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Problem. 1. PIOVG or give an explicit counterexample for each of the followmg state-
ments.
(a) (5 pts) Two square matrices are snmlar if Lhey have the same Jordan canonical
form.
(b) (5 pts) Let V be a finite-dimensional vector spaceand T : V — .V a hnear operator.
V is the direct sum of the null space of T' .md the range of T.
(c) (5 pts) Let A and B be real n X n matrices. If A and B are positive definite, then
A + B is positive definite.
Problem. 2. Let H be the vector space of Continuous complex-vauled functions defined
on [0, 27]. Define an inner product on H by
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Let § = {fn: fu(t) = e™,t € [0,2n],n € Z}.
(a) (10 pts) Prove S is an orthogonal set in H.
(b) (5 pts) Define a new inner product on H to make S an orthonormal set in H with
respect to this inner product. :
(c) (10 pts) Let 8" = {f1,f2,...,fr} C S and W = span(S’'). Let @) =1, find
f1(t) € W such that || f(¢)— f1(t)]] is the smallest, Where ||| is the norm introduced
by the inner product you find in part (b).
Problem. 3. (15 pts) Let W be a subspace of a finite-dimensional inner product space
- V. Prove _
V=wew
Problem. 4. (15 pts) Let A be a real 3 x 3 matrix. Suppose A has three distinct l.
positive eigenvalues. Show that .
A% —trd -A? 4 detd 1
is invertible. | |
Problem. &. (15 pts) Let A and B be real n x n matrices. Suppose A+ B = [ and
rank(A) + rank(B) = n. Show that both 4 and B are projections.
Problem. 6. (15 pts) Let A be a complex m x n matrix. Show that rank(A*A) =
rank(A4), where A* = AT,
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. Let Q={x=(x;,%,,,x,)eR"|x,>01<j<n} and f(x)=—(x,x,x,)""

. 2
for x € Q. Compute the Hessian H(x) = ( ; A (x)} x € Q and show that it
is positive-semidefinite. - ' (20%)

T,

. Let {E,} be asequence of Lebesque measurable sets in R" and Z A, (E,)

converge, where A, isthe Lebesque measure on R”". Show that the set

E =limsup E, is Lebesque measurable and has Lebesque measure zero. (20%)
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. BEvaluate the limit
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if exists, where || x| denotes the Euclidean norm in R". (20%)

. State and prove the Lebesque dominated convergence theorem. (20%)

. Let H be aHilbert space and M be a closed subspace of H . Show that each

x € H can be written uniquely in the form x=y+z with yeM and
ze M* . Moreover, || x|*=|y|*+|z]|*. (20%)
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