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invertible.

(iv) Let A € My (F). Then AAY is invertible <= rankA = n.
(v) For arbitrary A € M, ym(F), AAT and ATA have the same eigenvalues,

IL(20 points) Let A = ( f’ 3 )e Miysca(RR).

(i) Show that ( ; € R? is an eigenvector to eigenvalue a - bm € R &=
m € R is a root of the quadratic equation ba? + (a —.d)z — ¢ with b # 0.
(ii) Show that if A has two distinet eigenvalues A;, Ay € R, then the eigenspace
B, = The column space of A— A and E), = The column space of A— 1.
(iif) Show that if a = d = 0 and bc # 0, then A is diagonalizable <= bc = 32,
for some y € R.

(iv) Let T : Maya(R) — Myxa(R) be defined by T(X) = AX — XA,

Show that 7" is an R-linear transformation; and calculate the matrix 13
with respect to the basis

o e De 00 0 0
_Bﬂ{Eu:({] 0)551.2:(0 0);}—}’21:(1 U)EE%:(_O 1)}
What are rapk T' and nullsty T, if A £ t1,? ,

II1.(15 points) Let A € M, x.(R).

(i) Give definition of the adjugate( the adjoint of A) adj(A) of A, and show
that A adj(A) = adj(A)A = det(A)I,.

(ii) Use (i) to prove CAYLEY- IIAM[LTON Theorem.

(iii) Use (i) to show that if ) 3 0 is an eigenvalue of A of algebraic multi-
plicity 1, then the eigenspace E‘ = The column space of A — AIL,.
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I.(25 points) Prove or disprove the following statements: T\ :
2
(i) Let T € L(V,V) be a linear transformation of a ﬁmte—dlmensmnal F- ﬁ:
- vector space V into itself with 7% =T, then KerT + ImT =V : ’if_
(ii) For arbitrary T' € L(V,V): o &
KerT + ImT <= KerT = KerT? <= ImT = ImT? g_
(iii) Let A € Muym(F) and B € M (#7) with m < n, then AB is not "
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IV.(20 points) (i) Give definition of a row-stochastic(Markov matrix) A €

Mpyn(R), and show that all eigenvalues A\ € C of A has absolute values
Al <1,

"
(ii) Does the matrix limit lim,,_., A™ always exist? Explain your answers, i:t‘
V.(20 points) Find an invertible matrix P € My (R) such that P~IAP = X
J(A) the Jordan canonical form of the following matrix A € Myy4(R): &
: i
2 230 .
= : %
- ~1 0 2 0 3
4%0 1 2
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1. Let {f,} be a sequence of measurable functions on [a,b] satisfying the following
conditions: ’
(@) {f,} isdecreasingon [a,b},ie., f,(x)2 [, (x) forall xela,b].

(b) There exists an integrable function g on [a,b] such that f, <g on [a,b], for all

H:Lz,"'. 1‘\_:
(¢ f,—f on [ab].
b b
- - s
Show that lim L fodx = L fdx. _ (20%)

. Show that an absolutely continuous function on [«, b] is of bounded variation on [a,b]. (20%)

Let S={xeR"|||x|<1} and f:$->R bea Fn:mnegative continuous function. (20%)
(a) Prove that _f" has the absolute maximum value on S. :
(b) Let M be the absolute maximum value of / on S. Show that
; i
lim (j‘(f(x)) dxdx, -+ dx, ) k= M
k00 95 i
dy — S :
4. Let o= i%’__i’fjf_ , (x,y)e RE = {0}. Show that @ is a closed 1-form, but not exact on
X4y
RE—{0}. : (20%)

5. Let X =Cl[a,b] be the space of continuous real-valued function on [a,b]. Define, for
felX, (20%)

17 [P dx]%

(a) Show that (X,|-|) is anormed linear space.
by Is (X,|-|D complete?
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(¢) What is the completion of (X, ||-|}) ? g
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