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A B S T R A C T

This paper develops an R&D-based growth model featuring international R&D funding and patent
collateral. Several main findings emerge from the analysis. First, with an inelastic labor supply, a
rise in the fraction of patent collateral is beneficial to both innovations and economic growth.
Second, when labor supply is inelastic, a rise in either the foreign interest rate or the fraction of
borrowed R&D funding is harmful to innovations and economic growth. Third, our numerical
results show that the above two findings are robust when labor is supplied elastically. Finally, our
numerical results indicate that, regardless of whether labor supply is inelastic or elastic, the
government can implement an optimal patent breadth policy to maximize the social welfare level.
Our numerical results also point out that this optimal patent breadth will decrease in response to a
reduction in the foreign interest rate, a rise in the fraction of the collateral, and a reduction in the
fraction of borrowed R&D labor costs.
1. Introduction

In this paper, we develop an R&D-based growth model that features international R&D funding and patent collateral. We then use
the model to examine how the international borrowing interest rate and the fraction of patent collateral will affect innovations and
economic growth. In addition to providing a positive analysis of R&D investment and economic growth, this paper also presents a
normative analysis regarding how the government will set its optimal patent protection from the viewpoint of welfare maximization.

This paper is motivated by the following three observations. Firstly, R&D entrepreneurs are subject to difficulties in obtaining
finance. According to Zú~niga-Vicente, Alonso-Borrego, Forcadell, and Gal�an (2014), there are some reasons why R&D firms find it
difficult to obtain sufficient funds from the banking system. The first reason is that R&D projects are subject to extreme uncertainty
about their success. The second reason is that, to prevent bankers from revealing the information on R&D projects to industrial com-
petitors, R&D firms are reluctant to disclose the details of their R&D projects in loan application documents. The third reason is that R&D
projects are featured with the idea-based nature and the lack of tangible products. Due to the shortfall between R&D expenditure and
funding in the form of loans from banks, R&D firms are forced to borrow from households and other non-bank funding sources to meet
their R&D costs.

Secondly, the financing of business enterprise R&D from abroad is observed in OECD data. It is commonly believed that R&D funding
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is critical for the growth effect of R&D investment. In their recent paper, using empirical data, Aghion, Farhi, and Kharroubi (2012) find
that, by virtue of credit and liquidity constraints, R&D is more affected by a countercyclical monetary policy than by physical invest-
ment. To reflect this fact, Chu and Cozzi (2014) set up a Schumpeterian growth model that features a cash-in-advance (CIA) constraint
on R&D investment. A notable specification of their model is that R&D entrepreneurs fully fund their investment from the home country.
However, based on practical data, OECD (2011, p. 92) documents the following statement. “On average, R&D funding from abroad plays
quite an important role in the funding of business R&D. In the EU, it represented around 10% of total business enterprise R&D in 2008.
… For Austria, Ireland, the Slovak Republic and the United Kingdom, funds from abroad represented 20% or more of total business
enterprise R&D.”1 As is obvious, the Chu and Cozzi (2014) specification ignores the fact that R&D companies obtain a considerable
portion of their R&D funding from abroad.

Thirdly, the financing of business enterprise R&D is observed to be subject to patent collateral. It is quite possible that R&D firms will
face financial frictions when they source R&D funding from the home country and/or abroad. A significant number of empirical studies,
such as Brown, Martinsson, and Petersen (2012), Hochberg, Serrano, and Ziedonis (2014), andMann (2016), point out that R&D patents
often serve as collateral when entrepreneurs issue bonds to borrow funds for R&D. Among existing studies, Mann (2016) finds that in the
U.S. during the period from 1990 to 2013 there has been an increasing tendency for patenting firms to pledge their patents as collateral.
In 2013, about 40% of patenting firms posted their patents as collateral to obtain innovative financing. Based on these empirical
findings, it is interesting to shed light on how patent collateral provides a vehicle to affect R&D investment and economic growth.

Up till now, to the best of our knowledge, no theoretical analysis has been devoted to dealing with international R&D funding and
patent collateral in an R&D-based model.2 To address the importance of these two R&D-related factors, this paper develops an R&D-
based growth model that is able to reflect the realistic situation where R&D firms can obtain R&D funding from the international market
and R&D patents can serve as collateral. With this framework, we are able to analyze how the international borrowing interest rate and
the fraction of patent collateral will affect R&D investment, economic growth and social welfare.3

The normative analysis of this paper focuses on the factors determining optimal patent protection. In this regard, our study is most
closely related to the literature on the optimal patent protection level. Within the literature, Iwaisako and Futagami (2003) and
Futagami and Iwaisako (2007) show that stronger patent protection generates two conflicting effects on social welfare. On the one hand,
it encourages R&D investment, and hence is beneficial to the growth rate and the social welfare level. On the other hand, a stronger
patent protection tends to raise the markup price of intermediate goods. This tends to lower output production and the consumption of
final goods, and hence is harmful to the social welfare level. Accordingly, the government will choose its optimal patent protection
policy at the level where these two conflicting effects are balanced. Moreover, Chu and Furukawa (2011) find that under a centralized
economy, the optimal patent protection level increases with the size of a quality improvement but decreases with the rate of time
preference. In departing from these existing studies, this paper highlights how the optimal patent protection level interacts with
international R&D funding and patent collateral.

The remainder of this paper is organized as follows. In Section 2, we construct an R&D-based growth model featuring international
R&D funding and patent collateral. In Section 3, by focusing on the case where labor supply is perfectly inelastic, we discuss the growth
effects of R&D-related shocks, and then analyze the optimal patent breadth policy and how it reacts to international R&D funding and
patent collateral. Section 4 deals with whether our results in Section 3 are robust when labor supply is elastic. Finally, in Section 5, the
main findings of the analysis are summarized.

2. The model

In this section we set up an R&D-based growth model that can be treated as an extension of the pioneering work by Romer (1990). In
the Romer (1990)model, R&D investment leads to the creation of new varieties of intermediate goods. We extend the expanding-variety
Romer (1990) model by bringing international R&D funding and patent collateral in R&D firms into the picture. In what follows, we will
briefly describe the economy's structure.

2.1. Households

Consider an economy that is populated by a large number of identical and infinitely-lived households. Each household is endowed
with one unit of time that is divided between labor L and leisure Hð¼ 1� LÞ. The lifetime utility of the representative household is given
by:

∫ ∞
0 ½lnCt þΩlnð1� LtÞ

�
e�ρtdt; Ω>0; ρ>0; (1a)
1 See OECD (2011, p. 92) for the real values of R&D funds from abroad in OECD countries.
2 In their open-economy R&D-growth models, Aghion, Howitt, and Mayer-Foulkes (2005) and Chu, Cozzi, Pan, and Zhang (2016) build up a distance-to-frontier

R&D-based growth model, in which R&D entrepreneurs are subject to credit constraints rather than patent collateral constraints. However, these studies stress that
a backward country's innovations will make its growth rate converge to the leading country's exogenous growth rate. This paper instead examines how international R&D
funding and the international borrowing interest rate affect the endogenous growth rate. In addition, Amable, Chatelain, and Ralf (2010) set up an R&D-based growth
model that features patents as collateral. However, their analysis does not involve international R&D funding.

3 Turnovsky (1997) and Lai and Chin (2010) develop an open-economy endogenous model that features international funding and an imperfect world capital market.
However, in their studies the economy's growth is driven by capital accumulation. Our analysis instead focuses on the relation between international funding and
economic growth in an R&D-driven endogenous growth model.
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where C is the consumption of final goods and t refers to time. The parameters ρ andΩ denote, respectively, the subjective discount rate
and leisure preference. It should be noted that this paper deals with two distinct situations, namely, inelastic and elastic labor supply.
Under the situation where labor supply is perfectly inelastic, labor supply is associated with a fixed value (i.e., Lt ¼ L), while under the
situation where labor supply is elastic, labor supply is chosen by the household.

The household's budget constraint can be expressed as:

_Kt þ _at ¼ rtKt þ
�
rAt þ _Vt

�
Vt

�
at þ wtLt þ rtDt � Ct; (1b)

where K is the stock of physical capital, að¼ VAÞ is the value of equity shares of monopolistic firms owned by the household, A is the
number of equity shares (i.e., the number of varieties of intermediate goods), V is the value of an invented variety, r is the interest rate of
the home country, rA is the rate of dividends, _V=V is the rate of capital gain or loss in equity shares, w is the wage rate,4 and D is the
amount of loans lent to R&D firms.

The optimum conditions for the representative household with respect to the indicated variables are:

Ct :
1
Ct

¼ λt; (2a)

Lt :
Ω

1� Lt
¼ wtλt; (2b)

Kt : λtrt ¼ � _λt þ ρλt; (2c)

at : λt
�
rAt þ _Vt

�
Vt

� ¼ � _λt þ ρλt; (2d)

λt : _Kt þ _at ¼ rtKt þ
�
rAt þ _Vt

�
Vt

�
at þ wtLt þ rtBt � Ct; (2e)

where λ denotes the shadow value of wealth, and wealth is defined as the sum of physical capital K and the value of equity shares a.
Equipped with equations (2c) and (2d), the no-arbitrage condition between holding physical capital and equity shares is given by:

rt ¼ rAt þ _Vt

�
Vt: (3a)

From equations (2a) and (2b), the optimality condition for labor supply is:

1� Lt ¼ Ω
Ct

wt
: (3b)

Equipped with equations (2a) and (2c), the usual Keynes-Ramsey rule is written as:

_Ct

�
Ct ¼ rt � ρ: (3c)

To simplify the notation, in the following analysis we omit the time subscript unless it is necessary.
2.2. Final goods

The domestic final goods Y are treated as the num�eraire. They are produced by competitive firms using labor and a continuum of
intermediate goods in the form:

Y ¼ L1�α
Y ∫ A

0 x
α
i di; 1> α>0; (4a)

where LY is the labor input in the production of final goods, xi represents the intermediate goods for i 2 ½0; A�, and A is the number of
varieties of intermediate goods.

Let pi be the price of xi. The profit function of the final good firms can then be written as:

πY ¼ Y � wLY � ∫ A
0pixidi; (4b)

Therefore, the conditional demand functions for LY and xi are:
4 We assume that workers are perfectly mobile across sectors. This implies that a unified wage rate w is present in the domestic economy.
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LY ¼ ð1� αÞY
w

; (4c)

xi ¼ LY

�
α

pi

� 1
1�α

: (4d)

2.3. Intermediate goods

There is a continuum of differentiated intermediate goods, and each intermediate good firm is owned by a monopolist. Following
Romer (1990), physical capital is the factor input used to produce intermediate goods, and one unit of physical capital produces one unit
of intermediate good. The production function can then be expressed as xi ¼ ki, where ki is the capital input used by the type-i inter-
mediate firm. Therefore, the monopolistic profit of the type-i intermediate firm πxi is:

πxi ¼ pixi � rki: (5a)

Accordingly, the profit-maximizing pricing of the type-i firm is:

pi ¼ r=α: (5b)

Here we follow Goh and Olivier (2002), Iwaisako and Futagami (2013) and Chu, Cozzi, Lai, and Liao (2015) to introduce a policy
variable denoted by ηwhich canmeasure the patent breadth.We assume that η 2 ½1; 1=α�, and therefore the pricing rule of the type-i firm
is:

pi ¼ ηr: (5c)

Equation (5c) implies that the pricing decisions of all intermediate good firms are symmetric. Thus, we can drop the notation i for the
variables fx; p; k; πxg. The profit function can then be represented as:

πx ¼ ðη� 1Þrx: (6)

2.4. R&D with international funding

In the R&D sector, the value of any variety V is equal to V ¼ ∫ ∞
t πxe

�rðτ�tÞdτ: This implies that V follows the no-arbitrage condition:

rV ¼ πx þ _V : (7)

The return on investment in R&D will be equal to the profit from the monopolistic intermediate good firm πx plus the capital gain _V . In
line with Romer (1990), the R&D firm hires R&D labor LA to produce new varieties of the knowledge-driven form:

_A ¼ ςALA; ς>0; (8)

where the parameter ς reflects the R&D productivity.5

In line with Christiano, Eichenbaum, and Evans (2005) and Neumeyer and Perri (2005), R&D firms have to pay a specific fraction of
their production costs before cashing their output sales. This creates the need for working capital. In each period, the R&D firm needs
working capital to pay for a fraction of the labor costs θ in advance, where θ 2 ½0;1�. The total wage payment for the R&D labor is wLA,
and hence the R&D firm needs to borrow the amount of funds θwLA. In this economy, the R&D firm can choose to fund the shortage of
working capital from both the foreign and home countries. Let ε be the proportion of the shortage of working capital borrowed from
foreign countries, where ε 2 ½0; 1�. Moreover, to reflect the empirical fact that R&D funding from abroad plays quite an important role in
the funding of business R&D, we assume that the foreign interest rate r is lower than the domestic interest rate r, that is, r < r.6 Therefore,
the rational R&D firm tends to borrow as much as possible from foreign countries. However, it is not possible for the R&D firm to borrow
without limit from foreign countries, because it should offer the market value of its patents as collateral.

The main reason for patent collateral is that creditors wish to mitigate the possible loss in default arising from risky R&D projects.
Similar to the specification in Aghion and Banerjee (2005, p. 24), Kunieda and Shibata (2014), and Lai, Chin, and Chen (2017), the
amount of debt that the R&D firm borrows cannot exceed a specific proportion of the value of its new patents.
5 Our analytical results in Subsection 3.1 remain unchanged when the R&D firm uses final goods to produce new varieties in the lab-equipment form. To save space,
the detailed derivations are not reported here but are available from the authors upon request.

6 To simplify our analysis, we assume that the home country is a small open economy, and the foreign interest rate is treated as given. See, for example, Turnovsky
(1996) for a similar assumption.
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εθwLA � φV _A; 1>φ>0: (9a)

The parameter φ captures the extent of the credit constraints.7

Due to r < r, the profit-maximizing R&D firm will choose a value of ε such that the inequality constraint (9a) is binding.8 To be more
specific, the value of ε is chosen so as to satisfy the following constraint:

ε ¼ φV _A
θwLA

: (9b)

Accordingly, the remaining proportion of the shortage of working capital is funded by the home households, i.e.,

D ¼ ð1� εÞθwLA: (9c)

Let πA denote the profit of the R&D firm. The R&D firm's maximization problem can be written as:

Max πA ¼ V _A� wLA � θ½ð1� εÞr þ εr�wLA; (10a)

s:t: _A ¼ ςALA: (10b)

The free entry condition for R&D is given by:

V ¼ f1þ θ½ð1� εÞr þ εr�g w
ςA

: (10c)

Equation (10c) reveals that the free entry condition guarantees zero profit for the R&D firm, and hence the value of R&D is equal to the
total cost of R&D.

Combining (9b), (10b) and (10c) together yields:

ε ¼ ϕð1þ θrÞ
θ½1þ ϕðr � rÞ� : (11)

Equation (11) shows that the shortage of working capital borrowed from foreign countries ðεÞ is affected by the fraction of the collateral
ðϕÞ, the fraction of borrowed R&D labor costs ðθÞ, and the foreign interest rate ðrÞ.
2.5. Market clearing and aggregation

The market-clearing condition for the labor market is:

LY þ LA ¼ L ¼ 1� H: (12a)

Equation (12a) indicates that total labor demand is equal to labor supply.
With its symmetric feature, the market-clearing condition for physical capital is expressed as:

∫ A
0xidi ¼ Ax ¼ Ak ¼ K; (12b)

where Ak is the aggregate capital demand for all intermediate firms and K is the supply of capital provided by the households.
In Appendix A we show that the household's budget constraint can be alternatively written as:

_K ¼ Y � θεrwLA � C; (12c)

where θεrwLA is the payment for the cost of international R&D borrowings, and, for ease of exposition, Y� θεrwLA can be treated as the
household's disposable income. It should be noted that, since the government sector is absent from the model, the household's budget
constraint stated in equation (12c) is equivalent to the economy's resource constraint.

Given that the property of transitional dynamics, the balanced economic growth rate and dynamic welfare are closely related to
whether labor supply is inelastic or elastic, in the following two sections we will deal with two distinct situations. The first situation
considers an inelastic labor supply, and the second situation considers an elastic labor supply.
7 We consider that R&D firms finance the shortage of working capital by way of international borrowings. In line with Hochberg et al. (2014), R&D firms are allowed
to issue venture debt. We assume that the international funding market is an asymmetric information market. Therefore, to avoid lending risk, foreign lenders will ask
the home country's R&D firms to provide some collateral.

8 Equation (9a) indicates that only the international borrowings of the R&D firm are subject to the patent collateral constraint. Our analytical results are robust when
domestic borrowings are also subject to the patent collateral constraint.
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3. Inelastic labor supply

The first scenario concerns the situation where labor supply is perfectly inelastic and is associated with L ¼ L. This situation can be
treated as a benchmark case, and is intended for comparison with the other situation.

3.1. Transitional dynamics

With inelastic labor supply, the household's optimality condition reported in (2b) is absent from the model. Moreover, the house-
hold's optimality condition for labor supply stated in (3b) is replaced by:

L ¼ L: (13a)

Equation (3b) implies that the household's leisure also remains intact at a fixed value, i.e.,

H ¼ H: (13b)

In order to derive the dynamic equation that summarizes the entire model, we define one transformed variable: f ¼ C=K. After some
manipulations, we can derive three differential equations in terms of the ratio between consumption and physical capital f , the ratio
between physical capital and the R&D stock x,9 and the interest rate r that summarize the dynamics of the economy. This result leads us
to establish the following proposition:

Proposition 1. With an inelastic labor supply, the dynamics of the economy is expressed by the following three differential equations:

_f
�
f ¼ r � ρ� ηr

α
þ f þ ð1� αÞϕrð1þ θrÞ

x½1� ϕðr � rÞ�
�
α

ηr

� α
1�α
�
1� H �

�ηr
α

	 1
1�α

x
�
; (14a)

_x=x ¼ ηr
α
� f �

(
ð1� αÞϕrð1þ θrÞ
ςx½1� ϕðr � rÞ�

�
α

ηr

� α
1�α

þ 1

)
ς

�
1� H �

�ηr
α

	 1
1�α
x
�
; (14b)

_r=r ¼ ð1� αÞ r
ϑ

(
ψςx½1� ϕðr � rÞ��ηrα� 1

1�α

ð1þ θrÞr � 1

)
; (14c)

where ϑ ¼ α� ð1�αÞθr
1þθr þ ð1�αÞϕr

1�θðr�rÞ and ψ ¼ α
1�α

η�1
η .

Proof. See Appendix B.

3.2. Steady-state growth

At the balanced growth equilibrium, the economy is characterized by _f ¼ _x ¼ _r ¼ 0. Due to the complexity of the dynamic system,
both Appendix C and the later quantitative analysis in Subsection 3.4 show that the economy is featured by a unique balanced growth
equilibrium via a numerical simulation. Let ~f , ~x and ~r denote the stationary values of f , x and r. Then, from Equations (14a), (14b) and
(14c) it is straightforward to infer that the steady-state values ~f , ~x and ~r satisfy the following stationary relationships:

~r � ρ� η~r
α
þ ~f þ ð1� αÞϕrð1þ θ~rÞ

~x½1� ϕðr � ~rÞ�
�
α

η~r

� α
1�α

 
1� H �

�
η~r
α

� 1
1�α

~x

!
¼ 0; (15a)

η~r
α
� ~f �

(
ð1� αÞϕrð1þ θ~rÞ
ς~x½1� ϕðr � ~rÞ�

�
α

η~r

� α
1�α

þ 1

)
ς

 
1� H �

�
η~r
α

� 1
1�α

~x

!
¼ 0; (15b)

ψς~x½1� ϕðr � ~rÞ��η~rα� 1
1�α

ð1þ θ~rÞ~r ¼ 1: (15c)

By some simple manipulations to delete ~f and ~x, we can derive the following quadratic function in terms of ~r:

ðϕψ þ θÞ~r2 þ 
1� ϕψ
�
ςþ ρ� ςH

�þ ψð1� ϕrÞ�~r � ψð1� ϕrÞ�ςþ ρ� ςH
� ¼ 0: (16a)
9 It should be noted that the market-clearing condition for physical capital reported in equation (12b) requires that Ax ¼ K.
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We can solve for two values of ~r to satisfy (16a). One is positive and the other is negative. To make the analysis meaningful, we
exclude the negative interest rate. Therefore, the reasonable equilibrium value of the domestic interest rate can be expressed as:

~r ¼
�Φþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ2 þ 4ðϕψ þ θÞψð1� ϕrÞ�ςþ ρ� ςH

�q
2ðϕψ þ θÞ ; (16b)

where Φ ¼ 1� ϕψðςþ ρ� ςHÞþ ψð1� ϕrÞ.
Given f ¼ C=K, x ¼ K=A, p ¼ ηr, and ∫ A

0pixidi ¼ Apx ¼ αY , along the balanced growth _f ¼ _x ¼ _r ¼ 0 imply that consumption,
physical capital, R&D, and output grow at a common rate ~g. From (3c) and (16b), we can derive the balanced growth rate as follows:

~g ¼
�Φþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ2 þ 4ðϕψ þ θÞψð1� ϕrÞ�ςþ ρ� ςH

�q
2ðϕψ þ θÞ � ρ: (17)

Differentiating (17) with respect to ϕ, r, θ, and η yields the following results:

∂~g
∂ϕ

¼ 2ψς~LYð~r � rÞθ
ðϕψ þ θÞΛ >0; (18a)

∂~g
∂r

¼ �ψϕς~LY

Λ
<0; (18b)

∂~g
∂θ

¼ �ϕψ~r
�
ς
�
1� H � ~LY

�þ ρþ θ~r


ðϕψ þ θÞΛ <0; (18c)

∂~g
∂η

¼
ϕμς~LYð2ϕψ þ θÞð~r � rÞ þ μ~r

h
θ2ε
ϕψ þ ϕε~r þ ðθε� ϕÞ þ θðε� ϕ~rÞ

i
ðϕψ þ θÞΛ >0; (18d)

where μ ¼ α=η2ð1� αÞ>0, θðε� ϕ~rÞ ¼ ϕθ½ð1� εÞ~rþ εr�þ ϕð1� θ~rÞ> 0, ðθε� ϕÞ ¼ θ½ð1� εÞ~rþ εr�>0 and Λ ¼ 2ðϕψþ θÞ~rþ Φ> 0.10 The
results in (18a)-(18d) lead us to establish the following proposition:

Proposition 2. With an inelastic labor supply, a rise in either the fraction of the collateral ðϕÞ or patent breadth ðηÞ raises the balanced growth
rate, while a rise in either the foreign interest rate ðrÞ or the fraction of borrowed R&D labor costs ðθÞ lowers the balanced growth rate.

The economic intuition behind Proposition 1 is quite obvious. A higher fraction of the collateral ðϕÞ implies that the home country's R&D
firms can obtain a larger amount of cheaper funds from foreign countries. This encourages the R&D firms to hire more labor, and hence
leads to more innovations and higher economic growth. A larger patent breadth ðηÞ increases the intermediate good firms' profit, which
in turn increases the value of R&D and encourages R&D firms to devote more resources to R&D investment, thereby leading to a higher
economic growth rate. Similarly, in response to a higher foreign interest rate ðrÞ or a higher fraction of borrowed R&D labor costs ðθÞ, the
R&D firm is motivated to reduce its R&D labor. This in turn leads to a decline in the home country's innovations and economic growth.11

3.3. Dynamic welfare

This subsection turns to deal with the normative analysis, and analyzes the optimal patent breadth that maximizes the social welfare
level. To provide a more complete and precise picture, in line withMaebayashi, Hori, and Futagami (2017), we consider that the welfare
analysis is implemented in a manner in which the equilibrium path includes transitional dynamics.12

Based on the Keynes-Ramsey rule reported in equation (3c), we can derive the expression: Ct ¼ C0 exp½∫ t
0ðrs� ρÞds�, where C0 is the

initial consumption level. Taking logarithms for both sides of this expression yields:

lnCt ¼ lnC0 þ ∫ t
0ðrs � ρÞds: (19a)

Substituting equation (19a) into (1a), the social welfare function (i.e., indirect lifetime utility of households) in association with L ¼ L is
given by:
10 From equation (16b), we have 2ðϕψþ θÞ~rþ Φ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φ2 þ 4ðϕψ þ θÞψð1� ϕrÞðςþ ρ� ςHÞ

q
. Given 1>ϕ>0, 1> r >0 and 1>H >0, we can infer that Φ2þ 4ðϕψþ θÞ

ψð1� ϕrÞðςþ ρ� ςHÞ>0. This implies that Λ ¼ 2ðϕψþ θÞ~rþ Φ>0 holds.
11 In our model, a higher fraction of borrowed R&D labor costs ðθÞ implies that it is more difficult for R&D firms to obtain funds from banks. This forces R&D firms to
borrow more funds from households, and hence a higher fraction of borrowed R&D labor costs ðθÞ is associated with a lower fraction of bank loans. Proposition 1 shows
that a lower fraction of bank loans leads to a decline in innovations, which is consistent with the empirical finding in Xin, Zhang, and Zheng (2017).
12 By using a Romer (1990) type R&D-based growth model, Scrimgeour (2015) and Chen, Chu, Chu, and Lai (2017) numerically examine the transitional dynamics of
relevant macroeconomic variables numerically following a change in the tax rate on asset income.
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Table 1
Benchmark Parameterization.

Definition Parameter Value Source/Target

Capital share α 0.3 Gourio and Rudanko (2014)
Discount rate ρ 0.05 Acemoglu and Akcigit (2012)
Foreign interest rate r 0.045 Schubert and Turnovsky (2011)
Inelastic labor supply L 1/3 Linnemann and Schabert (2003)
R&D productivity ς 2.9691 Output growth rate ¼ 2%
Fraction of borrowed R&D labor costs θ 0.076 Hochberg et al. (2014)
Fraction of the collateral ϕ 0.6396 Data
Markup (Patent breadth) η 1.2 Jaimovich and Floetotto (2008)
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W ¼ ∫ ∞
0



lnCt þΩ

�
1� L

��
e�ρtdt

¼ ∫ ∞
0



lnC0 þ ∫ t

0ðrs � ρÞds�e�ρtdt þΩ
�
1� L

�
ρ

:
(19b)

It should be noted that, following an adjustment in η, ϕ, r, and θ, the welfare level stated in equation (19b) will change in response by
way of changes in C0 and the transitional paths of rt .13,14 Based on the fact that equation (19b) is too complex, it is very difficult for us to
provide a clear analytical result to solve how the welfare is affected in response to a change in η, ϕ, r, and θ. Accordingly, we must resort
to a numerical analysis.

3.4. Calibration

This subsection offers a quantitative assessment by resorting to a numerical analysis, and then uses it to study numerically the
macroeconomic effects on economic growth and social welfare. The parameters we set are adopted from commonly-used values in the
existing literature or calibrated to match the U.S. data.

In line with Gourio and Rudanko (2014) and Acemoglu and Akcigit (2012), the capital share and the discount rate are set to the
common values 0.3 and 0.05, respectively. Based on Schubert and Turnovsky (2011), the foreign interest rate is set to 0.045. As in
Linnemann and Schabert (2003), the share of time endowment that household devotes to working is set to 1/3. According to Hochberg
et al. (2014), the fraction of borrowed R&D labor costs is set to 0.076. Jaimovich and Floetotto (2008) point out that the estimated
markups in the value added data range from 1.2 to 1.4, and so the benchmark markup is set to 1.2. The fraction of the collateral is given
by 0.6396, which is the average loan-to-value ratio in the U.S. for the period from 2011 to 2015 according to the Statista database.15

Finally, we calibrate the R&D productivity as 2.9691 to match the output growth rate observed in the U.S. economy, which is 2%. A
summary of these benchmark parameter values is reported in Table 1.

Based on the benchmark parameter values reported in Table 1, we can infer three characteristic roots of the dynamic system: one is
negative and two are positive. The numerical values for these three roots are�0.0164, 0.2537, and 1.0055. As indicated in Appendix C,
this verifies the existence of the economy's balanced growth equilibrium. Moreover, we can compute the growth effect arising from
changes in the fraction of the collateral, the foreign interest rate, the fraction of borrowed R&D labor costs and patent breadth. The
results are summarized in Table 2.

Table 2 reveals that a higher fraction of the collateral ðϕÞ and a larger patent breadth ðηÞ will stimulate economic growth. However,
economic growth is decreasing in the foreign interest rate ðrÞ and the fraction of borrowed R&D labor costs ðθÞ. The numerical results
reported in Table 2 are the same as those of the comparative statics revealed in equations (18a)-(18d). The economic intuition behind
equations (18a)-(18d) is provided in Subsection 3.2, and hence we do not repeat it here.

We now turn to deal with the normative analysis, and analyze the optimal patent breadth that maximizes the social welfare level.
Based on our benchmark parameter values, the solid line in Fig. 1 plots the relationship between the level of social welfare and the
patent breadth in association with an inelastic labor supply, which exhibits an inverse U-shaped relationship. The optimal value of the
patent breadth is ηopt ¼ 1:3510.16 The empirical estimate for the markup in the literature, e.g., Jones and Williams (2000), suggests that
the value lies within a range of between 5% and 40%, and thus the optimal value ηopt ¼ 1:3510 in association with an inelastic labor
supply in Fig. 1 fits the evidence and usual observation.

The intuition behind the optimal patent breadth can be explained as follows. A higher patent breadth leads R&D firms to be more
profitable, which in turn provides R&D firms with an incentive to conduct more R&D investment by means of hiring more R&D labor.
13 The Keynes-Ramsey rule in equation (3c) reveals the result: gCt ¼ rt� ρ, where gCt stands for the growth rate of consumption. As a result, the welfare effect stemming
from the transitional paths of rt reflects the welfare effect arising from the transitional paths of gCt .
14 Appendix D provides a Proof to show why C0 will jump in response to an adjustment in η, ϕ, r, and θ.
15 The Statista database indicates that the U.S. loan-to-value ratios from 2011 to 2015 are 71.3%, 69.1%, 61.9%, 59.7% and 57.8%, respectively. Therefore, the value
of the average loan-to-value ratio in these five years is 63.96%.
16 It should be noted that the optimal value of the patent breadth ηopt ¼ 1:3510 remains intact regardless of the value of the leisure preference Ω. However, as
exhibited in Fig. 1, the value of the leisure preference Ω does affect the welfare level in association with ηopt ¼ 1:3510. To make a consistent comparison between an
inelastic labor supply and an elastic labor supply, in our numerical analysis concerning the inelastic labor supply in this subsection Ω is set to 1.541, which is equal to
the calibrated value under the elastic labor supply. The reasoning for the calibrated value of Ω is provided in Section 4 below.
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Table 2
Economic growth effect of a change in parameters (inelastic labor
supply).

A change in parameters Δ~g

Δϕð63:96% to70%Þ 0.010%
Δrð4:5%to5:5%Þ �0.021%
Δθð7:6%to8:6%Þ �0.005%
Δηð1:2to1:3Þ 2.570%

W.-C. Huang et al. International Review of Economics and Finance 51 (2017) 545–561
This will give rise to two conflicting effects on the level of social welfare. First, more R&D investment raises the economic growth rate,
and hence, as indicated in equation (19b), generates a positive effect on social welfare. Second, a higher patent breadth leads the
household to bear a higher cost for its international R&D borrowings, thereby causing a reduction in the household's disposable income,
as exhibited in equation (12c). Then, the household is inclined to instantly reduce its current consumption due to the income effect. As
indicated in equation (19b), a decline in current consumption generates a negative effect on social welfare. Consequently, a reduction in
the patent breadth can remedy the distortion (welfare loss) stemming from the overuse of international R&D borrowings. This is the
reason why the optimal patent breadth is set to a finite value ηopt ¼ 1:3510.17

We are now in a position to discuss how the optimal patent breadth will react following a change in the foreign interest rate, the
fraction of the collateral, and the fraction of borrowed R&D labor costs.

The solid line in Fig. 2 portrays the relationship between the optimal patent breadth and the foreign interest rate when labor supply is
inelastic. It indicates that, following a decline in the foreign interest rate, the optimal patent breadth will decrease in response. For
instance, when the foreign interest rate falls from the benchmark value of 4.5%–3.5%, the optimal patent breadth will decline from
1.3510 to 1.3490. Intuitively, a reduction in the foreign interest rate will lower the R&D cost, and R&D firms will thereby be inclined to
devote more resources to R&D investment and use more R&D labor. This leads to a greater overuse of international R&D borrowings.
Accordingly, the government should choose a lower optimal patent breadth to eliminate the distortion resulting from a greater overuse
of international R&D borrowings.

The solid line in Fig. 3 displays the negative relationship between the optimal patent breadth and the fraction of the collateral
associated with an inelastic labor supply. For instance, it reveals that, in response to a rise in the fraction of the collateral from the
benchmark value of 63.96%–70%, the optimal patent breadth will decrease from 1.3510 to 1.3504 in response. Intuitively, a higher
fraction of the collateral leads R&D firms to obtain cheaper foreign funds from the international market. This motivates R&D firms to
engage in more R&D investment and use more R&D labor, and hence leads to a greater overuse of international R&D borrowings. To
achieve social welfare maximization, the government should choose a lower optimal patent breadth to correct for the unduly high level
of international R&D borrowings.

The solid line in Fig. 4 presents the positive relationship between the optimal patent breadth and the fraction of borrowed R&D labor
costs. For instance, it indicates that, following a reduction in the fraction of borrowed R&D labor costs from the benchmark value of
7.6%–6%, the optimal patent breadth will fall from 1.3510 to 1.3506 in response. The rationale for this result can be explained
intuitively. A reduction in the fraction of borrowed R&D labor costs reduces the interest payment on borrowing, thereby causing a
decline in R&D costs. This provides R&D firms with an incentive to engage in more R&D investment and use more R&D labor, and hence
leads to a greater overuse of international R&D borrowings. Accordingly, to achieve social welfare maximization, the government
should adopt a lower optimal patent breadth to correct for the unduly high level of international R&D borrowings.

4. Elastic labor supply

This section deals with a more general situation where labor supply is elastic, and then analyzes how the international borrowing
interest rate and the fraction of patent collateral will affect economic growth and social welfare.

4.1. Transitional dynamics and steady-state growth

Similar to the derivations under the situation where labor supply is inelastic, the dynamic system in association with an elastic labor
supply can be expressed by three differential equations in terms of the ratio between consumption and physical capital f , the ratio
between physical capital and the R&D stock x, and the interest rate r. Thus, we can establish the following proposition:

Proposition 3. With an elastic labor supply, the dynamics of the economy is expressed by the following three differential equations:

_f
�
f ¼ r � ρ� ηr

α
þ f þ ϕrð1� αÞð1þ θrÞ

x½1� ϕðr � rÞ �
�
α

ηr

�
α

1�αΘ; (20a)
17 In his survey paper, Chu (2009) provides a similar explanation regarding the optimal level of intellectual property right protection (IPR). Chu (2009) summarizes
the macroeconomic effects of IPR and points out that the optimal level of IPR should trade off the social benefits of enhanced growth against the social costs of
distortions. The social costs of distortions mainly stem from the following two sources. First, the markup price distorts the relative consumption between monopolistic
goods and competitive goods from the socially optimal level. Second, under an endogenous labor supply, the markup price distorts the labor supply decision from the
optimal level. Therefore, by way of these distortions, even though higher IPR protection could enhance economic growth, it does not necessarily enhance social welfare.
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Fig. 1. The optimal patent breadth.

Fig. 2. The optimal patent breadth (a change in r).

Fig. 3. The optimal patent breadth (a change in ϕ).
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_x=x ¼ ηr
α
� f �

(
ϕrð1� αÞð1þ θrÞ
x½1� ϕðr � rÞ�

�
α

ηr

� α
1�α

þ ς

)
Θ; (20b)

_r=r ¼ ð1� αÞ r
ϑ

(
ψςx½1� ϕðr � rÞ��ηrα� 1

1�α

ð1þ θrÞr � 1

)
; (20c)
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Fig. 4. The optimal patent breadth (a change in θ).

Table 3
Economic growth effect of a change in parameters (elastic labor
supply).

A change in parameters Δ~g

Δϕð63:96%to70%Þ 0.012%
Δrð4:5%to5:5%Þ �0.025%
Δθð7:6%to8:6%Þ �0.006%
Δηð1:2to1:3Þ 3.085%
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where Θ ¼ L� LY ¼ 1� Ωfx
1�α

�
ηr
α

	 α
1�α�

�
ηr
α

	 1
1�α
x:

Proof. See Appendix E.

With similar derivations for equation (16a), we can derive the following quadratic equation in terms of the steady-state interest rate
~r:

θ~r2 þ f1� ϕψð1� αÞðς� ~r þ ρÞ
ð1� αÞ �ΩΓ

g~r � ð1� ϕrÞψð1� αÞðς� ~r þ ρÞ
ð1� αÞ �ΩΓ

¼ 0; (21)

where Γ ¼
�

α
η

��
~r�ρ

~r

�
þ ð1� αÞrϕψ

�
~r�ρ

~r

�
>0. Once the steady-state interest rate ~r is solved, the common growth rate in equation (17) can
be expressed as:

~g ¼ ~r � ρ: (22)

Based on the fact that equation (21) is too complex, it is very difficult for us to provide a clear analytical result to solve the interest rate ~r
and then explore the growth effect from equation (22). Accordingly, we must resort to a numerical analysis.

When we deal with the numerical analysis on elastic labor supply, two points should be noted. First, the parameter L ¼ 1=3 should be
removed from Table 1 since in this situation labor supply is determined endogenously. Second, in addition to seven parameters (L ¼ 1=3
is excluded) used in Table 1, one additional parameter, namely, the leisure preference Ω, should be calibrated. To be more specific, in
line with existing studies, the leisure preference Ω is calibrated as 1.541 so as to make hours worked be one third.

Similar to the inelastic labor supply, by using the relevant parameters for elastic labor supply, we can derive three characteristic roots
of the dynamic system: one is negative and two are positive. The numerical values for these three roots are �0.0132, 0.2670, and
2.9683. Similar to the logic reported in Appendix C, the economy exists a unique balanced growth equilibrium.

Table 3 reveals that a higher fraction of the collateral ðϕÞ and a larger patent breadth ðηÞ will stimulate economic growth. However,
economic growth is decreasing in the foreign interest rate ðrÞ and the fraction of borrowed R&D labor costs ðθÞ. By comparing the results
in Table 3 with those in Table 1, it is clear that the comparative results in association with an elastic labor supply are qualitatively the
same as those in association with its inelastic counterpart.

We then turn to deal with the normative analysis, and analyze the optimal patent breadth that maximizes the social welfare level.
When labor supply is elastic, the social welfare function (i.e., indirect lifetime utility of households) is given by:

W ¼ ∫ ∞
0 ½lnCt þΩð1� LtÞ�e�ρtdt

¼ ∫ ∞
0



lnC0 þ ∫ t

0ðrs � ρÞdsþΩð1� LtÞ
�
e�ρtdt:

(23)
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Since equation (23) is too complex to solve how the welfare is affected in response to a change in η, ϕ, r, and θ, we thus resort to a
numerical analysis.18

Based on our benchmark parameter values, the dashed line in Fig. 1 plots the relationship between the level of social welfare and the
patent breadth, which exhibits an inverse U-shaped relationship. The optimal value of the patent breadth is ηopt ¼ 1:2725.

It is quite clear from Fig. 1 that the optimal value of the patent breadth under an elastic labor supply (1.2725) is lower than that under
its inelastic counterpart (1.3510). This result can be interpreted intuitively as follows. As stated previously under the situation where the
labor supply is inelastic, faced with a higher patent breadth the household needs to pay a higher cost for its international R&D bor-
rowings, thereby causing a reduction in the household's disposable income. With the income effect, the household tends to depress both
consumption and leisure since both are normal goods. The fall in leisure (coupled with the rise in labor supply) is the additional effect for
the situation where the labor supply is elastic. Compared with the inelastic labor supply, as indicated in equation (23), a rise in labor
supply generates an additional negative effect on social welfare when the labor supply is elastic. This is the reason why in Fig. 1, in
association with a given value of η, the welfare level under an elastic labor supply is smaller than that under an inelastic labor supply.
With the additional welfare loss arising from the overuse of the labor supply under an elastic labor supply, the government should
choose a lower optimal patent breadth compared to the situation where the labor supply is inelastic.

We then discuss how the optimal patent breadth ηopt will react following a change in the foreign interest rate r, the fraction of the
collateral ϕ, and the fraction of borrowed R&D labor costs θ.

The dashed line in Fig. 2 depicts the relationship between the optimal patent breadth and the foreign interest rate when labor is
supplied elastically. Two results displayed in Fig. 2 should be noted. First, it is revealed that, following a reduction in the foreign interest
rate, the optimal patent breadth will decrease in response. For example, when the foreign interest rate declines from the benchmark
value of 4.5%–3.5%, the optimal patent breadth will decrease from 1.2725 to 1.2709. The positive relationship between ηopt and r under
an elastic labor supply is qualitatively the same as that under its inelastic counterpart. The intuition behind the positive relationship
between ηopt and r under an elastic labor supply is similar to that under an inelastic labor supply, so to save space we do not repeat it
again. Second, in association with a given value of r, the optimal patent breadth under an elastic labor supply is less than that under an
inelastic labor supply. The intuition underlying this result is that, as emphasized previously, an additional welfare loss arises from the
overuse of labor supply under an elastic labor supply. So, to correct for this unduly high level of labor supply, the government should
choose a lower optimal patent breadth compared to the situation where labor supply is inelastic.

The dashed line in Fig. 3 displays the relationship between the optimal patent breadth and the fraction of the collateral when labor
supply is elastic. Two observations are found in Fig. 3. First, under an elastic labor supply the optimal patent breadth is negatively
related to the fraction of the collateral. For instance, following a rise in the fraction of the collateral from the benchmark value of
63.96%–70%, the optimal patent breadth will decrease from 1.2725 to 1.2721 in response. The economic reasoning for the negative
relationship between ηopt and ϕ under an elastic labor supply is essentially the same as that under an inelastic labor supply, and thus we
do not repeat it here. Second, in association with a given value of ϕ, the optimal patent breadth under an elastic labor supply is less than
that under an inelastic labor supply. The intuition underlying this result is that, as stated previously, an additional welfare loss arises
from the overuse of labor supply under an elastic labor supply. Accordingly, to remedy the distortion caused by the overuse of labor
supply, the government should take action to choose a lower optimal patent breadth compared to the situation where the labor supply is
inelastic.

Finally, the dashed line in Fig. 4 presents the positive relationship between the optimal patent breadth and the fraction of borrowed
R&D labor costs. Two observations emerge from Fig. 4. First, just as in the case of the inelastic labor supply, the optimal patent breadth
ηopt is positively related to the fraction of borrowed R&D labor costs θ. For instance, a reduction in the fraction of borrowed R&D labor
costs from the benchmark value of 7.6%–6% leads the optimal patent breadth to fall from 1.2725 to 1.2722. Second, for any given θ, the
optimal patent breadth under an elastic labor supply is less than that under an inelastic labor supply. The logic behind these two
observations in Fig. 4 is similar to that in Fig. 2, and hence we need not repeat it here.

5. Concluding remarks

This paper sets up an R&D-based growth model featuring international R&D funding and patent collateral, and uses it to examine
how the international borrowing interest rate and the fraction of patent collateral will affect economic growth and social welfare.
Several major findings emerge from the analysis. First, with an inelastic labor supply, a rise in the fraction of patent collateral is
beneficial to both innovations and economic growth. Second, when labor supply is inelastic, a rise in either the foreign interest rate or
the fraction of borrowed R&D funding is harmful to innovations and economic growth. Third, our numerical results show that the above
two findings are robust when labor is supplied elastically. Finally, our numerical results indicate that, regardless of whether labor supply
is inelastic or elastic, the government can implement an optimal patent breadth policy to maximize the social welfare level. Our
numerical results also point out that this optimal patent breadth will decrease in response to a reduction in the foreign interest rate, a rise
in the fraction of the collateral, and a reduction in the fraction of borrowed R&D labor costs.

Before ending this paper, one point deserves special mention here. The R&D-based growth models with expanding variety are
criticized for featuring the scale effect, i.e., they predict that a rise in the size of employment (or the labor force) will lead to a higher
growth rate. This result is at odds with empirical studies based on US and OECD data, for instance, Backus, Kehoe, and Kehoe (1992) and
Jones (1995a; 2005). To remove this undesirable scale effect, we can follow Jones (1995b) and Eicher and Turnovsky (2000) by
18 The Proof for the discrete jump in C0 under an elastic labor supply is similar to that under an inelastic labor supply; the latter is shown in detail in Appendix D.

556



W.-C. Huang et al. International Review of Economics and Finance 51 (2017) 545–561
bringing the growth rate of the labor force into the model.19 By so doing, we are able to not only show that the balanced growth rate is
crucially determined by the growth rate of the labor force (rather than the level of the labor force), but also deal with whether the
international borrowing interest rate and the fraction of patent collateral are powerful in affecting the “scale-adjusted” per capita output
and social welfare.20
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Appendix A

This appendix provides a detailed Proof to derive an alternative form of the household's budget constraint. We first rewrite the
household's budget constraint as follows:

_K þ _a ¼ rK þ �rA þ _V
�
V
�
aþ wLþ rD� C: (A1)

Differentiating a ¼ VA with respect to time yields _a ¼ _VAþ V _A. Then, inserting _a ¼ _VAþ V _A, (9c), (10a), and (12a) into (A1), we have:

_K þ _VA ¼ rK þ �rA þ _V
�
V
�
AV þ wLY � C � θεrwLA: (A2)

According to (4d), (5c), and (12b), we then have rK ¼ αY=η. Moreover, substituting rK ¼ αY=η into (A2) yields:

_K þ _VA ¼ αY
η

þ �rA þ _V
�
V
�
AV þ wLY � C � θεrwLA: (A3)

Inserting (3a) and (7) into (A3) gives rise to:

_K ¼ αY
η

þ Aπx þ wLY � C � θεrwLA: (A4)

By using (4d), (5a), (6), and Arx ¼ αY
η , we have Aπx ¼ ðη�1ÞαY

η . Finally, substituting (4c) and Aπx ¼ ðη�1ÞαY
η into (A4), the household's

budget constraint reported in (1b) can be alternatively expressed as:

_K ¼ Y � θεrwLA � C: (A5)

Appendix B

This appendix solves the dynamic system of the model under an inelastic labor supply. Equipped with (4d) and (5c), we have:

r ¼ α

η

�
LY

x

�1�α

: (B1)

From f ¼ C=K, _f=f ¼ _C=C� _K=K, x ¼ K=A, Y=K ¼ ðLY=xÞ1�α, (3c), (8), (9b), and (12c), we can derive:

_f
�
f ¼ r � ρ�

�
LY

x

�1�α

þ f þ ϕVr
x

ςLA: (B2)

By using x ¼ K=A, _x=x ¼ _K=K� _A=A, f ¼ C=K, Y=K ¼ ðLY=xÞ1�α, (8), (9b), and (12c), we have:

_x=x ¼
�
LY

x

�1�α

� f �
�
ϕVr þ x

x

�
ςLA: (B3)

Based on (4a), (4c), (10c), (11), and (B1), we can derive the value of R&D as:

V ¼ ð1� αÞð1þ θrÞ
ςð1� ϕðr � rÞÞ

�
α

ηr

� α
1�α

: (B4)

Substituting (B1), (B4), and (12a) into (B2) and (B3), respectively, we obtain:
19 Peretto (1996; 1998) and Howitt (1999) propose an alternative way to escape from the scale effect, in which their model is embodied with the feature that a rise in
the scale of the aggregate economy is perfectly fragmented by the proliferation of endogenous product varieties.
20 See, e.g., Eicher and Turnovsky (2000) for a relevant analysis.
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_f
�
f ¼ r � ρ� ηr

α
þ f þ ð1� αÞϕrð1þ θrÞ

x½1� ϕðr � rÞ�
�
α

ηr

� α
1�α
�
1� H �

�ηr
α

	 1
1�α
x
�
; (B5)

_x=x ¼ ηr
α
� f �

(
ð1� αÞϕrð1þ θrÞ
ςx½1� ϕðr � rÞ�

�
α

ηr

� α
1�α

þ 1

)
ς

�
1� H �

�ηr
α

	 1
1�α
x
�
: (B6)

Taking logarithms of both sides for (B4) and differentiating the resulting equation with respect to time yields:

_V
V
¼ θr

ð1þ θrÞ
_r
r
� ϕr
ð1� ϕðr � rÞÞ

_r
r
� α

1� α

_r
r
: (B7)

By using (7), we have:

r ¼ Aπx

AV
þ

_V
V
: (B8)

By substituting Aπx ¼ ðη� 1ÞαY=η, (4a), (B4), and (B7) into (B8) to delete _V=V , we can infer the expression:

_r=r ¼ ð1� αÞ r
ϑ

(
ψςx½1� ϕðr � rÞ��ηrα� 1

1�α

ð1þ θrÞr � 1

)
; (B9)

where ϑ ¼ α� ð1�αÞθr
1þθr þ ð1�αÞϕr

1�ϕðr�rÞ and ψ ¼ α
1�α

η�1
η .

Accordingly, as exhibited in (B5), (B6), and (B9), the dynamic system can be expressed in terms of three differential equations for f ,
x, and r.
Appendix C

This appendix briefly discusses the existence of the economy's unique balanced growth equilibrium. Linearizing (B5), (B6), and (B9)
around the steady-state equilibrium yields:0

@ _f
_x
_r

1
A ¼

0
@ a11 a12 a13

a21 a22 a23
a31 a32 a33

1
A
0
@ f � ~f

x� ~x
r � ~r

1
Aþ

0
@ a14

a24
a34

1
Adz; (C1)

where a11 ¼ ∂ _f=∂f , a12 ¼ ∂ _f=∂x, a13 ¼ ∂ _f=∂r, a14 ¼ ∂ _f=∂z, a21 ¼ ∂ _x=∂f , a22 ¼ ∂ _x=∂x, a23 ¼ ∂ _x=∂r, a24 ¼ ∂ _x=∂z, a31 ¼ ∂ _r=∂f , a32 ¼ ∂ _r=∂x,
a33 ¼ ∂ _r=∂r, a34 ¼ ∂ _r=∂z, z 2 fη; r; θ; ϕg. Due to the complicated calculations, we do not list the analytical results for aij, where
i 2 f1; 2;3g and j 2 f1; 2; 3;4g.

Let δ1, δ2 and δ3 be the three characteristic roots of the dynamic system. Due to the complexity involved in the calculations of the
three characteristic roots, we cannot solve these roots analytically. In a later discussion (Subsection 3.4), we will instead show via a
numerical simulation that in the dynamic system there exist two positive and one negative characteristic roots. The literature on
dynamic rational expectations models, such as Burmeister (1980) and Turnovsky (2000), claims that, if the number of positive
(unstable) roots equals the number of jump variables, there exists a unique perfect foresight equilibrium solution. The dynamic system in
equation (C1) has two jump variables, f and r, and one predetermined variable, x,21 and hence our numerical results reveal that the
economy features a unique steady-state equilibrium.
Appendix D

This appendix provides a Proof to explain why C0 in equation (19b) will jump in response to an adjustment in z, where z 2 fη; r; θ; ϕg.
Given that the discrete jump in C0 is closely related to the discrete adjustment in f , we thus first need to show how f will react at the
moment of policy implementation.

For expository convenience, let δ1 be the negative root and δ2 as well as δ3 be the positive roots. Therefore, the general solution for f ,
x, and r is given by:
21 Both K and A are predetermined variables, and hence xð¼ K=AÞ should also be treated as a predetermined variable.
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0
@ f

x
r

1
A ¼

0
@~f ðzvÞ

~xðzvÞ
~rðzvÞ

1
Aþ

0
@ 1 1 1

h21 h22 h23
h31 h32 h33

1
A
0
@B1eδ1 t

B2eδ2 t

B3eδ3 t

1
A; (D1a)

where B1, B2 and B3 are undetermined coefficients and ~f ðzνÞ, ~xðzvÞ, and ~rðzvÞ respectively denote the stationary values of f , x, and r in
association with a specific level of the exogenous variable z, namely, zv. Moreover, h21, h22, …, and h33 are defined as:

h2j ¼
���� δj � a11 a13

�a21 a23

����
����� a12 a13

a22 � δj a23

����; j 2 f1; 2; 3g; (D1b)

h3j ¼
���� a12 δj � a11
a22 � δj �a21

����
����� a12 a13

a22 � δj a23

����; j 2 f1; 2; 3g: (D1c)

To simplify the exposition, the policy implementation that this paper deals with is expressed as the exogenous variable z, which
changes from its benchmark value z0 to a new level z1, where z 2 fη; r; θ; ϕg. By using (D1a)-(D1c), we introduce the following equations
to describe the dynamic adjustment of ft , xt , and rt :

ft ¼
�
~f ðz0Þ; t ¼ 0�;
~f ðz1Þ þ B1eδ1 t þ B2eδ2 t þ B3eδ3 t; t � 0þ;

(D2a)

xt ¼
�
~xðz0Þ; t ¼ 0�;
~xðz1Þ þ h21B1eδ1 t þ h22B2eδ2 t þ h23B3eδ3 t; t � 0þ;

(D2b)

rt ¼
�
~rðz0Þ; t ¼ 0�;
~rðz1Þ þ h31B1eδ1 t þ h32B2eδ2 t þ h33B3eδ3 t; t � 0þ;

(D2c)

where 0� and 0þ denote the instant before and after the exogenous variable change, respectively.
The three undetermined parameters B1, B2 and B3 are determined by the following three conditions:

x0� ¼ x0þ ; (D3a)

B2 ¼ 0; (D3b)

B3 ¼ 0: (D3c)

Equation (D3a) indicates that xð¼ K=AÞ remains intact at the instant of policy implementation since both K and A are predetermined
variables. Equations (D3b) and (D3c) are the stability conditions which ensures that ft , xt , and rt converge to their new steady-state
values. By using equations (D2b), (D3a) and (D3b) and (D3c), we obtain:

B1 ¼ ½~xðz0Þ � ~xðz1Þ�=h21; (D4)

Substituting (D3b), (D3c) and (D4) into (D2a)-(D2c) yields:

ft ¼
�
~f ðz0Þ; t ¼ 0�;
~f ðz1Þ þ ½~xðz0Þ � ~xðz1Þ�=h21eδ1 t; t � 0þ;

(D5a)

xt ¼
�
~xðz0Þ; t ¼ 0�;
~xðz1Þ þ ½~xðz0Þ � ~xðz1Þ�eδ1 t; t � 0þ;

(D5b)

rt ¼
�
~rðz0Þ; t ¼ 0�;
~rðz1Þ þ h31½~xðz0Þ � ~xðz1Þ�=h21eδ1 t; t � 0þ:

(D5c)

From (D5a) the jump between f0þ and f0� is given by:

f0þ � f0� ¼ ~f ðz1Þ � ~f ðz0Þ þ ½~xðz0Þ � ~xðz1Þ�=h21: (D6)

According to f ¼ C=K and x ¼ K=A, we can infer that C0� ¼ f0�x0�A0� and C0þ ¼ f0þx0þA0þ . Given that both K and A are pre-
determined variables, xð¼ K=AÞ should also be treated as a predetermined variable. This implies that A0� ¼ A0þ and x0� ¼ x0þ , and
hence it is quite clear that the jump between C0þ and C0� stems from the jump between f0þ and f0� .

By using C0� ¼ f0�x0�A0� , C0þ ¼ f0þx0þA0þ , A0� ¼ A0þ , x0� ¼ x0þ , and (D6), we can infer the discrete jump in consumption at the
instant of policy implementation as the exogenous variable z that changes from its benchmark value z0 to a new level z1:
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C0þ ¼ C0� þ �~f ðz1Þ � ~f ðz0Þ þ ½~xðz0Þ � ~xðz1Þ�=h21

x0�A0� : (D7)

Appendix E

This appendix briefly derives the dynamic system of the model under an elastic labor supply. From (2a) and (2b), we have:

Ω

1� L
¼ w

C
: (E1)

Inserting (4a) and (4c) into (E1), we can obtain:

Ω

1� L
¼ ð1� αÞðLY Þ�αAxα

�
K

C=K
: (E2)

By using f ¼ C=K and x ¼ K=A, (B1), and (E2), labor supply can be expressed as:

L ¼ 1� Ωfx
1� α

�ηr
α

	 α
1�α
: (E3)

Similar to the derivations under an inelastic labor supply stated in Appendix B, based on (B1), (B2), (B3), (B4), (B9), (E3), and the
market-clearing condition for the labor market LYþ LA ¼ L reported in (12a), we can derive the dynamic system under an elastic labor
supply as:

_f
�
f ¼ r � ρ� ηr

α
þ f þ ϕrð1� αÞð1þ θrÞ

x½1� ϕðr � rÞ�
�
α

ηr

� α
1�α

Θ; (E4a)

_x=x ¼ ηr
α
� f �

(
ϕrð1� αÞð1þ θrÞ
x½1� ϕðr � rÞ�

�
α

ηr

� α
1�α

þ ς

)
Θ; (E4b)

_r=r ¼ ð1� αÞ r
ϑ

(
ψςx½1� ϕðr � rÞ��ηrα� 1

1�α

ð1þ θrÞr � 1

)
; (E4c)

where Θ ¼ L� LY ¼ 1� Ωfx
1�α

�
ηr
α

	 α
1�α�

�
ηr
α

	 1
1�α

x and ψ ¼ α
1�α

η�1
η .

The Proof regarding the transitional paths of ft , xt , and r t under an elastic labor supply is similar to that under an inelastic labor
supply (see Appendix D), and so to save space we do not repeat it here.
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