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中 文 摘 要 ： 本研究提出一種基於 tensor product B-splines 之估計多

維度關聯結構的方式. 這種關聯結構估計具有一致性, 而且

容許在估計時加入已知的二維邊際關聯結構的資訊. 

中文關鍵詞： 關聯結構, 多維度 

英 文 摘 要 ： In this study, a nonparametric copula estimator based 

on tensor product B-splines is proposed. The proposed 

estimator allows for including information of 

bivariate marginals. The consistency of the proposed 

estimator is established. 

英文關鍵詞： copula, multivariate, tensor product B-splines 
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1 Introduction

Copula is a function that fully describes the dependence among random variables.

For a random vector X = (X1, . . . , Xd)
τ with distribution function F , the Sklar’s

Theorem (Sklar [10]; Schweizer and Sklar [9]) assures the existence of a distribution

function C on [0, 1]d such that

F (x1, . . . , xd) = C (F1(x1), . . . Fd(xd)) , (1)

where Fi is the distribution function for Xi for i = 1, . . . , d. The function C is

called the copula associated with X. (1) implies that the copula C gives the relation-

ship among the components of X when the marginals are standardized. In fact, for

the bivariate case, some common measures of dependence, such as Kendall’s tau or

Spearman’s rho, can be explicitly expressed in terms of the copula. A comprehensive

overview of copulas and their mathematical properties can be found in Nelsen [7].

Copulas can be estimated using nonparametric methods. However, in Genest,

Gerber, Goovaerts, and Laeven [3], it is pointed out that parametric copulas are pre-

ferred for certain purposes such as prediction, yet the choices for parametric copulas

are rather limited when d > 2. In order to fulfil the need of constructing of multi-

variate copulas, treelike constructions have been proposed, which allow for specifying

a distribution with given marginals. See, for example, the pair-copula construction

(PCC) demonstrated in Aas, Czado, Frigessi and Bakken [1] based on construction in

Bedford and Cooke [2]. Earlier works by Joe ([5], [6]) also involve treelike construc-

tions.

When implementing treelike constructions such as PCC, there are some problems

to be solved. Choosing the conditional set of variables, and estimating the parameters
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in the specified copulas. The parameter estimation can be challenging as the number

of parameters grow quickly with d (Hobæk Haff [4]).

In this project, a nonparametic estimator for multivariate copula density based on

tensor product B-splines is proposed, which allows for including knowledge of some

of the bivariate marginals. Tensor product B-splines are known to be flexible in mod-

elling smooth functions ([8], [11]). As a result, the consistency of the proposed copula

estimator is established. The details of the proposed estimator and the consistency

property are presented in the following sections.

2 The proposed estimator based on tensor product

B-splines

Suppose that X1, . . ., Xn are IID observations with copula density c ∈ L2([0, 1]d).

Let Wh be the space of tensor product linear B-splines with equally spaced knots,

where h = (h1, . . . , hd) and hj be the distance between two adjacent knots for the

j-th dimension for j = 1, . . ., d. Let B1, . . ., Bk denote the tensor product B-spline

basis functions for Wh. Then, we consider approximating c using

α1B1 + · · ·+ αkBk = αTB,

where α = (α1, . . . , αk)T and B = (B1, . . . , Bk)T . The coefficient vector α will be

estimated using a generalized method of moments approach with constraints that

guarantee that αTB is a copula density allowing for a penalty term that penalizes

the L2 distance between the bivariate marginals of c and the bivariate marginals of

αTB, if the bivariate marginals of c are known. To describe the estimator for α, we

introduce some notations. Let

P =


∫
[0,1]d

B1(u)B1(u)du · · ·
∫
[0,1]d

B1(u)Bk(u)du
...

. . .
...∫

[0,1]d
Bk(u)B1(u)du · · ·

∫
[0,1]d

Bk(u)Bk(u)du

 ,

and

M =
(∫

[0,1]d
c(u)B1(u)du, . . . ,

∫
[0,1]d

c(u)Bk(u)du
)T
.

Define Hij : L2([0, 1]d)→ L2([0, 1]2) to be the linear mapping such that

(Hijf)(xi, xj) =

∫ 1

0

· · ·
∫ 1

0

f(x1, . . . , xd)dx1 · · · dxi−1dxi+1 · · · dxj−1dxj+1 · · · dxd,
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and

Pen(c, α) =
∑

1≤i<j≤d

∫ 1

0

∫ 1

0

∣∣∣(Hijc)(ui, uj)− (Hij

k∑
t=1

αtBt)(ui, uj)
∣∣∣2duiduj .

When we have information of the bivariate marginals Hijc: 1 ≤ i < j ≤ d, Pen(c, α)

measures the deviation of the estimated bivariate marginals from the true known

marginals Hijcs.

Suppose that the i-th observation Xi = (Xi,1, . . . , X,d). Let F̂j be the empirical

CDF based on X1,j , . . ., Xn,j . That is,

F̂j(x) =
1

n

n∑
i=1

I(Xi,j ≤ x),

where I(Xi,j ≤ x) is the indicator function that is 1 when Xi,j ≤ x and is 0 otherwise.

Let

M̂i =
1

n

n∑
j=1

Bi
(
F̂1(Xj1), . . . , F̂d(Xjd)

)
be a moment estimator for Mi. The estimator for α is the minimizer of

(Pα− M̂)T (Pα− M̂) + λPen(c, α)

under the constraints that αTB is nonnegative and the marginals of αTB are uniform

density on [0, 1]. Since αTB is in the space of tensor product of linear B-splines and the

marginals of αTB are linear B-splines, the constraints of nonnegativity and uniform

marginals is equalivalent to that αTB is nonnegative at points in {(u1, . . . , ud) : uj ∈

Sj} and the j-th marginal is equal to 1 on Sj for 1 ≤ j ≤ d. Thus the above

constrained minimization problem can be solved using quadratic programming.

3 Consistency of the proposed estimator

Let α̂ be the estimator of α mentioned in Section 2. In this section, we will show that

α̂ is consistent under proper conditions.

We first establish an upper bound for the error ‖α̂TB − c‖2. Suppose that there

exists α∗ such that

‖(α∗)TB − c‖ ≤ ∆1

and α∗ satisfies the restrictions that make (α∗)TB a copula density. From the con-

struction of α̂, we have

(Pα̂− M̂)T (Pα̂− M̂) + λPen(c, α̂)

≤ (Pα∗ − M̂)T (Pα∗ − M̂) + λPen(c, α∗).
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Let

I0 = (Pα̂− M̂)T (Pα̂− M̂) + λPen(c, α̂)

−[(Pα∗ − M̂)T (Pα∗ − M̂) + λPen(c, α∗)]

−[(Pα̂−M)T (Pα̂−M) + λPen(c, α̂)]

+(Pα∗ −M)T (Pα∗ −M) + λPen(c, α∗),

then

(Pα̂−M)T (Pα̂−M) + λPen(c, α̂)

≤ (Pα∗ −M)T (Pα∗ −M) + λPen(c, α∗) + |I0|.

Therefore,

min(eigen(P ))2(α̂− α∗)T (α̂− α∗)

≤ (α̂− α∗)TPTP (α̂− α∗)

≤ 2(Pα̂−M)T (Pα̂−M) + 2(Pα∗ −M)T (Pα∗ −M)

≤ 4(Pα∗ −M)T (Pα∗ −M) + 2λPen(c, α∗) + 2|I0|

≤ (4 + λ(d2 − d))∆2
1 + 2|I0|,

where eigen(P ) is the vector of eigen values of P . As a result, we have

‖α̂TB − c‖2 ≤ 2‖(α̂− α∗)TB‖2 + 2‖(α∗)TB − c‖2

≤ 2(α̂− α∗)TP (α̂− α∗) + 2∆2
1

≤ 2
(
(4 + λ(d2 − d))∆2

1 + 2|I0|
)
/min(eigen(P ))2 + 2∆2

1.

Let δM = (M̂ −M)T (M̂ −M), then |I0| can be controlled using Lemmas 1 and 2:

Lemma 1

|I0| = O(1)(δM/κ
∗
1)1/2

(
1 + δ

1/2
M

)
,

where κ∗1 is the smallest eigenvalue of PTP .

Lemma 2 For t = 1, . . ., k, M̂t =
1

n

n∑
i=1

Bt
(
F̂1(Xi,1), . . . , F̂d(Xi,d)

)
. Let h∗ =

min(h1, . . . , hd). Then E

(
k∑
t=1

|M̂t −Mt|2
)

= O

(
k

n

)(
1 +

(
d

h∗

)2
)

.

The control of ∆1 is based on Theorem 1.
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Theorem 1 Suppose that Wh ∩ {f : Af = η} 6= ∅. Let V denote the set {f ∈

L2([0, 1]d) : f ≥ 0} and V (0) be the interior of V . Suppose that g ∈ {f ∈ V (0) : Af =

η} and ε is a positive number such that B(g, ε)
def
= {f ∈ L2([0, 1]d) : ‖f − g‖ < ε} ⊂

V (0) and

2d‖ḡw − g‖ <
ε

2

for some ḡw ∈ Wh. Then for f ∈ V ∩ {f ∈ L2([0, 1]d) : Af = η} and f̄w ∈ Wh, there

exists fw ∈ V ∩ {f ∈Wh : Af = η} such that

‖fw − f‖ ≤ 2d
(

1 +
2

ε
(‖f‖+ ‖g‖+ ε)

)
‖f̄w − f‖.

From the approximation property of tensor product B-splines ([8]), if each compo-

nent of h is small enough, then there exists some f̄w ∈Wh such that ‖f̄w−c‖ is small.

From Theorem 1, there exists some fw in the constrained space such that ‖fw − c‖

is small and ∆1 can be made small. From the above discussion, if the components

of h tend to 0 at slow rate so that k grows at a rate that is much less than n, then

‖α̂TB − c‖2 is op(1) and the proposed estimator is consistent.
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