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Abstract

In model construction, variable selection is a very important issue.
Typical variable selection tools include

forward selection, backward selection and stepwise selection. In 1996,
Tibshirani proposed a method called LASSO (Least Absolute Shrinkage
and Selection Operator), which can be used for variable selection via

coefficient shrinkage.

In this thesis, a general version of LASSO is proposed to improve the
variable selection ability of LASSO. The proposed method is obtained by
modifiying the constraints of LASSO. For both LASSO and the proposed
method, the constraints depends on a shrinkage parameter that needs to
be specified. In this thesis, the shrinkage parameter is selected using
Bayesian information criterion. When the optimal parameter is found, the
proposed method outperforms LASSO in variable selection. However,

the search of the optimal parameter can be computationally intensive.

Keywords: variable selection, least absolute shrinkage and selection
operator, Bayesian information criterion
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AR — AR R > EHBFRUALABEIREHF S > WwTRREKY
TR P IERA A GREZAMPT M8 > Pl f  SRBEIEPE
A RRATERFERARNETR > REAEBRREURBINLER - mAR
AR B R ERCT R F ERGRE o fldoaRMEEE T » o RAER F
A& S &R EH o FRIFEREN > Emig KA RAT KR
HERRKGERE o
— AR By N 3 Se 0 1R G BTy ik B &) AT 1 B (forward Selection) ~ %) £ M
M (backward elimination)i% #% 1 § (stepwise regression) * i& =48 £ &4 &
AR & PIAB B8 B R E 0 E R 1 258 A E IR (forward Selection)ﬂ:r‘ff
FORIE P48 o A A2 42 7 @) 42 M T (backward elimination) & 4§ BT A 89 8
RARETAL > FARYE FIAE — 3 5 M ik > % 8 8 (stepwise regression)%
BEAMAELF > LXANFETIEGFE I AR > RZEmA
MG RENRELSHEME > BARATAGRE AR > 7
—HEAMEE R T EE %%P&fﬂl(subset selection) » X A& 4F £ E B (feature
selection) » £ — M B2 H 695 % » R THRAGFRTEST » &b
AT EESBAR Y mA > LRLERRS RME REARGELH
RADEORETES AW AT ARGBARGAR REF I
(residual sum of squares * RSS) ~ # ¥ & R? (adjusted R?) ~ Mallow™ s Cp
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LASSO (least absolute shrinkage and selection operator ; i #LASSO)
RS R A R R G B % BT EE I (subset selection)$2
#1857 (ridge regression) 8915 B > $E 5 & AR B GE BOARPTRE 9 5
BAE T MBERDBFARKAFE > BEhS g LRH X AR EZRGMHRE
BREGEVE > T A B g BCERAGR o
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& HOR 4T BB S ALASSOM R B A X AT A A0 B LAk stsm > A
5% (ridge regression) & — B KRG 7 ik 0 AT ANBHKEEHF Tk -
R R
Yi = $?5+€i,i =1,...n

R (21, )T Bp EARAE S B R AR » g BB BBk R

41__0/&\

B = (Br, Basoes Bp)TNIBIE = 5= 87, 4 = (w1, y2, o ) RV A ER 89 5 46 5
LR MUAT BAZ R M AT E

FBY =50y = X8ty - XB) +X 1813 (2.)

(2.1) e AR F A8 B 9T S RA R R - B A GHEAEHE S0 > KA1
BEATROIEIN T TR EHK - 3 5*%\1@ ﬁ’?(rldge regression) At R 4g 4
BAEE O ERAT TR ERAED RERERE > HLE A ERE R
2.

B T R85 AT & FCE B > Tibshirani[4)4£ 19965 1% i 5k -1 8 $H 18 B 45 3k

Vo3

#EH (least absolute shrinkage and selection operator s i ##LASSO)
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4B BLASSOM B A3t - Bl

~

B = argmin (y—XB)"(y — XP), (2:2)
H
S = {ﬁi 1Bl =161 < t}, (2.3)
j=1

t > 0ATHAESLE - A EpRME AT AR A = KA B (quadratic
programming ) 7 & 4F 2| ([4]).

LB BRIT T FREF by = ||Boll. Et > toBHE I > BI(2.3) 89 TRA K
BAAVER » LASSO# A& %750y, B8 I » BT LB 3 014 SOk 4 B B
0 > i f i BRI A AR o

AT HANBHEEEFRLASSOS K2 o« £QDNFEFTF > T A
A2 R RO RFANN(2.2) 8 7k o A2 (2.3) IR A X E A&

S = {ﬁ: 18113 = >_18;1* < t},

=1
A MLASSOR KW AR ARB KX > RUKXBELHORBERE o
TE21Z38p = 28F » F@HFFLASSON 8 R4 X B o F &5 IR 4] X
BA|Bl3 < t> LASSO & IRHF KX BBl < t> dAREERHKXE =K
K FPABR ZREH i » MLASSOMRA XA — %X > BIBH ZH%K
oo AR BRI KR - B8 IR X AT &4 6 @ AT KA LASSOMR |
KAT @2t @A » T ARBILASSOR 46 % A9 A RAE T Rt 857 o

#Osborne[3] 89 L& & F » A ALASSOZE B & # oy 7 ik » Ak ™
B (regression splines) P 47 & B B (knot selection), 4% i 5 —HELASSO %
F % » R EF~Tibshirani[4] BT 4% 7 89 =% 5,8 69 f# % o
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o - o -
= O = O
o o
! ! 1 ] I 1 I 1
2 1 0 1 2 -2 1 0 1 2
X X

Figure 2.1: #®§F 2 LASSO tuk = & H
Osborne[3]# (2.2)~(2.3) 18 X F & & i & ML
5= XB)"ly ~ XB) + Al
AR &4 AL % (convex programming method)Z ik £ X 69 B » K344
0=—XTr*+ (2.4)

EFr=rB) =y— X8> 08B0 = (vy,...,0,)7 WAEAFRH:ZE B; >
08, =1, B; < 0Blo; = —1, B; =08l -1 <o, <1. LR HEHE A
PFE kv > WRAF K EAFREFIERASHESLTOR -

Tibshirani[4] & 4 3t 55 # $2Osborne[3] PT & 31 5~ & 69 77 Bk K89 7 Bl &
AMHABAER > S BRZRBEUARTRE X » B4 A = kAE (quadratic
programming) 7 ik EFL5EK 0 B E S BATA R AE - PTALEELT
R KR FEIE S Y %‘iﬁ&ﬁ%ﬁ%ﬁﬁﬁbbﬁﬁ v BT AR #
R Tibshirani[4] BT 4% /i &9 % s FERARRA Xyt as » A
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5



EELASSOT R REAH A EREH > BRFTEAF A LB > £
M AGE) AR LR H 0 B E H A S R 0 Bl e BB
RKAKRABE > LR ERFORAT AL B REEINZHE
AM AR AER S ELREGHE > LASSOZ R EHAKE—BEH > B
TALAT A FTLASSO S AL #1531 69 A5 #E HiE IR & £ 89 ¥ H > Zou and
Hastie[7] 420055 42 th — & %7 89 7 % elastic net » b7 %L &E & T K86
MLASSOZ &% ©

VAT A~#elastic net 7 ik o & & B T BN Fo )y #(2.1) 2K R,

L 20, B) = 3y~ XB) = X6) + Mllgl + Mgl (25)

i &M (2.5)4F 3]

B = argmﬂinL()\l,)\g,ﬁ)
fa = Ay/(M + Xo) RAE(2.5) B B2 E AR,

~

ﬂ:a%ggiw—X@Wy—Xm (2.6)

S={B:(1—a)|Bll+allBl} < t}, (2.7)
# (2.7) 4 Belastic net@ IRHF X o Fa = 18 » elastic net¥ & — K8 K2
8o %0 < a < 1BF s elastic netE A F E 8 HLASSOM HF K o Fa
0B » elastic net % & —#& 49 LASSO.

A£2006%F * Yuan and Lin[6] #& & 7 —FELASSO#) 2 4h 7 % group LASSO »
T RTHHGRE AN G RBORE -

Bl 2 do 4 F K 5 Bade P A S Baby B A — B A SR A R A
£ Osborne [3]3% 2| AT £ 77 1 89 7 75 B AIC ~ BICVARFPE » # v ig & A A
RS Ht o

T2 R fTEARREREE L E—Fw o
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A PR E—AEF RA—KLASSOR i » # Bk ALASSOZ ik » A=
T4 B LASSO R AR B Lk 1ML (2.2)89 f(B):

£(8) = 3= XB)(y ~ X5),
3P 3% R (2.3) 8 PR A X,
9(B) =t = [IBlh = 0.
Fe ZLASSO 7 i (2.3) Al &, 2k,
t— Q1B+ BN =0,k =1,....p.
J#k
Blde & B = (B, B, B, Ba, Bs) B, LASSOMRAH] X 5
t — Bl =182l — |Bs| — |Bal = |B5] = 0,
M\ = 2,k ZLASSO# [ H] X &
t —2[B1] — |Bal — B3] — [Bal — |85 = 0,

t = |61 = 2|B2] — 5] = [Bal = 1551 = 0,
t = |81 — |82 = 2|8s] = [Ba] — 1551 = 0,
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t— 161 = |Ba] — B3] —2|B4| —|B5] >0,
t =Bl = B2 = [Bs] = |Bal —2|B5] = 0,

A B Hp=2.\ = 181\ = 25 %] » F\ = 18 » B —AKLASSOR 4
Ko FN =205 0 KK KRLASSOMR A X » LASSO# & RLASSO R 4] X B
B4 T B3.157 & > LASSOMR 4| X 89 B 2k RLASSOMR H X 89 B 7
# 0 J& RALASSOMR A X 89 B 48 HLASSOR € et M 45 » 2 48 8 A 3K
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Figure 3.1: %% g(8) =t — (S |B5] + AIBk]) = 0,k =1,289 7 & B

ek —F LRI P TH 4 > LASSORBRA RAES K » — L B
A1 o1 7542 4% Osborne[3]) P AT # h 89 7 % » % 9 — 42 & Tibshirani[4] AT 4%
A8 =X R3] (quadratic programming) 7 & ° /& & RLASSO K ## 89 B
1% » 4% B 28 00sborne[3] T AT 42 89 77 ik » Bl K AR AR 09 54 B A 0k
P 2 6 IRA] X, > B b 5 Tibshirani[4] AT 4% A 89 =X #. 3] (quadratic
programming) 7 % K&k ALASSOAF » 2 48 5 3k 46 31 69 5~ s R IR 4
X o



12 ILASSO & & RLASSO# Bf 1% » TRt H FERGEH - AT S
#8542 AIC(Akaike information criterion) $2BIC (bayesian information cri-
terion) MAZ A A VAT ] ENBAICHEBICE & © AICE &1 Akaike[2] 7419745
it h ey > R —AEFFE—ERUGLTEEROGERZEA > £ HR
TEy XA

AIC = 2k —21n(L),
L P EASRMEE - LA RE - EREGEFRAT - 5 R 2R L
Faomk o AAKE
RSS

AIC = 2k + nln(—2),
n

a2

EPLASEBER > nBikABE  RSSAERAEF 7 A o BAUIMG I RE
ZAEKGBERARFEE » KAXE » B —EERGAICH | » ZFENEE
RRADGEBET » A RIFGMFES o
BICA& @1 Schwarz [5]7~1978F FT 4= h K 89 » T 5 —AFERE X EHE R
by & 7 A AR A AL 2 8K (likelihood function)Z F K R AR » £ —4& 69
BT NN E
BIC = =2In(L) + kIn(n),

L Fk %7:Q§iﬂ§]§i s LEMAMARE EHMEERAT » XA EZREE LF

e AKX B
RSS
n

BIC = nln( )+ kln(n),

L LB S BEE o nBRABE > RSSAHRE T 747 o RIFAICRBICH
A R 2ty B 4% 0 ) A sk F 7 ik (least squares method) R 4% 3+ 4
BBy, ..., B,) » ASHE

lmaz = MAX Z |5J| + )‘|5k|) (31)

1<k<p



B F HER0~t 0, T 92 R205F 9 (11, 1o, ..., tag) A& K DAIC(RBIC) 89
AT » B AR b AT R & BAR B VAR H e éﬁt(éﬁﬂ"FtAIcﬁSLtB,c)jg
BRI R 25 R AL AICEBICH 8908 KK £ & 0 £ty b, o)
i RA KB RAICHBICE B RN R - B E B —F 5 > R0 an
F 0 ARAEILBICE B AZ o
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HwE BREEHIN

AFENBREBERZFRAA - LA ARE M T #sct.seceddd & >
100K » H Fseed 121100 » % Ho M8 B A5 HH 2 A1000 > 1% A & 7
7 K (42 1) 5 #% (Cholesky decomposition)2 2 & A% # 4 S 69 48 B 14
B0.25 0 AR AEAF — B LE ARG F Fy > L F 3% Yluniform(-
5.5)F & AH—WFRY:

B = (—1.073693, 0.000000, 0.000000 ,0.000000, 0.000000)"

A1 B & 1T 7 ik (least squares method) K A8 3T 5 $ AR5 » AARYE(3.1)3F
Flinas > &R B0~ 0n THER20F 2 (11, by, ..., tog) FF 5189 1 /] 3] Kide
T

(0.1081288,0.2162576, 0.3243864, 0.4325152, 0.5406439,

0.6487727,0.7569015, 0.8650303, 0.9731591, 1.0812879, 1.1894167,

1.2975455,1.4056743, 1.5138030, 1.6219318, 1.7300606, 1.8381894,

1.9463182,2.0544470, 2.1625758)

HERAIBA2RF > FAIC(ABIC)RIE A FHRT » LA b7 EMTA
B G BAREI > AR EEREER > LR ERGE T ERMEER

LER o PTAR R FE ik ME KRB AR EREHR - AA R
AT AT R BICAA (et ar0) » #O~t 02 BSE T > F 4100018 4 S-uniform
o By fE AR B X8 B (bayesian information criterion ; & #BIC)
FHWFRABICHE AT » mAEEREH > HATHE LA 5 REE
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RERZAFEERL > BIMFIE > Z R F 2] > DB KB 4 ) >
Wt th tarcd F 0 B F&R10018F Euniform & » F| A BICH % & 2| 4k &
B B o

REIFREERGHEE > AR — LR FPEERERGHAR - &
SR A £ (false discovery rate ;M #FDR) » & ¥ & ©19955F Benjamini #»
Hochberg [1]#2 i o ABERZ T » ZREELE BRI RE > VARR
FAERIE R R SRR A R B A

vV
R V+S

APS=R-V. #%3%  VEZENER T TAZME LB SAEE
LA EF ZAE L EE o e RFDRAK » & 7 32 I 69 & SR EHE - A
LR R A7) 3 gk —ARLASSOME 3tk 2 5 R LASSOfE 3t A MAFDR 69 14
AR o

R AA3 & Rg(B) =t — ||BllL > 0B9IFAT » BE100K » R
ﬂ%éi%%&%ﬁw@’?%~@%%%ﬁm@’§§@@%%%
A12M8 > 5 R = AERGAME > A3 G EAA ZRGA16M8 > ™ £
iﬂﬁ):t—-j¢H@L+MmJ>()k:]w,MﬁhJFF s BII00K » B
KB RAEMHEZIGAHITE » %E— AL KGFAE » %EREE Y
A28 2 E =G RGFIE > 2PERAA ERGHI6ME - KERR
HoREKERLNERLEEZAMBBREG RO AR AHRAERRA
B0 PSSR RE A R BOSH T EEEI HAR -

RFRBERE N =189FRT » EAI6RBEREZAIREEHK
BEN=20FRT » AHISREBREZIAXBREFH > MA=28\=1%7
BI2RVARFI2R » R AFIE MR R LI R 3 hod3ddh o

FE R 12K AR T M A MBI B5 (0,0, —1.282145,0,0)7, % =18 4 S 14 #
B-1.282145, 3 € % B4 H A0,

FDR = —
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ARYE R44¥45 REERYBICHEF I > AN = 189HFERT » A

FALASSOME 31 7% B 48 & S b9 A R 145 » st B R a9 RE # k% R A >
12T HEN=20H AT » F|ALASSOR 22 A AKX NRESHE) A

B0 G AT EER o

PEATE AR B R T A e 0 EI00RBEEET T >N = 189FRT » £
AI6REB S EA X BRE LR > EXN=200HNT » AAHISKBE LA
R EEE o WHERENRFAT » BRAREERGARLE R ZRE AR
WA —%F *““%itéﬁﬂhﬁ'ifi%“%‘[ﬁ@‘ BERESHOAR > AT R
RGBSR HOBEBR > BHBKF AN FHEB B~ 8K
Btarc — 01~t 410 » B F FK10018 4F Suniform % & > #] ABICH % & 3] &
fEIGE R o

At TBICAF] At 410 PTHRAFFIBIC » Bl G K t9 E 4 > B R

BltfEIEH R > VIR EH TR EE R G RAMBRE R FEF D BT
WA FHRE K tae — 01~ta;cE F > A F 410018 5 Suniform 2 & » F|
RBIC7 k.5 ffs ERFE R o

W kA6 B

9By =t—= 1Bl =0

BB LT o BIR100K » AR B A EAEERAI0ME 0 5% —E%
AH2ME » % ERMERGA 1418 > 5 EAE B HIME > A3 GFRATA E
B A 18 > mledsE
g(B) =t—=> 18| +2|Bk] > 0,k =1,..,5
#k
BT o EB100K - LK E| XA EAE ‘B?Hxééﬁmﬂa v SRR
FA3ME > L ERMBGERGAIME > 5 E LB HAME > ARG RATA &
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t AIC EREH
0.1081288 | 89.03190 45
0.2162576 | 45.67945 245
0.3243864 | 80.74523 3
0.4325152 | 66.32058 34
0.5406439 | 32.15956 23
0.6487727 | 14.50262 2345
0.7569015 | 14.50262 2345
0.8650303 | 14.50262 2345
0.9731591 | 14.50262 2345
1.0812879 | -4572.92462 124
1.1894167 | -4571.57988 | 1234 5
1.2975455 | -4571.57988 | 123 4 5
1.4056743 | -4571.57988 | 1234 5
1.5138030 | -4571.57988 | 12345
1.6219318 | -4571.57988 | 12345
1.7300606 | -4571.57988 | 12345
1.8381894 | -4571.57988 | 12345
1.9463182 | -4571.57988 | 12345
2.0544470 | -4571.57988 | 12345
2.1625758 | -4571.57988 | 12345

Table 4.1: 20f8tZ T » ATCiE IR g F oy 3R
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t BIC S
0.1081288 | 98.84741 45
0.2162576 | 60.40272 245
0.3243864 | 85.65299 3
0.4325152 | 76.13609 34
0.5406439 | 41.97507 23
0.6487727 | 34.13364 2345
0.7569015 |  34.13364 2345
0.8650303 | 34.13364 2345
0.9731591 | 34.13364 2345
1.0812879 | -4558.20135 | 124
1.1894167 | -4547.04110 | 12345
1.2975455 | -4547.04110 | 12345
1.4056743 | -4547.04110 | 12345
1.5138030 | -4547.04110 | 12345
1.6219318 | -4547.04110 | 12345
1.7300606 | -4547.04110 | 12345
1.8381894 | -4547.04110 | 12345
1.9463182 | -4547.04110 | 12345
2.0544470 | -4547.04110 | 12345
2.1625758 | -4547.04110 | 12345

Table 4.2: 20f8tZ.TF » BICE R E 9 30R
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BB E | 00506667 ]0.75 0.8

A=1 27 | 41 12 4 16

A=2 15 | 32 29 6 18

Table 4.3: \ = 182\ = 2894432 5530, R bk

t BIC
A =11 1.284531 | -4596.549
A =2|5.166944 | -4574.735

Table 4.4: BI2RBZEEET » \ = 182\ = 26944 F=BIC bk

Baic EEP L o 53
A=1 (6.448665 X 10_4, 0.0000, —1.28453, 1.246843 x 10_20, —3.423758 x 10_19) 13
A=2 (0.003952887, 0.002569006, —1.283206083, —0.004866681, —0.0005671146) 12345

Table 4.5: H 12K T » )\ = 1) = 269 SA= B B4 Sk

BERAERE | 0 10506667 0.75 | 0.8
A=1 30 | 52 14 3 1
A =2 21 | 43 32 4 0

Table 4.6: KB F FET » N\ = 14\ = 2095532 530 R LK
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RFE R T HPTIFEN BRI G BRA £ IFH P AT T A
WY Bk — PR

ARG 5 R > B R 09I B 7 ik Al B M A KB A B SOl
MMBEHR LRSEFEFRGBEGRBREELR » HATHRE > &7
M F 7R B H 2B R B R TR SR A RSO ERE
EROCANIRIDFFACLHEFZERGEH N\ = 1HEAN=2"A=1FF
R FH—FERERREF A& I00RBEGERG T » HRERFFAR
byt UAT AN = 2.
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