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1. Introduction

In probability modeling involving n random variables Xy, ..., X,, it is often simpler to specify the conditional
distributions than to specify the entire joint distribution. Reproducing the associated joint distribution from the specified
conditional distributions is one of the main problems we might encounter. However, there is no guarantee that such
a joint distribution exists. We say that the specified conditional distributions are compatible if there exists a joint
distribution whose conditional distributions match the specified conditional distributions. For practical circumstances when
the compatibility problem can occur in statistical practice, one may refer to Arnold et al. [ 1] and Arnold and Press [5], among
others.

Let X = (Xi, ..., X,) be a discrete random vector and let = denote its joint pdf. Let X, (or x,) be the a-component of X
(or x), where a is a nonempty subset of {1, . . ., n}. For disjoint subsets a and b, the conditional pdf of X, at x, given X, = &y, is
denoted by 74 (X,]X5), and the pdf of X, is expressed as 7, (x,). IfaUb = {1, ..., n}, we say that g, is a full conditional pdf
of X and 74 (X,4|X5) can also be denoted by 745 (X). A full conditional model is a model that consists of only full conditional
pdfs. We say that a full conditional model is compatible whenever its members are compatible.

Given a full conditional model, say {f3 : 1 < i < k} where k > 2, @; is the complement of a;, and each fy 3, is considered
as a putative conditional pdf of X,, given Xj;, it is natural to ask the following four fundamental questions in relation with
compatibility issues: (Q1) How can we verify whether the model is compatible? (Q2) How can we check whether there is
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a unique joint distribution if the model is compatible? (Q3) How can we find all the possible joint distributions from the
given model if it is compatible? (Q4) How can we find an approximated joint distribution, with reasonable properties, to
represent the given model if it is incompatible?

The issues (Q1)-Q(3) have been studied by many researchers, such as Arnold et al. [ 1-3], Arnold and Press [5], Berti et al.
[6], Chen [7], Ip and Wang [ 12], Kuo and Wang [13], Ng [ 14], Slavkovic and Sullivant [15], Song et al. [ 16], Tian and Tan [17],
Tian et al. [18], Wang [19], Wang and Kuo [20], Yao et al. [21], and Ghosh and Nadarajah [11]. For the most part, each of
the above papers focuses on the case a; = {i} and n = k. Here, we address (Q1)-(Q3) without such restrictions. Both of
the approaches given by Arnold et al. [3] and Arnold and Press [5] are based on arrays (multi-dimensional structures) using
scalar labels. However, the computation of arrays may not be easy for users. Moreover, the complexity increases drastically
as n and k increase.

Issue (Q4) has been investigated by Arnold et al. [2], Arnold and Gokhale [4], Chen and Ip [8], Chen et al. [9] and Ghosh and
Balakrishnan [ 10]. These papers discuss the most nearly compatible joint distribution, when the given full conditional model
is incompatible, with various criteria to measure the incompatibility. Arnold and Gokhale [4] consider the Kullback-Leibler
divergence as a measure of incompatibility and then provide an iterative algorithm to find the most nearly compatible
joint distribution so that its conditional distributions have minimal Kullback-Leibler divergence to the given conditional
distributions. Arnold et al. [2] propose the concept of e-compatibility, based on either one of six different measuring criteria,
to give the most nearly compatible joint distribution. Chen et al. [9] and Chen and Ip [8] propose the approach of Gibbs
ensemble, based on Gibbs sampling, to search the most nearly compatible joint distribution. Ghosh and Balakrishnan [10]
discuss several measurements of incompatibility for determining the most nearly compatible joint distribution. These papers
discuss low-dimensional cases and do not give the explicit general results for any n and k.

To overcome the problems mentioned above, we provide a novel technique based on the Structural Ratio Matrix (SRM),
which uses the (vector) values of conditioning variable(s) in the reference conditional pdf as column labels and uses the
(vector) values of conditioning variable(s) in the non-reference conditional pdf(s) as row labels. This technique of using a
reference conditional pdf to construct a 2-dimensional SRM is critical in solving complex high-dimensional problems and is
described here for the first time. The SRM method we propose can be implemented to address the four compatibility issues
for any high-dimensional full conditional models with/without any pattern of structural zeros. This method provides not
only an efficient way to find the joint distribution(s) or an almost compatible joint distribution, but also a unified way that
even a practitioner can easily apply.

2. Structural ratio matrix

Suppose that we have a full conditional model F = {fyz, : 1 <i < k},k > 2,for X = (Xq,...,X;). We say that F is

compatible with a joint pdf 7 if 77g,)5, = fo5 foralli € {1, ..., k}. Let £2;, ¥ and ¥, denote the supports of fyz, 7 and 7,
respectively. Specifically, £2; = {x : fy,5,(%) > 0}, ¥ = {x: w(x) > 0}, and ¥, = {x, : 7,(x,) > 0}.
When F is compatible with 7, it follows that £2; = --- = §2;y = ¥; see Arnold and Press [5, p. 152]. In addition, based

on the definition of conditional pdf, we have
faoa® T (®)  mwX)/7ma(xs) e (Xg)
fa®)  Taa®) T @X) /75 (Ke) 76 (Ka)
This implies that
fuilﬁi(x) _ naj(xaj) _ naj(yaj) _ fﬂi\ﬁi(y)
folg®  ma(Xa)  maO06) S @)
for any x, y € ¥ provided that x5, = yj, (i.e., the g;-components of x and y are equal) and X5 = yg,. Thus, in addressing the
compatibility issues, we need to assume the following conditions for any given F.

(C1) £ = --- = £, which can be used to define the set ¥.
(C2) Ratios fg,g,/. faﬂaj atx € ¥ and aty € ¥ are equal whenever x and y have the same a;- and a;-components.

Vxe v

In other words, if either condition (C1) or (C2) does not hold, then I is automatically incompatible.
Given fo 5 and fy 5 in F, we define the basic SRM (BSRM), denoted by RUT = i) ) of foyja over fyg; as follows:

3 X
Pl faiia; X /foya; (%) ifx € W,
Xaj - Xg; * otherwise,

where r,l‘;{]xai is the entry with row label x; and column label x; in Rl and « refers to an undefined entry. The BSRM R/
has size |¥| x |5 | and uses the elements of ¥ and of W5 as respective row labels and column labels, where |¥5 | is the
number of elements in the set ¥5..

To construct a SRM for FF, we use one of k conditional pdfs, say f,,, as the reference conditional pdf and then build k — 1
BSRMs RU:] of fa,1a; overfaj‘aj for j # i as defined above. For convenience, we use f,, 3, as the reference conditional pdf. As all
these BSRMs have the same column size, we can construct a 2-dimensional matrix by arranging them in a cascade, as can
be seen in the following definition for SRM.
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Definition 1. Given F, the SRM of f, a, over {fo,a,, - - - » fa,13,} is defined as
R[1§2]
RIZekl —

’

R[l';k]
where R is the BSRM of fy, |3, over fy -

Notice that our SRM is structurally different from the ratio arrays given by Arnold et al. [3] and Arnold and Press [5] when
k > 2, although they are the same when n = k = 2. When k > 2, the conditional pdf ratios considered by Arnold et al. [3]
and Arnold and Press [5] are expressed in several n-dimensional arrays. However, ours are arranged in a specially designed
matrix.

We say that a SRM, say R = [r,,], has arank 1 positive extension (ROPE) matrix E = [e, ] if E has the same size as R, and
satisfies the following three conditions: (i) all entries of E are positive; (ii) eq, = 14, for all o # *; and (iii) E is of rank 1.
Note that E may not be unique when it exists.

3. Checking compatibility and identifying associated joint distribution(s)

In this section, we will show how to use SRM to check the compatibility and to find the associated joint distribution(s)
for a given F. First, we call a positive vector u = (uy, ..., u,)' a probability vector if u; + - - - + u,, = 1, and an inverted
probability vector if 1/uy + - - - + 1/uy,, = 1. Then, we give the following lemma to prove our main result, Theorem 3, which
gives a necessary and sufficient condition for checking compatibility.

Lemma 2. Suppose that RU%2--X has a ROPE matrix E. Then there exist an inverted probability vector v (with |¥5, | components)

and probability vectorsu®, ..., u® (with |¥, |, ..., | ¥, | components, respectively) such that
u®
u® |
E= A (1)
u®

Moreover, uYvT is a ROPE matrix of R,

Proof. Since E is a ROPE matrix, there exists positive vectors ¥ and #®, ..., #® such that E = @2, .. a%"TET For
convenience, we use the column and row labels of R'/! to represent the subscripts of components of ¥ and components of
uY, respectively. That is, v = (Uxg, * Xay € ¥, " and ¥ = (ﬁ,("[_l)j DXy € sl/aj)T. For x € ¥ with ;- and a;-components X3,
and X3, respectively, we have

1

fa] \1_11 (x)
7}51 .
We then obtain

)= Y W) Y S0 =) 4 fe@ = Zf—“lg"{(x)

]

Xg. €Vg. Xg. €Vg. yev xey xev Xaq
=Y =Y Vi =g
1 1
= ~ § fﬂ]\l_l] (J’) = E ~
X3, €%, vxf_ll yev X3, €Y, vxf_ll
Yay =*ay
Therefore,
~ =2 _ ~03) _ _ =~k
Vg =1y =uy =--- =1y,
where
1 ) j
D = : 70— ~(0)
Vg = E : and Vjep, g Uy = E uxaj'
X3, €%, Xa, Xaje'l’aj

Letting v = ig,v and u® = &9 /i for allj € {2, ..., k}, we conclude the proof. [
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Theorem 3. F is compatible if and only if the SRM R[%:2--* has a ROPE matrix.

Once compatibility is confirmed, one may be interested in identifying the associated joint distribution(s). Notice that
RI:2:--Kl may have many ROPE matrices. By Lemma 2, we can obtain the marginal pdf of Xz, for eachi € {1, ..., k} from the
k — 1 probability vectors u% or the inverted probability vector v associated with the chosen ROPE matrix E. Multiplying any
marginal pdf of X; with its corresponding conditional pdf f;, 3 (x) given in the model F, we then get the joint pdf associated
with E. Hence, we could have k different ways to obtain this joint pdf. The following theorem, which can be proved by

Lemma 2, provides additional formulas for finding the marginal pdfs of Xz , ..., X, directly in terms of the entries in the
chosen ROPE matrix E. Here, we write E as
E»
E=|":
Bt
where x;, € ¥, and foreachj e {2,...,k}, E; = [eyaj,xﬁ],yaj € Yg,.

Theorem 4. For the chosen ROPE matrix E, the X5, -marginal pdf can be expressed as

-1
(F1) 76, @a) = (Lyy cvp Om, )+ X € Y
yaj aj ljoay

forallj € {2, ..., k}. In addition, whatever j € {2, ..., k}, the Xaj-marginal pdf can be expressed as

-1
() — 1 _ 2

) 3 05) = (S em, ) %0

Moreover, the joint pdf based on E can be obtained from fyq, 75 for any j € {1, ..., k}.

Because (F1) holds for anyj € {2, ..., k}, (F1) can be reexpressed as

(V) 15, 3) = (k= 1) (e, )

where et is the sum of the x5, -column of E. In addition, by Lemma 2, for any row of E, say Ve, we have

-1

" _ oy — 1 1
(F17) 7Ta1(xa1) = eyaj,"ﬁ (Zlale%l eyﬁjJa]) .

From Theorem 4, we see that one ROPE matrix would generate one joint density when F is compatible. However, as
mentioned earlier, the ROPE matrix of a SRM may not be unique. In the next section, we further show that there is a one-
to-one correspondence between the set of all ROPE matrices of the SRM being used and the set of all possible joint pdfs,
i.e., different ROPE matrices will generate different joint pdfs.

4. Addressing the compatibility issues by using IBD matrix

Given a full conditional model, we have provided a ROPE matrix method for checking its compatibility and finding its
associated joint distribution(s) in the previous section. In this section, we will use the IBD (irreducible block diagonal) matrix
technique (see Song et al. [ 16]) of the associated SRM to provide a more efficient procedure for addressing the compatibility
issues. More specifically, by resorting to the IBD matrix technique, it will typically be easier to check compatibility and to
find all joint pdfs for a given conditional model.

A SRM R is said to be reducible if, after interchanging some rows and/or columns, it can be rearranged as

()

where the entries off the diagonal block matrices T and T, are all *. The matrix R is irreducible if it is not reducible. The
concepts of reducibility and irreducibility used here are somewhat different from those in matrix theory. We say that T is
an IBD matrix of R if T can be obtained by interchanging some rows and/or columns of R such that

T1 * *
T=| : =« . . : |=dagTm,...,T),

oo T T %
*  x - x| T

where the diagonal block matrices Ty, . .., T; are irreducible.
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The following lemma can be deduced from Lemma 3 and Theorem 6 of Song et al. [ 16].

Lemma 5. Let diag(Ty, ..., T;) be any IBD matrix of a SRM R. Then (i) R has a ROPE matrix if and only if each of Ty, ..., T; has
a ROPE matrix. (ii) If R has a ROPE matrix, then the ROPE matrix is unique if and only if L = 1.

With Theorem 3 and Lemma 5(i), we have the following corollary.

Corollary 6. Suppose that diag(Ty, ..., T;) is any IBD matrix of RU:2¥1, Then IF is compatible if and only ifeach of Ty, ..., T}
has a ROPE matrix.

The next theorem shows that there is a one-to-one correspondence between the set of all possible joint pdfs and the set
of all ROPE matrices of the SRM being used.

Theorem 7. Let ¢ be the set of all ROPE matrices of R'>~~K, and § be the set of all joint pdfs compatible with IF. Then there is a
one-to-one correspondence between ¢ and .

Proof. Define a mapping H : ¢ — ¥ by H(E) = =, where 7 is the joint pdf obtained by the inverted probability vector

V= (v,‘a1 i Xz, € Y5, )T, which is associated with E in Lemma 2, through the following equation

1
T[(x)=fa1|ﬁl(x)79 xev.
Vg,
We claim that H is bijective.
H is surjective: Foreachr € § wecansetE € € as Eq. (1) by lettingu? = (75, (xz) : x5 € ¥g) ', forallj € {2,....k}

andv = (1/73, (Xg,) : Xz, € lPa])T. Hence, H is surjective.
H is injective: Suppose that H(E) = H(F) = &, where

u® @
E=|: |vl and F=| : [t
u® s
We have
1 1
fa1|61 (x)i :T[(x) :faﬂa](x)io
U, l“,‘a1
This implies that v = £. By Lemma 2, we also have

Vie,...k) fa]—|aj(x)u0—) =7 (X) =faj|aj(x)5,(%-

Xg.
qj

This implies that u®? = s, We then have E = F. Therefore, H is injective. O

With Lemma 5(ii) and Theorem 7, we have the following corollary.

Corollary 8. Suppose that diag(Ty, . .., T;) is an IBD matrix of R'%2¥. Then the following statements are equivalent. (i) The
associated joint distribution is unique. (ii) The ROPE matrix of RU%>-K is unique. (iii) L = 1 and T, has a ROPE matrix.

Multiplying the given conditional pdf f;,|a, by all possible marginal pdfs of Xz,, we could obtain all possible joint pdfs for
the conditional model. Naturally comes the question: how do we find all possible marginal pdfs of Xz, ? By using the IBD
matrix technique, we give a potentially easier way to accomplish it in the next theorem.

Theorem 9. Suppose that diag(Ty, ..., T;) is an IBD matrix of R'“%+K and for all € € {1,...,L}, Ty, with size I, x J
has ROPE matrix T, = [tél)]. For each x, with a,-component Xg,, in ¥, assume that the column, labeled x3,, of RI:2.-Kl hgs
been interchanged to, say, the jth column of T,. Then, all possible joint pdfs at x can be found by either

Iy ! o1\
Fantay ®)(k = Dpg (Z r;-“> o fuya (X)% (Z w)

i=1 ij jr=1 Lij*

foranyie {1,...,1;}, wherep; > 0, ..., p, > 0are arbitrary withp; +--- +p, = 1.
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Proof. Foreach?¢ € {1,...,L},letT, = oeg,BZ for some positive vectors ¢, = (a1, . . ., ozg_,[)T and B8, = (Bet, - - - ,BM)T
Then

q10
G 'Bl,....q;'B):qe>0,1<€<L

qroy

is the set of all possible ROPE matrices of diag(Ty, . .., T;). It yields from (F1’) that

-1
) = foyja, ®) (k= 1) (ZZ amlﬁz,>

m=1 i=1

Z et I 1
= fura @) (k — 1) ————— (Z aelﬂ@>
Z Z AmOmi ' 1

m=1i=1

= fayja, (®)(k — Dp, (Z t(“)

-1

where
I L In
D¢ = (Z CIN@:‘) /(Z QmOlmi) .
i=1 —1i=1
Similarly, it yields from (F1”), for arbitraryi € {1, ..., I,}, that
-1
qe
7(X) = foya (8 —— Z Z( 1By )
lﬂ@j m=1j*=1
Je
> (g B! -1
=
= forjay @) —— {*mej }
a(lﬁ/} Z Z (qm ﬂm]*) 1 =1
m=1j*=1
Je -l -1
= faym 0 25 ol OO o)
G~ \i=1
where
Je L Jm
pe=) (q 'By)"" / D0 @y B
=1 m=1j*=1

Thus the argument is complete. O

Observe that, when applying the IBD matrix technique to address the compatibility issues, we usually only need to be
concerned with the column labels, and consequently the row labels can be omitted for convenience.

Next, we give an example of a full conditional model with n = 4 and k = 3 to briefly illustrate our method. Consider
a conditional model F = {fi234, f3/124, f24/13} as follows. Here, for simplicity, fi534 is used to denote the conditional pdf
fi1,21113,4y and analogous notations for the others.

xx | 1|2 1] 1] 21]3]3]3
X2 | 1 | 1 | 1] 222 [1]2
xs | 1 | 1| 2] 1] 11233
X | 1 | 1 | 1] 2212722
Fiasa | 1/3 [ 2/3| 1 [3/4[1/4| 1 |3/4|1/4
foza | 1/5] 1 [4/5] 1 | 1 |2/3] 1 |1/3
foans | 1/4[2/3| 1 [3/4[1/3] 1 |3/4]1/4
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The SRM of fi2/34 over {f3)124, f2413} and an associated IBD matrix are given below on the left and right, respectively.

(1, DA, 2)(2, )(2,2)3,2) (1, DA, 2)(2, N2, 2)3, 2)
(1,1,1) | 5/3 *x 5/4 =« * (1,1,1) | 5/3 *x 5/4| *
2, 1,1 2/3 x * * * 2,1,1) | 2/3 =« * * *
(1,2,2) *  3/4 % * * (1,1 4/3 1 * * *
2,2,2) *  1/4 % * * 2,1 1 3/4 =« * *
3,1,2) * * * * 3/4 (1,2,2) *  3/4 x * *
3,2,2) * * x 3/2 3/4 2,2,2) *  1/4 % * *
(1,1 4/3 1 * * * (1,2) * * 1 * *

2,1 1 3/4 % = = (3,1,2) * % % | % 3/4

(1,2) * * 1 * * 3,2,2) * * * | 3/2 3/4
3,2) * * * 1 * 3,2 * * * 1 *
3,3) * * * * 1 3,3) * * * * 1

The ROPE matrices of the two diagonal block matrices are given in the following table.

(1, D, 2)(2, N(2,2)3,2)
(1,1,1) | 5/3 5/4 5/4] = =
2. 1,1 | 2/3 1/2 1)2
1,1 | 43 1 1
2,1 1 3/4 3/4
(1,2,2) | 1 3/4 3/4
(2,2,2) | 1/3 1/4 1/4
1,2) | 43 1 1| % =

* X K ¥ *
* % K X X

3,1,2) * * * |3/2 3/4

3,2,2) * * x | 3/2 3/4
3,2 * * * 1 1/2
3,3) * * * 2 1

By Corollary 6, F is compatible. In addition, the associated joint pdfis not unique by Corollary 8. Using Theorem 9, all possible
joint pdfs can be expressed as

X1 1 2 1 1 2 3 3 3
X2 1 1 1 2 2 2 1 2
X3 1 1 2 1 1 2 3 3
X4 1 1 1 2 2 2 2 2
1234 | p1/11 | 2p1/11 | 4py/11 | 3py/11 | p1/11 | p2/3 | p2/2 | P2/6

where p; +p, = 1.

5. Almost compatible joint distributions

In practice, it is likely that a full conditional model of observed conditional pdfs is not compatible even if they are sampled
from the same joint distribution, since they may be contaminated by sampling errors. In this section, we will focus on the near
compatibility issue and provide a method to construct almost compatible joint distributions for incompatible conditional
models.

Recall that if F = {fy,5, : 1 < i < k} is a compatible model, then the corresponding SRM, by Theorem 3, has a ROPE
matrix. This ROPE matrix can be expressed, by Lemma 2, as the product of a column vector, which is composed of k — 1
probability vectors, and an inverted probability row vector. We can then construct a joint pdf by using any one of these k — 1
probability vectors or the inverted probability vector together with its corresponding conditional pdf.

Now, assume that F = {fys : 1 < i < k} is an incompatible model and the SRM in use is R = R We will find a

T T . i . . oy .
vectoru' = w?® ..., u® "), with each u® a probability vector, and an inverted probability vector v so that the following
squared quasi-Frobenius norm L is minimized:

k

L= R4 a2 =3 3 0 — up)?

b=2 (i) Ap
Here, ré-b) is the (i, j)th entry of the sub-matrix R’ of the SRM R[:2-K A, = {(i,j)lré-b) Zahu =@ . ud",
u® = (up, ..., ub,|q,ab|)T forallbe {2,...,k}andv = (v, ..., v‘%”)T.

We call any minimizer (u, v) of L as a quasi-Frobenius solution of R. Hence, we can find k approximated joint distributions
for an incompatible model via any quasi-Frobenius solution of R. Note that when the model is compatible, the above quasi-
Frobenius norm is zero and the set of vectors u®, ..., u® and v in Lemma 2 form a quasi-Frobenius solution of R.
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Since we may use any one of k conditional pdfs as the reference conditional pdf to construct a SRM, we can construct k
different SRMs. Overall, we can have k? approximated joint distributions.

Letfa[i"'g]i be the sample conditional pdf of f,, 3 with sample size n;. Then the sample conditional model

Fo={fy1 :1<i <k,

where n = (n;,...,n,), may not be compatible and its corresponding SRM matrix R, may not have a ROPE matrix.
As mentioned above, we can find k approximated joint distributions for F, via any quasi-Frobenius solution of R,. For
convenience, we use n — oo to mean that each n; — oo. Next, we shall show that each of these k approximated joint
pdfs has the consistency property, in the sense that when the sample sizes n — o0, each of the obtained approximated
joint pdfs would approach the joint pdf associated with FF, when its SRM is irreducible.

[1;2,...,

Lemma 10. If the matrix R, = Ry M is the SRM of sample conditional model F, = {fjﬁ;]l : 1 <i < k}, which is from the

compatible conditional model F = {fy5, : 1 < i < k} with sample sizesn = (n., ..., ny), then any quasi-Frobenius solution
u™ vy of R, has the following property: For each entry of R without ,

. T
lim u™v™ =Ras.,

n—oo
where R = R[:2K s the SRM for F and a.s. means almost surely.

Proof. Because [ is compatible, there exists (u*, v*) so that |R — wvs l¢7 = O. Hence,

. T T T
Ln‘f”Rn —uv ”qF =< ”Rn - u*V* ”qF =< ”Rn - R”qF + ”R - u*V* ”qF = ”Rn - R”qF-

Since (u™, v[™) is a quasi-Frobenius solution of Ry, i.e.,

. T T
Ln‘f”Rn —uv ”qF = ||[Rn — ulmylnl ||qF»

then [|Ry — u™v™" || .- < |[R, — R||r. By the previous inequality and the fact that
T T
IR — u™ V™ flgr < IR = Rallgr + IRn — u™vI™ " jigr,

we have |R — ul"ly[nl" llgg < 2[R — Ryllqe. However, as the sample sizes n tend to infinity, R, converges to R a.s., for

. . . T
each entry of R without . That is, |[R — Rullq7 — 0 a.s. whenn — oo. Therefore, limy_, » uMy" = Ras, for each entry
without x. O

Next, we give the following consistency result.
Theorem 11. Under the same notations as those in Lemma 10, we further assume that the SRM R is irreducible. Then all

approximated joint pdfs based on (u™, vI™), which is a quasi-Frobenius solution of Ry, converge to the true joint pdf associated
with IF a.s. when the sample sizes n tend to infinity.

Proof. Since R is irreducible, there is a unique ROPE matrix of R, say E. By Lemma 2, E can be expressed as

u®
u®
E= . vl = uvT,
uék)
where each probability vector u® gives the values of the marginal pdf of Xz fori e {2,...,k}, and the inverted probability

vector v gives the marginal pdf of X5, . Furthermore, by Lemma 10, we have, for each entry of E

. T
lim u™v™ =Fas.

n—oo

It follows that lim,_ . V™ = v a.s. and lim,_ o u™ = u a.s. In addition, limy, - o0 11[,7:1], (8) = f4,a (%) a.s. Hence, we can
conclude that all approximated joint pdfs based on (u™, vI™) converge to the true joint pdf associated with F a.s. when the

sample sizes n tend to infinity. This concludes the argument. O

As mentioned earlier, we can have k? approximated joint distributions for any full incompatible conditional model. A
mixture of these k? approximated joint distributions is also an approximated joint distribution. If all mixing weights are
constants, then this new approximated joint distribution would also have the consistency property. For simplicity, we take
the equal mixing weight for this mixture distribution, and call it the almost compatible joint distribution. Of course, one
may adopt other mixing weights, e.g., using the divergence measure given by Chen et al. [9] to decide the mixing weights,
to find a new approximated joint distribution.
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6. Conclusion remark

Our method is easy to implement and can address the compatible and incompatible tasks for any family of full conditional
distributions with/without any pattern of structural zeros.
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