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 The collapsing scenario of Easter Island has been analyzed by Brander and Taylor (1998) as a
predator–preymodel in aMalthusianworld, inwhich the household is only concernedwith its in-
stantaneous utility. This paper develops an endogenous growthmodel with a renewable resource
and analyzes the possibly non-sustainable growth as a steady state, in spite of the household being
deeply concernedwith all its future lifetimeutility. Our analysis shows that the ignorance of future
lifetimes in present decision-making is indeed crucial to economic non-sustainability. We then
examine whether a deforestation tax set by the government could have reduced the resource
exploration rate and thereby held back the economic collapse. We also demonstrate using
phase-diagrams how such a tax can switch the economic dynamics from non-sustainability to
sustainability.
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1. Introduction

In history, many human societies have either collapsed or vanished; examples include theMaya cities in Central America, Angkor
Wat in Asia and Easter Island in the Pacific Ocean, all of which have left behind monumental ruins. The scales of such ruins testify to
the wealth and power of the dwellers in these societies. The story of Easter Island as described by Brander and Taylor (1998) and
Diamond (2005) is perhaps the most vivid example, and we shall only briefly describe it as we introduce the motivation underlying
our modeling.
1.1. The Brander & Taylor model of Easter Island

Easter Island is a small Pacific island covering an area of 66 square miles. The nearest land is 2300 miles away on the coast of Chile.
The most visible evidence of a previous culture on Easter Island is its giant stone statues and the stone platforms on which they are
placed. Since the carving, transportation, and erection of such statues would have required tremendous labor input and a lot of
trees (to roll and move the statues), it is suggested that Easter Island would have been a complex populous society living in an
environment rich enough so that meeting subsistence requirements would have been relatively easy, leaving ample time to devote
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to other activities. However, the populationwas estimated to be only about 3000when encountered by European visitors in 1722, and
the island had been found to be treeless. The question is: why would a once mighty society with an abundance of forests end up
collapsing?

Brander and Taylor (1998) were the first to propose a formal model explaining the process of such a collapse. They set up a
predator–prey model with man as the predator and the forest as the prey, and analyzed the population-resource dynamics under
different parametric specifications. The Easter Island story is a typical example of non-sustainable growth, and the model of Brander
and Taylor is a classic one with Malthusian population checks. The purpose of this paper is to propose a variant model that is more
compatible with the sustainability problem we face today. We explain the detailed differences below.

1.2. Special features of our model

The first featurewe embody in ourmodel is the role of future lifetimes. As pointed out in the Brundtland Report (WCED, 1987), Ekin
(1994) and Chichilnisky, Heal, and Vercelli (1998), the concern for the well-being of future lifetimes, particularly in so far as this is
affected by their access to natural resources and environmental goods, is the key to the discussion of sustainability. In the typical
Malthusian model à la Brander and Taylor (1998) and the literature that follows, agents are often assumed to have a temporal utility
of their own consumption, and they do not care about their future lifetimes. This setting of short-sighted agents will arguably more
easily lead to the possible collapse of the economy, because sustainability by definition refers to the perpetuation of economic
activities for all infinite future time. As such, the more intriguing case, as in the discussion in most of the contemporary literature
on economic sustainability, is to assume that agents are deeply concerned with all their future time.

The problemof non-sustainability in this short-sighted agent context ismore interesting because onehas to explainwhy the short-
sighted decisionmay not be enough to prevent the disaster that will befall their future lifetimes. Put differently, asMartinez-Alier and
O'Connor (1999) pointed out, in the discussion on sustainability, the ignorance of future lifetimes may be the cause of the economic
collapse. We believe that meaningful economic policies can be proposed only when we explicitly embody the conflicts between a
single time period and all lifetimes in our model.

The second feature we consider modifying in ourmodel is the definition of sustainability. The definition of collapse in Brander and
Taylor (1998) is related to the reduction in population size and the depletion of forest resources. The typical definition in themodern
sustainability literature often refers to the constraint whereby the instantaneous utility should not compromise the utility of future
lifetimes; see, e.g., Chichilnisky (1996), Pearce (1998), and Chichilnisky et al. (1998). If we are to consider the conflict between the
single period and all future lifetimes, we should explicitly include the role of physical capital in our model since physical capital
reflects a tradeoff of natural resources between preservation and utilization. However, physical capital accumulation is typically not
included in a Malthusian model of population dynamics (Chu, 1998).

The third feature we would like to study in our model is related to several fundamental questions concerning the dynamics of an
unsustainable equilibrium. Suppose agents have perfect foresight and are deeply concernedwith all their future lifetimes. Then, at each
time point t, we can calculate the discounted present value of their future utility. Let this present value be vt. Following our discussion
of the second feature above, a non-sustainable state suggests a decreasingpattern of vtwith respect to t. Growth theory should provide
answers to the following four questions: 1)Will this vt converge to a collapsing statewhen t goes to infinity? 2) If it does converge to a
collapsing state v, whywould the agents choose an optimal consumption and saving path that converges to this non-sustainable state?
3)What rectification policy can the government adopt to prevent this from happening? 4) Along the lines of Laitner (1990), what is
the phase-diagram if a policy changes a steady state from a non-sustainable state to a sustainable one?

Aswe suggested in the second and third features above, a path of economic growthmay be unsustainablewhen the agents choose
a very high resource depletion rate. We want to analyze when this is more likely to happen andwhether this laissez faire state can be
suppressed by a government policy. When we analyze this problem, what we have in mind is actually an endogenous growthmodel,
which is typically different from the growthmodels that were used to study theMalthusian scenario for Easter Island. In aMalthusian
model, the steady-state growth rate is zero and thus this structure can only deal with the level change in economic variables.
Nevertheless, our endogenous growth model exhibits a non-zero steady-state growth rate in which agents' behavior is based on
their optimal choice. In view of this, we can present the rate change of economic variables. We believe that this endogenous growth
setup is a framework that is more consistent with the sustainability problem that we face today.

1.3. Previous literature

Several papers have tried to modify the Brander and Taylor (1998) paper along different directions. Reuveny and Decker (2000)
incorporate the possibility of technological progress and population management into the Brander and Taylor model, and show
that the fate of collapse might have been averted. However, this paper does not have physical capital accumulation, neither are
there present agents' concerns of all their future lifetimes. Dalton, Coats, and Asrabadi (2005) assume that the agents' use of resources
may be slower when they foresee resource depletion as a future trend. They show that when this institutional mechanism is added to
the Brander–Taylor model, the feast-and-famine cycle in Easter Island may be dampened.

Erickson and Gowdy (2000) consider the accumulation of some kind of physical capital other than natural resources, and allow for
their substitutability in production. However, their model still does not have endogenous growth. Finally, Pezzey and Anderies (2003)
add a constraint to the minimum subsistence level of resource consumption and some institutional adaptations. They analyze the
changes in equilibrium and overshoot in response to such adaptations. Again, they do not address the features we mentioned in
the previous subsection.
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In the context of growth theory, we should first ponder how the story of sustainability can be modeled in an endogenous growth
framework. Conceptually, environmental quality canbe regarded as a renewable resource, and the environmental pollution generated
by economic activity plays the role of harvesting such resources (Aghion & Howitt, 1988). Indeed, when faced with environmental
degradation, various policy instruments set by the government, such as green taxes, subsidies, and direct regulation, may be considered
to be able to remedy it. The conventional wisdom argues that environmental policy hurts capital accumulation and economic growth
through crowding out private expenditure (Huang & Cai, 1994 and Ligthart & van der Ploeg, 1994). The reason for this is that the public
expends more resources to maintain environmental quality, leaving fewer resources to be used on productive activities, and hence
deterring the balanced growth rate. Contrary to the preceding viewpoint, recent studies propose that environmental policies may
have a favorable effect on economic growth via production channels.1 For instance, an influential paper by Bovenberg and Smulders
(1995) argues that the quality of the environment not only governs consumers' preferences, but also plays a role in production.2 In
their paper, an ambitious environmental policy may stimulate economic growth by assuming that environmental quality is beneficial
to input productivity. A common feature of these studies is that they confine their models to a state of sustainable positive economic
growth, thereby avoiding the issue of economic collapse.

1.4. Layout of this paper

With the story of Easter Island inmind, in this paperwe construct an endogenous growthmodelwith a renewable resource (a forest),
and consider the equilibrium dynamics in response to government policies. We first demonstrate the existence of a steady state with
decreasing utility value, whichwe define as a non-sustainable growth pattern, corresponding to the case of the collapse of Easter Island.
This non-sustainable growth pattern is the optimal choice of agents, even though they care about thewelfare of all their future lifetimes.
We analyze when this will happen.

We then examine whether a deforestation tax set by a government can diminish deforestation and thereby hold back the
economic collapse. A novel point is that we find that a restoration of sustainability embodies both a change in the steady
state and a shift in the convergence–divergence zone in a phase diagram. We illustrate how the economy evolves in response
to a change in the deforestation tax. We find that there is nothing the government can do if the degree of forest destruction
is relatively high. However, the government could implement the deforestation tax to restore the economy's sustainability if
the degree of forest destruction is not very high.

The remainder of this paper is organized as follows. Section 2 sets up the structure of the one-sector endogenous growth model
and solves for the macroeconomic equilibrium. Section 3 examines the growth effect of adjusting the deforestation tax, and
Section 4 deals with the economy's dynamic responses to an unanticipated rise in the deforestation tax. Finally, concluding remarks
are provided in Section 5.

2. The model

Consider an economy consisting of a representative islander and a government agent. The islander produces a single composite
commodity, which can be consumed or accumulated as physical capital (here, physical capital could be regarded as tools for fishing,
hunting, felling, etc.). The government may collect a trust fund for forest preservation; the more that is collected, the higher the
growth rate of the forest.

The representative islander is assumed to have an infinite planning horizon and perfect foresight. The islander derives utility from
consumption C and the forest stock Z3; her lifetime utility is specified as follows4:
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where a(N 0) measures the impact of the benefit of the forest stock on the islander's utility, and ρ(N 0) denotes the constant rate of
time preference.5
er channels through which an environmental policy may stimulate economic growth include an elastic labor supply (Chen, Lai, & Shieh, 2003), tax revenues
to subsidize intermediate goods' R&D (van Zon & Yetkiner, 2003), and the existence of an indeterminate equilibrium path (Itaya, 2008).
enberg and Smulders (1996, p.864) argue that “…environmental quality determines nature's capacity to grow, features an amenity value, and affects the living
rking conditions in the economy.”
ne with the standard setting in the environmental economics literature (e.g., Chao, Laffargue, & Sgro, 2012), the environmental quality (the forest stock) is in-
d into the islander's utility function.
notational convenience, in what follows the time subscript of all variables is omitted except in cases where it should be called to the reader's attention.
newith Bovenberg and Smulders (1995), in this paper the rate of time preference is specified as a constant. However, Yanase (2011) and Vella, Dioikitopoulos,
yvitis (in press) alternatively specify that a better environment leads to more patience. The rationale for their specification can be explained intuitively. Lower
n implies better health, and hence is association with a lower mortality rate. The household thus tends to be more patient and willing to postpone current
ption. As a result, it may be more plausible to specify that the islander's time preference rate is affected by the forest stock, and then examines the impact of
station tax. For a more complete discussion on the endogenous time preference, see, e.g., Obstfled (1990) and Sarkar (2007).
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In line with Bovenberg and Smulders (1995), output Y is produced using physical capital K, deforestation flow R and the forest
stock Z. The production function is given by:
where
Y ¼ KαRβZη
; α;β;η∈ 0; 1ð Þ; α þ β þ η ¼ 1: ð2Þ
At each instant of time, the representative islander is bounded by a flow constraint linking capital accumulation to any difference
between her gross income and expenditure. The islander's budget constraint can then be written as follows:
K̇¼ Y−C−δK− θþ pð ÞR; ð3Þ
where δ is the physical capital depreciation rate, θ represents the basic expenditure on deforestation, e.g., the transportation cost, and
p denotes the deforestation tax, which is zero in a laissez faire state.

Following the approaches of Ligthart and van der Ploeg (1994) and Bovenberg and de Mooij (1997), the representative islander
treats the forest stock as given since she believes that her activities are too insignificant to affect the forest stock. Based on the
above assumption, the representative islander maximizes Eq. (1) subject to Eqs. (2) and (3) by choosing a sequence {C,K,R}t = 0

∞ .
By letting λ be the shadow value of the physical capital stock K, the current-value Hamiltonian can be formulated as follows:
H ¼ 1−að Þ lnC þ a lnZ½ � þ λ KαRβZη−C−δK− θþ pð ÞR
h i

: ð4Þ
The first-order conditions with respect to the indicated variables are:
C : 1−að ÞC−1 ¼ λ; ð5aÞ
R : βKαRβ−1Zη ¼ θþ p; ð5bÞ

K : λ αKα−1RβZη−δ
� �

¼ −λ̇þ λρ: ð5cÞ
The optimal growth problem can be solved using expressions (5a)–(5c) together with Eq. (3), the transversality condition
lim
t→∞

λKe−ρ t ¼ 0, and the initially given physical capital K0.

Eq. (5a) indicates that the islander equates the marginal utility of consumption to the marginal utility of physical capital.
Expression (5b) reveals that the marginal benefit of deforestation is equal to the marginal cost of deforestation. Eq. (5c) indicates
that the rate of return on physical capital equals the rate of return on consumption.

Now we specify the accumulation rule of the forest. The forest decreases due to deforestation R and increases through
the natural regeneration growth rate g0. Moreover, the government may collect a trust fund pR for forest preservation. The
preservation fund per unit of forest determines the regeneration growth rate: ϕ ⋅ (pR/Z). Thus, the evolution of the forest can
be described by a formulation:
Ż¼ −Rþ g0 þ ϕ pR=Zð Þ½ �Z; 0 bϕ b1: ð6Þ
The macroeconomic dynamics of the economy can then be described by (5a)–(5c), (3) and (6). These equations determine the
endogenous variables C, λ, K, R, and Z.

We are now in a position to study the dynamic property of the balanced growth equilibrium. In particular, wewant to knowwhen
the economy will converge to a state of collapse, just as in the case of Easter Island. From Eqs. (5a)–(5c), (3) and (6), the dynamic
system can be expressed by:
Ċ
C
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R
Z
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Ż
Z
¼ g0− 1−ϕpð ÞR

Z
; ð7dÞ

Θ = [(θ + p)/β](α − 1)/α N 0.
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In order to dealwith the dynamic equations of the economy, we followBarro and Sala-i-Martin (1995) to define the consumption-
capital ratio as x = C/K and the deforestation rate as h = R/Z. From Eqs. (7a)–(7d), the dynamic system expressed in terms of the
transformed variables x and h can be derived:
6 Dia
out. Hen
x
:

x
¼ −Θηh−η=α þ x−ρ; ð8aÞ
ḣ
h
¼ α

1−β
Θ 1−βð Þh−η=α−x−δ−g0 þ 1−ϕpð Þh
h i

: ð8bÞ
3. Balanced growth equilibrium

At the steady-state equilibrium, the economy is characterized by x
: ¼ ḣ¼ 0. Based on Eqs. (8a) and (8b), the corresponding steady-

state values ex and eh are determined by:
−Θηeh−η=α þ ex−ρ ¼ 0; ð9aÞ
Θ 1−βð Þeh−η=α−ex−δ−g0 þ 1−ϕpð Þeh ¼ 0: ð9bÞ
Given that x= C/K and that ex is constant along the balanced growth equilibrium, the consumption growth rate is identical to the
capital growth rate. In the balanced-growth equilibrium, given Eqs. (2) and (5b), we know that the growth rates of output, capital,
deforestation and the forest stock are all equal, i.e., each of C, K, R, Z and Y grows at a common rate eγ. Furthermore, it follows from
Eq. (7d) that, in the balanced-growth equilibrium, the common growth rate eγ can be expressed as follows:
eγ ¼ g0− 1−ϕpð Þeh: ð10Þ
3.1. Case 1: the laissez faire scenario

It is quite clear from Eq. (10) that the common growth rate is eγ ¼ g0−eh when the government does not collect a trust fund for
forest preservation, i.e., p = 0. This laissez faire growth rate may be negative either when the geographic condition is bad so that g0
is small,6 or when human exploitation rate is high (eh large). Along the balanced growth equilibrium, with a given initial forest
stock Z0, the time path of the forest stock can thus be expressed as:
Zt ¼ Z0 e
eγ t ð11Þ
when eγ b 0, we know that Żt b0 and Z
::
tN0, implying that the forest stock Z falls at a decreasing rate and eventually reaches zero. In our

paper the situation where the balanced growth rate is non-positive is referred to as “the growth toward extinction.” This case
corresponds to what happened on Easter Island, perhaps due to their overexploiting the natural resources, leading to environmental
degradation and cultural extinction.

At the first glance, (10) tells us that the imposition of a deforestation tax helps increase the forest growth rate. But in an endogenous
growth model, the final outcome will depend on how individuals change their exploitation rate eh in response to this tax.

3.2. The impact of a deforestation tax

In this subsection we examine how the deforestation tax affects macroeconomic performance. From Eqs. (9a), (9b) and (10), the
following steady-state relationship can be derived from straightforward comparative statics:
∂eh
∂p ¼ −Θ 1−αð Þ θþ pð Þ−1eh−η=α þ ϕeh

Θηeh− ηþαð Þ=α− 1−ϕpð Þ
; ð12aÞ
∂ex
∂p ¼ Θη θþ pð Þ−1eh−η=α

1−ϕpð Þ 1−αð Þ þ ϕη θþ pð Þ½ �
α Θηeh− ηþαð Þ=α− 1−ϕpð Þ
h i ; ð12bÞ
mond (2005 pp. 116–118) indicates that tree growth on Easter Island ismuch slower because of the higher latitude, lower rainfalls, and lower volcanic ash fall-
ce, natural regeneration growth cannot supplement the excess felling of trees on dry cold islands.



=

=

=

=

Fig. 1. The case when a higher p increases the deforestation rate.

=
=

=
=

Fig. 2. The case when a higher p decreases the deforestation rate.
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∂eγ
∂p ¼ Θ θþ pð Þ−1eh−η=α

1−ϕpð Þ 1−αð Þ þ ϕη θþ pð Þ½ �
Θηeh− ηþαð Þ=α− 1−ϕpð Þ

: ð12cÞ
It is clear from Eq. (12a)–(12c) that in the balanced growth equilibrium a rise in the deforestation tax may either boost or
reduce the consumption–capital ratio, the deforestation rate and the common growth rate, depending upon the relative size between

Θηeh− ηþαð Þ=α
and (1− ϕp).

A graphical presentationwill be helpful to our understanding of the comparative static results reported in Eq. (12a)–(12c). In both
Fig. 1 and Fig. 2, the loci ẋ¼ 0 and ḣ¼ 0 trace all combinations of x and h that satisfy Eq. (9a) and (9b), respectively. Appendix A
provides a detailed derivation of the slopes of the loci ẋ¼ 0 and ḣ¼ 0. Moreover, Figs. 1 and 2 present the phase diagrams cor-

responding to the cases where the degree of forest destruction is relatively high 1−ϕpð ÞNΘηeh− ηþαð Þ=α
� �

and the degree of forest de-

struction is relatively low 1−ϕpð ÞbΘηeh− ηþαð Þ=α
� �

, respectively.7 In Fig. 1, in response to a rise in the deforestation tax from p0 to p1,

the x
: ¼ 0 p0ð Þ schedule shifts leftward to x

: ¼ 0 p1ð Þ, and the ḣ¼ 0 p0ð Þ schedule shifts rightward to ḣ¼ 0 p1ð Þ. The balanced growth
Eq. (7d), we know that (1− ϕp) measures the impact of the degree of forest destruction on the dynamics of the forest.
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equilibrium changes from Q 0 to Q1. At the new stationary equilibrium, eh rises from h0 to h1 butex falls from x0 to x1. Based on Eq. (10),
the balanced growth rate is lowered from its initial level to a new level.

In Fig. 2, following a rise in the deforestation tax from p0 to p1, both ẋ¼ 0 p0ð Þ and ḣ¼ 0 p0ð Þmove leftward to x
: ¼ 0 p1ð Þ and ḣ¼ 0 p1ð Þ,

respectively. The balanced growth equilibrium changes from Q 0 to Q1. At the new stationary equilibrium, eh falls from h0 to h1 but ex
rises from x0 to x1. Based on Eq. (10), the balanced growth rate is increased from its initial level to a new level.8

The economic intuition for the above results is straightforward. On the one hand, a rise in the deforestation tax enhances the de-
forestation cost (referring to Eq. (5b)). In response to a rise in the deforestation cost, the islander is inclined to take action to lower the
amount of deforestation. Due to the drop in deforestation, the future forest stock will increase, which in turn increases the marginal
product of physical capital (henceforthMPK), thereby raising the balanced growth rate. On the other hand, a higher deforestation tax
will reduce environmental degradation and thereby improve the quality of the environment, leading to a boost in the future forest
stock. In the face of such a situation, the islander tends to sacrifice current consumption, thereby holding more physical capital in
the future. Therefore, MPK is reduced in response, depressing the balanced growth rate. Given these two opposing forces, a rise in
the deforestation tax has an ambiguous effect on the balanced growth rate.

As is well-known, sustainability is not merely a problem of comparative static analysis of steady states; even if an environmental
policy changes the steady state from a bad one to a good one, our economy may not be able to move toward the new state. We will
show below the key is the change of the stability zone.
4. Transitional adjustments of a shock in the deforestation tax

By using the graphical apparatus as in Figs. 1–2, we are now in a position to examine whether the government can set an appro-
priate deforestation tax to put a stop to the possibility of economic collapse. In addition, we would like to examine how the economy
would evolve in response to a rise in the deforestation tax.Wewill highlight the analysis here; the complete dynamic analysis ismore
cumbersome and is presented in Appendix A.
4.1. The threshold zone for sustainable growth

For the purpose of explaining the economic collapse, from Eq. (7d), we can construct the zero growth line of the forest in associ-
ation with p0(=0), namely, γZ =0(p0) line (see Fig. 3), which is the threshold level that leads the economy tomove toward sustain-
ability or collapse. Given ∂γZ/∂h b 0 for p∈ [0, 1/ϕ), we can infer that any point located to the right-hand side of the γZ=0(p0) line is
associatedwith γZ b 0, implying that the forestwill eventually be depleted and that the economywill eventually collapse. By contrast,
any point located to the left-hand side of the γZ=0(p0) line is associatedwithγZ N 0, implying that the economy and forestwill even-
tually exhibit sustainable growth. Moreover, given ∂h=∂pð Þ��γZ¼0N 0 for p ∈ (0, 1/ϕ), we can deduce that, in response to a rise in the

deforestation tax from p0 to p1, the γZ = 0(p0) schedule will shift rightward to γZ = 0(p1) in response.9
8 Figs. 1 and 2 describe the situation p b [(1− α)+ ϕηθ]/ϕβ. Under the situation p N [(1− α)+ ϕηθ]/ϕβ, thefigure is similar to Fig. 2, butex is lowered from its initial
level to a new level. We skip the related discussion.

9 By being reminded thatγZ= g0− (1−ϕp)h=0,we can then infer that the value of h is negative as p N 1/ϕ. To be specific, in response to a rise in the deforestation tax
from p0 to p1, the γZ=0(p0) schedule shifts leftward to γZ=0(p1) which is located in the second quadrant in the (x, h) -space. Moreover, given ∂γZ/∂h N 0 for p N 1/ϕ, we
know that any point located to the right-hand side of the γZ = 0(p0) line is associated with γZ N 0.



γ

γ

γ

Fig. 4. Dynamics of γY in Fig. 3.

168 C.Y. Cyrus Chu et al. / International Review of Economics and Finance 34 (2014) 161–174
To characterize the impact of a change in the deforestation tax, based on Eqs. (7a) and (7d), we first define a threshold value of the
deforestation tax, namely, pd, that satisfies eγ ¼ 0 at the balanced growth equilibrium. The threshold value is given by:
10 It sh
pd ¼ 1
ϕ

1−g0 Θα= ρþ δð Þð Þ−α=η
h i

:

If p1 ∈ (pd, 1/ϕ), the stationary equilibrium is located on the left-hand side of γZ = 0(p1), and the economy is characterized by a
positive balanced equilibrium. This situation implies that the economymoves eventually to a configuration of sustainability. However,
if p1 ∈ (0, pd), the economy is featured by a negative balanced growth equilibrium and hence eventually moves to a configuration of
non-sustainability.

4.2. Consequences of a shock in the deforestation tax

As mentioned in Section 3, a rise in the deforestation tax may either boost or depress the balanced growth rate, depending upon
the relative degree of forest destruction. Thus the discussion can be broken down into the following cases.

4.2.1. The scenario with an irreversible fate 1−ϕpð Þ NΘηeh− ηþαð Þ=α
� �

In Fig. 3, suppose that the initial equilibriumQ0 in associationwith p0=0 is on the right-hand side of theγZ=0(p0) line; the initial
consumption–capital ratio and deforestation rate are x0 and h0, respectively. This implies that the forest is gradually vanishing by a
non-positive steady-state growth rate (i.e., γZ0b 0).

Suppose that at time t=0 the government raises the deforestation tax from p0(=0) to p1(N 0). In response to this tax change, both
thex

: ¼ 0 p0ð Þand the ḣ¼ 0 p0ð Þ schedules shift downward tox
: ¼ 0 p1ð Þand ḣ¼ 0 p1ð Þ, respectively. Meanwhile, theγZ=0(p0) schedule

shifts rightward to γZ=0(p1). The steady-state equilibriummoves fromQ0 toQ1;ehrises from h0 to h1 butex falls from x0 to x1. It should
be noted that, in association with a relatively higher degree of forest destruction, the new stationary equilibrium point Q1 is still
located on the right-hand side of γZ = 0(p1).

Twopoints should be noted here beforeweproceed to study the economy's dynamic adjustment. First, for expository convenience,
let 0− and 0+ denote the instant before and instant after the policy implementation, respectively. Second, as the deforestation tax in-
creases from p0 to p1 at the moment 0+, the economy should exactly reach the point of the new stationary equilibrium Q1 since the
system is characterized by global instability. Based on these conditions, as depicted in Fig. 3, at time 0+ the economy will instantly
jump from the initial point Q0 to the new stationary point Q1; and at the same time h0 rises to h1 and x0 falls to x1.

We can now discuss the focal point of this paper: how do the rate of output growth and the consumption–capital ratio adjust over
time? Let γY be the rate of output growth. From Eqs. (2), (7c), (7d), and (8b), we have:
γY ¼ ḣ
h
þ γZ ¼ 1

1−β
ηg0−ηh 1−ϕpð Þ−α xþ δð Þ½ � þ Θαh−η=α

: ð13Þ
Following an increase in the deforestation tax, in Fig. 3, the economy will immediately jump from the initial point Q0 to the new
stationary pointQ1 at that instant of policy implementation. From 0+ onward, the economy stays put forever at pointQ1. In Fig. 4, the

rate of output growth corresponding to the initial equilibrium Q0 isγY0
¼ γZ0

� �
b 0.10 Given ∂γZ/∂h b 0 and Eq. (13), we can infer that,

following a rise from h0 to h1 at the instant of policy implementation exhibited in Fig. 3, the rate of output growth will discretely fall
ould be noted that both points of Q 0 and Q1 are featured with ḣ¼ x
: ¼ 0.
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Fig. 5. Change in the equilibrium across different converging zones.
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fromγY0
toγY1

, and then remain intact at the levelγY1
. As one can see, the economy in this case cannot escape fromnon-sustainability

to sustainability even when the government raises the deforestation tax. The change in γY with respect to time is depicted in Fig. 4.
4.2.2. The scenario with a reversible fate 1−ϕpð ÞbΘηeh− ηþαð Þ=α
� �

In Fig. 5, suppose that the initial equilibriumQ0 in association with p0(=0) is established on the right-hand side of the γZ=0(p0)
line; the initial consumption–capital ratio and deforestation rate are x0 and h0, respectively. Following a rise in the deforestation tax
from p0(=0) to p1(N 0) at time t=0, both thex

: ¼ 0 p0ð Þandḣ¼ 0 p0ð Þ schedules shift leftward tox
: ¼ 0 p1ð Þand ḣ¼ 0 p1ð Þ, respectively.

Meanwhile, the γz = 0(p0) schedule shifts rightward to γz = 0(p1). The new stationary equilibrium Q1 may then be located on the
right-hand side of γZ = 0(p1) or the left-hand side of it depending upon the size of the deforestation tax. In what follows we only
deal with the case where the new stationary Q1 is located on the left-hand side of γZ = 0(p1), i.e., p1 ∈ (pd, 1/ϕ).

Upon the shockof an increase in the deforestation tax, as depicted in Fig. 5, two adjustment paths are possibly present. If thedegree
of the islander's sensitivity to a boost in the deforestation tax is higher, then at the instant 0+, the economywill instantly jump from

pointQ0 to a point likeQ1
0þ; at the same time h0 falls toh

1
0þ and x0 rises tox10þ. Thereafter, from0+ onwards, h continues to increase and

x continues to decrease as the economy moves along the SS(p1) curve toward its stationary point Q1, where SS refers to the “stable
branch” of the phase diagram. On the other hand, if the degree of the islander's sensitivity to a boost in the deforestation tax is

lower, then at the instant 0+, the economy will instantly jump from point Q0 to a point like Q2
0þ ; and h0 falls to h20þ and x0 rises to

x20þ . Thereafter, from 0+ onwards, h continues to decrease and x continues to increase as the economy moves along the SS(p1)
curve toward its stationary point Q1.

Fig. 6 depicts how γY will adjust over time in association with the dynamic paths in the (x, h) plane in Fig. 5. Given that the initial
equilibriumQ0 is established on the right-hand side of the γZ=0(p0) line, the rate of output growth corresponding to the initial equi-
librium Q0 is associated with γY0

b 0.
As shown in Fig. 5, given ∂γZ/∂h b 0, at time 0+ an immediate reduction in h indicates that γY discretely rises on impact. If the econ-

omy jumps to point Q1
0þ , then h continues to decrease from Q1

0þ to Q1, implying that γY falls at a decreasing rate.11 The entire adjust-
ment of γY will then be displayed at path (a) in Fig. 6. On the other hand, if the economy jumps to point Q2

0þ , then h continues to
increase from Q2

0þ to Q1, implying that γY rises at a decreasing rate. Therefore, the entire adjustment of γY is exhibited by path
(b) in Fig. 6. The graphical analysis in Figs. 5 and 6 reveals that, in the face of the lower degree of forest destruction, the government
could set an appropriate deforestation tax to move the economy from non-sustainability to sustainability.
4.3. Two changes in a phase diagram

In summarizing the above discussion, we see that there are two changes in the phase diagram associated with an increase in the
forestation tax. The first is the change in the steady state equilibrium fromQ0 toQ1, and the other is the shift in the γZ=0vertical line
from γZ=0(p0) to γZ=0(p1) that separates the converging zones. In Fig. 3, the change in Q caused by the tax increase remains in the
same zone, so that the unsustainable state cannot be reversed. In Fig. 5, the new equilibriumQ1 gets out of the originally unsustainable
11 From Eqs. (9a), (9b) and (13) as well as the slope of the loci x
: ¼ 0, we can infer the following result: ∂γ̇Y

∂ḣ
¼ − 1

1−β η 1−ϕpð Þ þ Θη 1−βð Þeh− ηþαð Þ=α þ α ẋ
ḣ

� �
b− ηeh−1

1−β
ρþ δþ g0½ �b 0.
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Fig. 6. Dynamics of γY in Fig. 5.
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zone, and the starting point of a dynamic path jumps to a sustainable stable branch. Therefore, the key to a successful sustainable
policy concerns not only the position of a steady state, but also the converging zone that covers the steady state.

Note that in an endogenous growthmodel, these two changes are caused by both direct shifts in parameters and by indirect shifts
in agents' decisions in response to such parametric shifts. In particular, it is the reduced deforestation rate that alters the steady state
control variables, which in turn change the steady state equilibrium and the converging zone. This comparative dynamic analysis
seems to be more reasonable than that in the conventional exogenous growth setup for Easter Island.

5. Concluding remarks

This paper sets up an endogenous growth model with a renewable resource and applies it to the case of Easter Island which is a
typical example of economic collapse. We then use the model to examine the possible consequence of adjusting the deforestation
tax on the balanced growth rate and trace the dynamic responses of the output growth rate following an unanticipated rise in the
deforestation tax.

Twomain findings emerge from the analysis. First, a rise in the deforestation tax may either boost or deter the balanced economic
growth rate, depending on the degree of forest destruction. Second, when the degree of forest destruction is relatively high, the
economy cannot escape from non-sustainability to sustainability when the government raises the deforestation tax. However,
when the degree of forest destruction is relatively low, the government can set an appropriate deforestation tax tomove the economy
from non-sustainability to sustainability. The restoration of sustainability involves two things: one is the change of steady states, and
the other is the shift of converging zone. And it is the latter that saves the economic dynamics out of the collapsing trap.

Based on our analysis, it is clear that economic growth and the environment may be unsustainable, even if the agent is altruistic
toward her offspring and optimizes on behalf of her offspring. This observation coincides with the general belief that sustainability
is a problem mainly because there is an under-representation of the welfare of future lifetimes. However, when the government in-
tervenes in the environmental pricemechanism and sets an appropriate deforestation tax, it is possible that the agentmay take action
to lower the amount of deforestation, therebymaking the environment sustainable. Presumably, this kind of remedy can be achieved
only when the future lifetime's right to natural resources is protected by a very high level of law (such as the Constitution) that can
over-ride the selfish concerns of the present single period.

Appendix A

We shall concentrate on the shock of the deforestation tax, i.e., a change in p. Letex andehbe the stationary values of x and h, respec-
tively. Then, linearizing the dynamic system (8a) and (8b) around the steady-state equilibrium yields:
ẋ
ḣ

� �
¼ a11 a12

a21 a22

� �
x−ex
h−eh
� �

þ a13
a23

� �
dp; ðA1Þ
where
a11 ¼ ex; a12 ¼ 1
α

Θη2exeh− ηþαð Þ=αh i
; a13 ¼ 1

α
Θη 1−αð Þ θþ pð Þ−1exeh−η=αh i

;

a21 ¼ − αeh
1−βð Þ ; a22 ¼ − αeh

1−βð Þ
1
α

Θη 1−βð Þeh− ηþαð Þ=αh i
− 1−ϕpð Þ

	 

a23 ¼ − αeh

1−βð Þ
1
α

Θ 1−αð Þ 1−βð Þ θþ pð Þ−1eh−η=αh i
þ ϕeh	 


:



171C.Y. Cyrus Chu et al. / International Review of Economics and Finance 34 (2014) 161–174
The trace and determinant of the Jacobian are given by:
12 For
s1 b 0 b
13 To s
upward
is steep
Tr ¼ s1 þ s2 ¼ a11 þ a22 ¼ ex− αeh
1−βð Þ

1
α

Θη 1−βð Þeh− ηþαð Þ=αh i
− 1−ϕpð Þ

	 

; ðA2Þ
Det ¼ s1 s2 ¼ a11a22−a12a21 ¼ − αexeh
1−βð Þ Θηeh− ηþαð Þ=α− 1−ϕpð Þ

h i
; ðA3Þ

s1 and s2 are two characteristic roots of the dynamic system.
where
As indicated in Eqs. (8a) and (8b), the dynamic systemhas two jumpvariables, x and h. As a result, if s1s2 N 0 holds, the steady-state

equilibrium is locally determinate and there exists a unique growth path converging to it; and this model exhibits indeterminacy if
s1s2 b 0 holds.

It follows from Eqs. (8a) and (8b) that the general solution for x and h can be described by:
x tð Þ ¼ ex pð Þ þ A1 e
s1t þ A2 e

s2t ; ðA4Þ
h tð Þ ¼ eh pð Þ þ α s1−exð Þ
Θη2exeh− ηþαð Þ=α A1 e

s1t þ α s2−exð Þ
Θη2exeh− ηþαð Þ=α A2 e

s2t ; ðA5Þ
where A1 and A2 are as yet undetermined coefficients. Furthermore, Eq. (A3) reveals that this model exhibits two scenarios: local

determinacy 1−ϕpð ÞNΘηeh− ηþαð Þ=α� �
and local indeterminacy 1−ϕpð ÞbΘηeh− ηþαð Þ=α� �

.12 From Eqs. (8a) and (8b), the slopes of

the loci ẋ¼ 0 and ḣ¼ 0 are:
∂x
∂h

����
ẋ¼ 0

¼ − 1
α

Θη2exeh− ηþαð Þ=αh i
; ðA6Þ

∂x
∂h

����
ḣ¼ 0

¼ 1−ϕpð Þ− 1
α

Θη 1−βð Þeh− ηþαð Þ=αh i
: ðA7Þ
When provided with information concerning the direction of the arrows in Fig. A1 and A2, we can sketch all possible trajectories
associatedwith the local determinacy case and the local indeterminacy case, respectively.13 Under the local determinacy case, Fig. A1
shows that thex

: ¼ 0schedule and the ḣ¼ 0schedule intersect once atQ0. In addition, the unstable branchesUU∗ andUU are associated
withA2=0 andA1=0 in Eqs. (A4) and (A5), respectively.Moreover, all other unstable trajectories in Fig. A1 correspond to the values
A2 ≠ 0 and A1 ≠ 0 in Eqs. (A4) and (A5). Under the local indeterminacy case, Fig. A2 shows that the x

: ¼ 0 schedule and the ḣ¼ 0
schedule intersect once at Q0. In addition, the stable branch SS and the unstable branch UU are associated with A2 = 0 and A1 = 0
in Eqs. (A4) and (A5), respectively. Moreover, all other unstable trajectories in Figure A2 correspond to the values A2 ≠ 0 and
A1 ≠ 0 in Eqs. (A4) and (A5). Appendix B and Appendix C provide a detailed derivation for all possible trajectories associated with
the local determinacy case and the local indeterminacy case, respectively.

Appendix B

This appendix derives the slopes of the loci UU∗ and UU associated with A2 = 0 and A1 = 0, respectively, as well as the common
feature of these divergent trajectories associated with A2 ≠ 0 and A1 ≠ 0, respectively. From Eqs. (A4) and (A5), we can infer the
following results:
∂x
∂h

����
UU�

¼ a12
s1−a11

N
b
0; ðB1Þ
∂x
∂h

����
UU

¼ a12
s2−a11

N
b
0: ðB2Þ
expository convenience, we assume that s2 N s1 N 0 if the steady-state equilibrium is locally determinate. If the model exhibits indeterminacy, we assume that
s2.
ave space, we only discuss two cases. First, under the situation where there is local determinacy, the ẋ¼ 0 locus is downward sloping and the ḣ¼ 0 locus is
sloping. Second, under the situation where there is local indeterminacy, both the ẋ¼ 0 locus and the ḣ¼ 0 locus are downward sloping, and the ḣ¼ 0 locus
er than the ẋ¼ 0 locus.



=

=

Fig. A1 The local determinacy case.
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To save space, under s1s2 N 0 we only mention that the UU locus and the UU∗ locus are upward sloping. Moreover, from Eqs. (A2)
and (A3), we can infer the following relationship:
1−a22
s1

� �
s1−a11ð Þ ¼ a21a12

s1
b0; ðB3Þ
− a22
a21

1− s1
a22

� �
¼ a12

s1−a11
N0; ðB4Þ
where (s1 − a11) N 0 and 0 b (1 − s1/a22) b 1. Substituting Eqs. (A7) and (B1) into Eq. (B4), we can observe that the h ¼ 0 locus is
steeper than the UU∗ locus.

Using Eqs. (A4) and (A5), we have the following feature of other divergent trajectories:
lim
t→−∞

ẋ

ḣ
¼ a12

s1−a11
; ðB5Þ
lim
t→∞

ẋ

ḣ
¼ a12

s2−a11
: ðB6Þ
=

=

Fig. A2 The local indeterminacy case.
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As a result, the common feature of these divergent paths is that they start from the unstable node Q 0 with the slope of the
UU∗ locus, and their slope approaches asymptotically to that of the UU locus as time goes by.

Appendix C

This appendix derives the slopes of the loci SS and UU associated with A2 = 0 and A1 = 0, respectively, as well as the common
feature of these divergent trajectories associated with A2 ≠ 0 and A1 ≠ 0, respectively. Using (A4) and (A5), the slopes of the loci
SS and UU can be obtained:
∂x
∂h

����
SS

¼ a12
s1−a11

b 0; ðC1Þ
∂x
∂h

����
UU

¼ a12
s2−a11

N
b
0: ðC2Þ
Moreover, from Eqs. (A2) and (A3), we can infer the following relationship:
1− a22
s2

� �
s2−a11ð Þ ¼ a21a12

s2
b0; ðC3Þ
where (1 − a22/s2) N 0 and (s2 − a11) b 0. Based on Eq. (C3), it is clear that the UU locus is downward sloping, (∂x/∂h)|UU =
a12/(s2 − a11) b 0. Then, from Eqs. (A6), (C1), and (C3), we have:
∂x
∂h

����
SS
−∂x
∂h

����
ẋ¼0

¼ s1a12
s1−a11ð Þa11

N 0; ðC4Þ

− a22
a21

1− s2
a22

� �
¼ a12

s2−a11
: ðC5Þ
Eqs. (C4) and (C5) indicate that the UU locus is steeper than the ḣ¼ 0 locus and the x
: ¼ 0 locus is steeper than the SS locus.

Using Eqs. (A4) and (A5), we have the following feature of other divergent trajectories:
lim
t→−∞

ẋ

ḣ
¼ a12

s1−a11
; ðC6Þ
lim
t→∞

ẋ

ḣ
¼ a12

s2−a11
: ðC7Þ
As a result, the common feature of these divergent paths is that they start from ∞ (− ∞) with the slope of the SS locus, and their
slope asymptotically approaches that of the UU locus as time goes by.
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