, ratio matrix, eigen-
vector approach, singular value decomposition approach, most nearly rank one ma-
trix approach, semi-Frobenius norm, Lagrange multiplier method, multivariate New-

ton’s method, optimization method, most nearly joint distribution
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(i) CC’ul:alzul,lzl,Z,---,r, CCwyy=0,l=r+1,r+2,---,I;
C'Cvi=0tv,1=1,2,-+,r, CCvi=0,l=r+1r+2,---,].

(i) Cvi=o;, Cuy=oyvy, 1=1,2,---,r.
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T3S % C i IxJig#Ed srank(C) =7 2 Cnd B g4 f24c;\+ (3.1) #77 -
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Proof.

IC —xy'||3

= tr[(C —xy')'(C — xy')]

= tr [(Ululv’l + ooupvh + - - + opupv, — xy' ) (oruy v 4 ooupvh + - - - + oV — xy’)]
2

= tr [(71 v1V] = 201viulxy’ + 03vavh — 20ovoubxy 4 — - - - + 0PV, — 20, v,ulxy’ + yx’xy’]

= 07 — 20qtr(viulxy') + 05 — 209tr (vouhxy') + — - - + 02 — 20,tr(veulxy') + tr(yx'xy’).

A1 EARL A A=|Coxy|F BEH A SR EXx oy Wihiks T @

oA
= —201u vy — 200upvhy — - - - — 20,y + 2x(Y'y).
oA
£ = s (E %
oy 0 #F3
x||y||> = cruviy + oauaviy + - - - + oru, vy = Cy,
ETIP
x = Cy/|lyll*. (3.2)
fF12 > d % =0v
dy
y = C'x/||x]|*. (33)

17



d X3 (32) 40 (3.3) ¥ 3
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CC'x = [IxI[lyI*x.

C'Cy = [|x|*lly|I*y-

HE & i 17 Ae o |Ix]|?lyl|2 5 CC! 4e C/C ehfF i » ¥ xfry A 8 5 CC 4r C'C
e € o £ x:d1u1—|—d2u2—|—---+d1um‘ry=61V1+62V2+---+e]V]°‘.“:““r} &
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M ﬂ:&—xfry?i%-&r":
X =diuy +dyug+---+du,, y=evi+evo+---+ev,.
FHiEF (3.2) F 3

Cy = (cruv] + ooupvh + - - - + 0w, vy) (e1vq + evp + - - - +ervy)

= nejuy + opeyuy + - - - + Oreruy, (3.4)
X
Cy = |ly[|*x
= |lyl*(diu1 + doup + - - - + dyuy). (3.5)
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oe; = ||lyl?d;, 1=1,2,---,r. (3.6)
32 os {93

od; = ||x||%e;, [ =1,2,---,7. (3.7)
4 X3 3.6)fr(3.7) v @

of = IxIPllyll> 1=1,2,---,r. (3.8)

A8 A ahtr(vuxy') e tr(yXxy) > T @3 v A N 5 die frof o ] =

1,2, ,r> 5710 ATt B 4o
A = 0% = 201tr(viuixy') + 05 — 20otr(voubxy') 4+ — - - - + 02 — 20, tr(veulxy') + tr(yx'xy’)
= (01 — 201d1e1) + (03 — 200aer) + - -+ (07 — 20vdrey) + x|y >
BEEF GBR)wE » N gF - Bl @ dfreRPFE? 500 BEE ko €18 x = deuy
fry =epvy o fEE w585 7 1)

A= (0F+03+ 4 0f 1+ 0fq+ - +07) + (0F — 200drex) + 0F, (3.9)

IC—xy'||} =07 + 03+ + (0 — drex)* + - + 07 (3.10)
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d 4+ (3.9) f= (3.10) 42 ¥
207 — 20ydie = (0% — dex)?,
I
Ok = dgex. (3.11)
d 583 3.11) > 7 #5583 (3.10) se B4

A= (07 403+ 40P + 0t g+ +07) +20% — 203dxey

— 3+ O+ O+ O

FEm P2 s'T’X‘fr'yl r’ﬁ-’yf(fﬁﬂ”ﬁ dlelulv; [ =1,2,--- ,re58 o mEFE [ =1

oA EF B s yj}u{g x=du; fry=evy FF > Cfoxy i T2 fobk | o
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336 X C2Ix]Jrig®ElL rank(C) =r- 4 x= )}d
i=1
I /
”’0<di§1’2d1:1’0§€]’§1’26]’:
i=1 j=1
r r J
Yo —2 Z adier+ Y. Y dlzez
=1 i—1j=1 '/
Proof.
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/ / /
IC—xy'llF = 1| }_ ovarvy — (3 diwi) (Y ejvy)' Il
=1 i=1 =1
r e §
= H Z‘Tlulvl Z Zdze]uz /”F
I=1 i=1j=1
r I J
=tr | ()] owv) — ZZde]ul Zalulvl
I=1 i=1j=1
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die1)> + o5+ 402 e
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D=pwv)> %5 D=xy chfEskiFin  HEE%4T

RIW38. % C 5 IX s > rank(C) =71 2 C end £ B4 jE4e T (3.1) #77 o

£ D=puv) Bl |[C=Dlg=0f+-+0f  + (1 —p)*+0f, + 07«

Proof.

.rﬂD:pulv;’é-‘ap:dlel’_F Vi;«él’di:O’ei:Oob'”rJ‘l

.
IC— DI} = Y_ 07 —20id;e; + dije}
1=1

=07+ 0y (0 — der)? + ofyq 7

=0t -+ +0fq+ (01— p)* +0fq + o+ O
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FMEFHREEARTIL NP G TG HFIL

TI310. % A= (a) frB= (bjj) = Ix]iF2gFEL C=(c;) » [ x| EE
Zoorank(C) =r e £ C et B g~ j2 5

/ / /
C = qquvy +o0ouwv, + - - - + o, v,

BIAfeB g innBiftsr=1-

@ 311 % A Z(ﬂz’j)TE‘B:(sz)75~I><]"+'—*#3‘f9"-‘¢ C={(cj) & Ix]rigie

A ’7’(17’1](( ) o £ u; = (u11 I/ln)/ *V1 = (011-"7)]1) ’ ﬂ’/A’fl-"B jﬁfg;rf?ilﬂ I/',-/f
J I

“E o= ZUL/Z == =0

Proof.

*AfPBEF R C=cumv, > £*

Uil 011

up = ; V1= ’

un un

RlT=(5) n=_(5;) 5 ELX Yufgip g9

Uun 1
T ’ 77] - i
1
Z Uil Z)]'l kz o
=1
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245 Arnold and Press (1989) >

J 1 I
o= ) 5/ Lt
=177 i=1

]

AfeBpg  Tr=1 % eedu= () frv=(v) & #cj = wo;>

=8
ufrv e @ X foY g E s T = () 4

v(i, )eN’“rvc—uV°?'J = Eu
= () B¢ Tt (L) SRR R BREEE I AR T E (X,Y)
& g e P= (pij) o el
pij = Tibij = 1;aj. .12
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AFeB24p 3 > Fr2>2 oo RNITWEBEWT A d v 8 up frvy o I
FFADB DX oY anginlg e e Lo b B aiE I oafe o 1 03 (3.12)
@A e (X,Y) et i0m & o e PO 4o PR) o g4 b 8 3 mif 00 & 4 5 A e
ﬂW?%ﬁE@iﬁ@ﬂi%ﬁﬁﬂ%@%ﬁ&ﬁP%?&ﬁﬁﬁﬁgiﬁﬁaﬁﬁ

Tyofphe » BALL B B T
p=(PM 4+ p?)/2, (3.13)

Mo AFeniE s S AR T % e
FAfBAApE v C o+ P T A A3 R Rk e S A
BREEEECH 2 AvE- S BEF kit Btz i EeniER ., 7Y C
B R EAE ru Cariuft 1B ehfzk o BPEA? 4 3 B B Row £ w
fovi s BT S AR BB EAfRE AT P AR RS EE A B

EFARF S F AT 0 RIT 134D @A FIT £ f S a e o
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FZ & RuLH

AR LR BIERP o dofe 0 R E A R RAJTAR B IR

Fh o APYF EEL Ceohad s 40 EY ApF bl

IR L. (%) LRt FEL Afc B o

3 3 3 2 2 3
8§ 8 8 7 7 7
—| 23 3 — 223
A 888’B 7. 7 7 1’7
111 2 23
4 4 4 7 7 7
A% Bant et C 4
21 21 7
16 16 8
— |2 u 7
C 16 16 8
gy ]
§ 8 12

BEHVEFELCRFIBELSIE 7§

im

/
C= oqu1vq

0.6396
= 3.2083 | 0.6396 ( 0.6396 0.6396 0.4264 ) .
0.4264

SiBH P wAfRE > @B rank(C)=1> % XL %323.10> % AfcBAp% -
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fl* e ufovy  BEAF (L) FE X Y g Apefe T oy ¥

0.3750 0.2857
T=1 03750 |, n=| 02857 |~
0.2500 0.4286

oot preniEd i am s AT GI) 7 HE (X,Y) e gF AP ¥

0.1071 0.1071 0.1607
P=1 01071 0.1071 0.1607
0.0714 0.0714 0.1071

BE O APLREELECHAFHLITIEE 2 4PF b5 ¢

BIAE2. (B ARF) B LER I EE A B>

1.1 38 1 11 11
7 2 7 7 6 6 2 6
— | 2 1 1 2 =1 2 1 2 2
A 71775 | B 7 7 7.7 |’
4 1 3 4 i1 1/1
7 4 7 7 3 12 4 3
A%t Bent g C 4
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— 7 1
C 1 4 2 1
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7 37 7
R EeLl Clppasi: v
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57868 0 0 0

=Uu 0 08402 0 o0 |V,
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27



03664 —0.4723 0.3777  0.7071
0.5663  0.8078 —0.1635
0.7880  0.6156  0.0053 0
U= 03937 —0.0909 09148 |, V =
0.3324 —0.4182 —0.8453 0
0.7241 —-0.5824 —0.3695

03664 —0.4723 0.3777 —0.7071

d %383100 2 AfeBAApE - A1* v R upfovy o BBRF (L) F5] X Y ut

gL e T Aoy

0.2803
0.3363
0.1303
T=1 02338 |, 7= ;
0.3090
0.4300
0.2803

Fhe bt aamiEtdram, 503 GI12) 7 @8 & (X,Y) (hiT B & 5 5 4 fe

P 4 P |

0.0560 0.0560 0.1681 0.0560 0.0400 0.0652 0.1324 0.0400
PD = | 00668 00334 00668 0.0668 |, P? =] 00801 00326 0.0441 0.0801 |,
0.1433 0.0358 0.1075 0.1433 0.1602 0.0326 0.1324 0.1602

#385F (3.13) % PW) 40 PR) e & 4o % 177 )3T 0B L A e

0.0480 0.0606 0.1503 0.0480
P =1 0.0734 0.0330 0.0555 0.0734 |- (3.14)
0.1518 0.0342 0.1200 0.1518
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BIRE3. (PP R) L RIER I EL Ao B
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A=z 3502 |, B=|lz130% |-
007 00} 4
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I
N
N
*
N
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PREREERT H B EA[ERIL fFd 87552 B) G4 B Amold and Press (1989))

P s FIHHEELCAHT > kP By A T
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11 5 3 33 2 3 33 2 3

B9 GGG a2 F B borg # B @A odg A0 4 0l % 89.60% » 87.96% fr
80.88% » #r 113 P iE 4 Cp 2 it maEE Co
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el EEE A AL B S F B EA RO kR C LT R

EL AT 1A o
BFHBHRELC WP L EsfR 7

= / /
C1 =ojuyvy + oupv,

0.4159
=5.5045 | 0.8318 (0.4446 0.4446 0.6668 0.4001)
0.3675

—0.1643
+0.5583 | —0.3287 <O.1941 0.1941 0.2911 —0.9165)-
0.9300

4 %3310 k AfcBA4p%E - * 2 B wpfrvy > BiENF (L) 7 @ X0 Y ehif

s T oy

0.2647
0.2575
0.2647
T=1 05150 |, #n= ;
0.1765
0.2275
0.2941

Eh R anFEeEgr o 1BHAF GI) 7 #8 & (XY) i s & 4 5 4

p) e p@) ,
0.1287 0.0858 0.0429 0 01323 00882 0.0441 0
PO = 01287 01717 0 02146 |, PP =] 01323 01765 0  0.2451
0 0 01138 0.1138 0 0  0.1323 0.0490
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FRHAE2 0 3 (3.13) # P 40 PQ) w2 4= k8 T AT T L A fe
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AT EY AP E MG PO fo PO 8 £ 4e k hfidd = E o
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C =xz,
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X1 n Z1
X2 ) Y2 ) %) 1
X = X =P(X=1i), y= ,yj:P(Y:]); zZ = ,Zj = —.
Y
X1 Yy Zy
I J I
@?Qzlﬁmicmf#{l’le:1’Ey]:ZZ—:1°
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-t G Co Apmp e A RCodbigiuftlaed, Pxrzi#

|C —xz/||2 3] > 2 % BT 5iE ¢

1 1 e (41)
||C — XZ/”% = ZZ(i,j)GN(Cij — xiZ]')z, N = {(l,])|C1] > O}.

% CRG i ma ® EmE o | |C—xZ/||F if‘u{Frobenius o Cag i
F o+ B> P |[|C —x2z'||p % #F Frobenius &% « % x> z i LiF 5+ (4.1)> 2 £ kep
Frobenius # #cb | » R xz' s BiTifr 148 o BT it 142 adf i Bt B 4E
M Cennd G «PFF o 3 §F BV EIE- &« DR SHER A G A E

FIEL > 129540 o o FE 7 FTes 2 045 TI3T 09 & A e o
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F@DFGT o ENRE Tl BRSNS S )Y RIUIER QD) T
1% Lagrange Fk#ci2 ¥ ) R Tinft 1 B Lhip BT 3 - 530 3 {420 > @3
R e WAL G R UA]E 202 &7 Lagrange ko Bz o e S B 2 0 AL 4 R IE
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Apenp gyt EaE C ohbaf gk 14 TR I xoz @ 7 [|C—xZ/||2 &

Jo B xfoz B ESAF (4D) e 50 AR BBy foz L X E A
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1'x =1 42
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- 7 " — y]l ] - 7 ’
L% x oy taihics » 7 @
oL % . 2 2
$:—2C y + 2diag Z Vi Z yi | x
(1j)eN (Ij)eN
dL « 2 2
By —2(C*)'x + 2diag Z X7, Z xi |y.

Hoe CrEIxJEE > #5CPehad« M0 kBR s a B I EA%EEFErHo L
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T VB ENF (42)

I /1
x* _ x/ Exl', y* — <Z _) y. (45)

j=1Yi

FhiFp lEL2 782 (-)

1.

2.

& 2 i (x0,y0) .

N

ey e xO Awor X3 @43 e (44) 0 B REFEEE x Ty &0 03 45 R

\‘:

o @ xD ey w5 L = [lc—xOy® |2 .

' Jff;(x(l),y(l)) 4 s i?ﬁ*ﬁﬂ? 25 7 (x(Z),y(Z)) A [y = ||C —x(2)y(2)’||2 o {&k pb

F
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]

$ 0t 1% B % Loyt Ll <1075 BB L35+ K417 x0) 4oy
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% = & Lagrange % ¥

AP o AUFIE R (4.2) T 0 & gdo 1% Lagrange 3k #ciz ok Fl e A i 8 Soig
b1 1 4B o

I * Lagrange %k #iciz » AP 4

J
L*=L+M1x—1)+A(1'z—1)+ ) _ pi(yjzj — 1)

=1
J
=C—xy'[IF+Mx=1)+ A (12— 1)+ ) pi(yjzj — 1)
j=1
2 / / ]
= ZZ(i,j)eN(cij — xiyj) als )Ll(l X — 1) + )Lz(l zZ— 1) -+ Zp](y]Z] — 1).
=1
L* %%X‘Y‘Z‘Al ‘M*f?p&%%‘&ln\ » ¥ 1H
JdL* N . 2 2
o = —2CTy+2diag Y. vi, Y Y| x+ ML (4.6)
(1j)eN (Lj)eN
dL* *\/ s 2 2 ;
S = —2(C*)'x+2diag | Y. xi,---, ). xi | y+diag (o1, o)z (47)
y (i1)eN (i,])EN
oL* .
5y A2l +diag (p1,--- ,07)y- (4.8)
gf\l = 1/X — 1 (49)
giz —1'z 1. (4.10)
oL* .
o =diag (y1,--- ,y;)z— 1. 4.11)

He Cr A IxJeL> #CP i« 0kt adlE@rdFar o

p = (o102 ,07)
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JL* oL*
L =0~ —
Cox 0 oy 0 0z

aL*

—2C*y +2diag | Y yi, -
(Lj)eN

2(C*)’x+2diag< Yo X7,

A2l +diag (p1,- -+ ,pj)y = 0.
x—1=0.
z—1=0.

diag (y1,--- ,y;)z—1=0.

=0~

, Y«

(i,J)EN
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)y+diug(p1,--- ,07)z = 0.

oL* oL* oL* o _
— ~ — — ’y {3 Kal E ///f"k
oy O, 0ty =0 FE IR S
Y,y x+Ml=0. (4.12)
(Lj)eN
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(4.14)
(4.15)
(4.16)
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Bl F (412) 2k X~ FF @) kY fotF G144 2V E

—2X'C*y + 2xX'diag | ) y]Z,- Y y]Z x+Ax'1 =0, (4.20)
(1j)eN (Lj)eN

2y’(C*)’x—i—2y’diag( R

. xlz) y+y'diag(p1,--- ,07)z=0, (421)
(i1)eN (i,J))eN

Aoz'l +2'diag (o1, -+ ,p;)y = 0. (4.22)

d N3 (4.20) 4o (4.21) # 5]

]
Y pj=Aq, (4.23)
j=1

d N3 (4.22) fr (4.23) 7 1

]
Y pj =M ==, (4.24)
j=1
B3 (412) 2% 1 0 @
—21'C*y +21'diag ( Z y}z., . Z y}z) X+ A11'1 =0, (4.25)
(1,j)eN (Lj)eN

4 X3 (4257 @

2 l/C*y - l/dlﬂg Z yjzi Tty Z y]z X
(1j)eN (Lj)eN
11

_ 2 [Z X_(ij)eN Cij}/jI— L. X.(i)eN xiy}] . (4.26)
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2. #xO0 fey® mon 3 426) 0 p 3 Eax 20w xs @24y 7@ A0
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4. 4y @ 4o A0 o X3 48) s T E x
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Fy i;xi—L (4.30)
aL**—il—l 4.31)
8/\2 i 1]/] ' '

B Cr L IxJ4Ed #-CPlehag « 1 0 kB> a B8 1 EARREDH -

!: == A = A g = ’ 45"13 Z1 E /,/? -\ :
© Tox gy 0 a0t gy, SO FT IR
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- 1/yt
2 |diag | Y -, Y 2 |y—(CHx| — Az : =0. (4.33)
i (i1)eN (i,J))eN 3
1/%
I
Y x—1=0. (4.34)
i=1
1
Y ——-1=0. (4.35)
i=1Yi

B3 (432) 2 X BRI (433) 2y B4 83 (434) 4 (4.35) 0 @ 5

odiag | Y yi-oo, Yy | x=2¢Cy+ A =0, (4.36)
(Lj)eN (Ij)eN
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AM=—-A =2 |:X’C*yx/diag ( Z y]2/ . Z yjz) X:| . (4.38)
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F= =0, (4.39)
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N :2(2(YX')(i,j)eN—(C*)') +21 {(C*Y)’—Z(diag( Y v Y y]z) x)'],
2 (1rj)6N (I,])EN
1/y]
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