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1. (15 4) For uniform distribution U(0,1) random variables U,, U,, ..., define

N =min{n :zn:U > 13 That is, N is the number of random numbers that must be

i=l
summed to exceed 1. Compute the density function of N, E(N), and Var(N).
2. (20 47) Let X and Y be independently and identically distributed N(0,0?)

random variables. Show that:

—\/% are independent.
-+

(b) Bis uniformly distributed on [-12‘- %j if @ =sin™ -—&%_3—

(@) X*+Y%and

(c) X/Y has a Cauchy distribution.

3. (15 4") Sequential Probability Ratio Test (SPRT), developed by Wald, can be used
to test simple null hypothesis ( /) versus simple alternative hypothesis ( H,). The
test is based on the ratio of likelihood function under H, and H,,i..,

[T rex,15,)
5, =2 g = N (f(X IH)J
I fx 1 H) V) e

where X, ...,X, are a random sample from p.d.f. f(x| HJ)withi J=0 or-f;i-i__.: The
- rule of applying SPRT is to continue sampling until logA, 2%'Borlogzi,;'s 4,
~ where B > 4. The values of 4 and B depend on the type I errer o and ﬁpe I
error f. ft is proved that the SPRT minimizes the sample size‘under H0 ‘and
‘_ H,, given the error probabilities « and 5. Suppose the sample is drawﬁi-ﬁ'om

- Bernoulli distribution B(1,6) with H,: 8=3/8 and H,: 6= 1/2. Let a = ﬁ 005

Compute the expected sample size if H, is true, and the expected sample 1f H

is true.
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4. (15 #) Let X,,... »X, be a random ample from Bernoulli(p) distribution and

> X

Y,=4—_ (a) Show that vn(¥, - p) > N(0, p(1~ p))in distribution.
n

- (b) Show that for p = 172, nfY,(1-Y,)-3]— -1 42 in distribution.
5. (15 4) Let X,,....X, be a random sample from uniform distribution
U(B—-;—,&H%). Show that for any T such that X ——E<T<Xm+%is a

maximum likelihood estimate of 6, where Xy =min{X,, ...oX,} and

X, =max{X,,...,X,}.

n

6. (20 %) Let X,,...,X, be arandom sample from uniform distribution U, 8) and
‘R= Xon - Xy » where X(n)=max{Xp---,X,,} and X(1)=max{X,,...,Xn}.

(a) Find the distribution of R. |
{(b) Show that a confidence interval for 4 based on R, with confidence coefficient 1—q

is of the form [R, R/c], where c is the root of the equation ¢"~[ - (1 - Del=a.
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