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1. (15%) Let x, = + + .+ -— n=1,2,.... Find lim x, if exists.
n+l n+2 2n n-300

2. (15%) Evaluate the double integral

f f g~ dxdy.
xtiyl<l

3. (15%) Let f: R — R be a differentiable function satisfying f’(x) > O for all x € R. Show that
f 1s an increasing function. -

4. (15%) Find the sum of the following series if converges.

5. (15%) Evaluate the line integral ﬁy dx — xdy, where C is the unit circle x* + y* = 1 in the
{
counterclockwise direction.

6. (15%) Let

if x is rational,
Jx) = > .
1 if x is irrational.

Is f Riemann integrable on [0, 1]?

7. (10%) Let f: R — R be a continuous function and p, g: R — R be differentiable functions.
Define ©
g(x

F(x) = fHdt,xeR.
#(x)

Show that ¥ is differentiable and F'(x) = f(g(x))q' (x) - f(p(x))p’(x) for all x € R.
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I. Let V denote the set of all solutions to the following linear system.

X, — X2 +2x4 = 0

2X) ~ X2 — X3+3x4 =0

(2) (10%) Find a basis S for the vector space V.
(b) (10%) Extend S to a basis for R*.

2. (20%) Prove or give a counterexample: “Let A be an # X n matrix whose reduced row echelon
form is a diagonal matrix. Then A is diagonalizable”

3. Let S ={(1,1,0),(1,2,0),(0, 1, 2)} be a subset in R>.
(a) (10%) Show that S is a basis for R®. | | |
(b) (10%) Applying the Gram-Schmidt Process to S, find an orthonormal basis for R,

4. Let T: R* > R? be a linear operator such that 7'(1,2) = (1, 2) and T(=2, 1) = (2, —1).

(a) (6%) Find the matrix representation of T with respect to the basis § = {(1,2), (-2, 1)} of
RZ

(b) (7%) Let S’ be the standard basis of R?. Find the change-of-basis matrix from S to S’.

(¢) (7%) Use part (a) and (b) to find the matrix representatlon of T with respect to the stan-
dard basis S’ of R,

5. Given the matrix

1 12 1
———
A=12 01 1
3 11 5]
(2) (10%) Find the rank of A.
(b} (10%) Evaluate the determinant of A.
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