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3 Show all your work for full credit. Unjustified answers will
receive no credit.

1. Let f:R = R be a function satisfying f(x + y) = f(x) + f(y) forall x,y €R.

Show that:
(a) f(0) = 0 and f(—x) = —f(x) forall x € R.
(b) if, in addition, f is continuous at 0, then f is continuous on R. (20%)

2. let ax+by+cz+d=0 beaplane inthe space=R>. Use Lagrange multipliers
to show that the shortest distance fromia point (Xp)3%. %) in R3 to the plane

. laxg+byg+czg+d|
N v v (20%)
3. Let
sinx ol v
T W XS,
f(x) ={ x
1, X =il

and R be the regioniin the plane R? bounded by the curve y = f(x), x-axis, and
y-axis. Find the volume of the solid generated by revolving the regionR about the

y-axis.
(20%)
4. LetR be aregion in the plane R? bounded by a simple closed curve C.
(a) Show that the area of R is givenby %ﬁc xdy — ydx:
2 2
(b) Use (a) to compute the area of the region bounded by the ellipse :—2 + -Z—z = 1.
(20%)

5. Llet X ,a, and Y3, b, beconvergent series.

(a) Is Y o-1anb, convergent? Justify your answer.
(b) If, in addition, a; = 0 and b, = 0 forall n € N, show that )3, a,? and
Yo apb, both converge. (20%)
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Show all your work.

. (20pts) Let T : R® — R be defined by T'(a, b, ¢) = (a — b,2c — ). Describe T7'(3, —2).
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. (a) (10 pts) Findan orthonormal basis for the subspace spanned by #; = (2,0, -1,2), % = (0,1,1,-2)
and 73 = (3,-1,1,0).
(b) (10 pts) What is the projection of (2,5, 7, —3) in this space?

. Let A denote the matrix

LT

g -2
SRS )
-2 0 4
(a) (5 pts) Find the eigenvalues of'A.
(b) (5 pts) Find an osthonormal basis of R>.consisting of eigenvectors for A.
() (5 pts) Find a 3 x 3 orthogonal mauix S and 3 x 3 diagonal matrix /) such that 4 = S DS7T.
(d) (5 pts) For any integer k. write an explicit formula for X.
4. Let T : B™ — R" be a linear transformation with the property that T(T(%)) = T(F) for every vector
FeR™
(a) (5 pts) Wiite V fonthe range of 7. In other words, V = {T(&)|7 € R"}. If # € V, then what is
T(7)?
(b) (5 pts) If £ € R”, then whatis T'(%. — T(7))?
(c) (5pts) Let {v7.73, -, Uk} be abasis for V. Then we can add some more vectors Uy, Un, -, Ug
to get a basis 4 for R™, Show that if you replace w3 with ) — 7 (2i1). then you still have a basis.
(@ (5 pts) In the same way.we can replace each ; with & — F(u;). What is the matrix of T with
respect to the basis {03, 13, - - ™ty 1 (1) ) =smpatp=="1'(11) }
5. Show that

(a) (10 pts) Let A € Muxa(F), and let B be a matrix obtained by adding a multiple of one row of A
to another row of 4. Then det(B) = det(A).

(b) (10 pts) Let A € M, xn(F) has rank less than n, then det(A) = 0.
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