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INTRODUCTION

The mortality function g,, defined by the formula (1, P. 13)

F’x=‘11_D1xs (1)

is usually referred to as the force of mortality at age x, where 1, represents a
function of the number living or surviving at age x. Since it is difficult to find
a mathematical expression for the function 1., usually an empirically decreasing

function, numerical differentiation is therefore necessary in determining the
numerical value of g,.

Approximate numerical values of u, would be got by using the following
formulas:

1) g, is derived from the formula (1, P. 18).

p,=§—{:<1,-1 ~1..1) 2

which will be exact, if 1, is a polynomial of the second degree.
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2) p, is frequently employed by compilers in the building up of a life table,
derived from the formula (1, P.18, 2, P.5)

121 [8(1:;—1 1x+1) (1x 27 x+2)j ’ (3)

which will be exact, if 1, is a polynomial of the fourth degree.

Both the formulas (2) and (3) can be obtained by expanding 1..x, k=-2,
—1, 1, 2,7in Taylor_series about x, and eliminating the terms of more than the
first order derivatives of 1,.

3) px is derived from the formula (1, P.18) by using the relationship of
operator E between the derivative operator D, and the finite forward difference
operator A, where E = e®> and E = 1 + A.

Hence, we have

D = In(1 + A)
1 1,5, 1 '
= A - JA? + g A - GA A+ €))
and py = —11—<A1 A21 +1 A31, »A41x+--->. (5)

The objective of this research is to determine the force of mortality func-
tion g, by using the numerical differentiation of Lagrange’s interpolation for-
mula at a certain age x, and to demonstrate that the formula (3) can ‘be used
with 1, being a polynomial of the fourth degree or less than the fourth.

PRELIMINARIES AND NOTATIONS
The following notations and formulas will be used throughout this research:
N, 1, is a continuously decreasing function of the number of lives surviving as
x increases, defined with the interval 0 < x < w, where x represents the

life expectancy and 1. = 0.
N, d, represents the number of deaths, derived from the equatlon

d, =1, -1, forx=20,1,2,3,..., W, (6)

and thus the formulas (2) and (3) can be changed respectively into the
following forms:
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1
P = 721;— (dx‘l - dx)r . (7)
1
and  pe = o7 (7(ds-y + d) - (de-2 + ded (8
D is the derivative operator. '
A is the finite forward difference operator, defined by the equation
AU, = Uy - Uy, forx =0,1,2,3, ... )

A™ m = 0,1, 2,3, ..., represents the mth order finite forward difference

operator, defined by the formula (3, P.157):

AmUx = k% (‘!?)Ux+k7 (10)
where AU, = n!, an
if U, is a polynomial of the nth degree and n = m(3, P.158),
and A™U, = 0, ¢12)
if'n < m.

E is the shifting operator defined by the formula (2, P. 8)
EUX = Ux+1
= U, + AU,
=1+ AU, (13)
and EU, = U, + DU, + & D*U, + DU, + -
— A+ D+ D7+ 3D8 + U, |
(14)

= e’U,.

The formulas (4) and (5) can be obviously obtained by the operators D, A,

and E.

N, Lagrange’s Interpolation formula.

Assume that a function U, is continuously differentiable n+1 times and

n+1 points (X, Uy, D, for x, =%, +k,and k=0,1,2,3, ..., nare known,
then. the function U, can be approximated with Lagrange’s interpolation formulav

@,

P.165) and we shall have
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U.=3 P.(OU,,, (15)

k=0

(X = Xg) (X = Xp)er(X = Xpog) (X = K)o (X = Xa)
(Xi = Xo) (X =X)(Xy ~ Xeo1) (Xi = Xpar) (X = Xn) '

where P.(x) =

Ns U’(x,) (3, P. 166) represents the derivative of é}o P.(x)U,, at x = x,,
forr = 0,1, 2,3, ..., n, defined by the equation:

) a1 - Fix)
U'(x) = X, - X, W, = w76x.) Us, s (16)

TEk

where F(x) = (X -~ %) (X - x)(X = X ) (X = Xn),
Fu(x) = (x - %) (X =%X)(X = Xuor) (X = Xuyr) (X = X
F/'(x) = (x - x)F (%) + Fu(x).
RESULTS

1) Assume that the function 1, is continuously differentable 3 times and 3

points (X,, lxo ), (%1, 1) and (x,, 1., ) are given, then 1, can be approximated

with Lagrange’s interpolation formula (15) and we shall have

1= (X=%) (X=%) 1 4 (X-Xe) (X=X) 7 4 (X=X¢) (X-X)

T(Xe-X1) (Xo-X2) (0 (X -%Xg) (Xi-Xe) T (Xp-Xo) (Xe-X() T2

where x;, = x, + 1 and x, = %, + 2. an

From (16), the following derivative of (17) at x, and x, can be obtained
respectively

3 1

1’}(0 = —Elx0+21x1—vz 1x2’ (18)
and  Vg=-4l, 43l (19)

Hence, from (1), the force of mortality 4+, can be obtained as follows:

peo= g1 Blig-4leg + 1), (20)
X0
and Pxg = 2_11;;(1::0 - 1,0 21
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.In general, replacing xo, x1 and x, with x, x+1 and x+2 in (20), we have

1 c

Py = 2—1; (31x = 41x+1 + 1x+2>7 (22)
or from (6), - | .. "

Px = 'Qllx_ (3dx = dx+l)° ' (23) »

Replacing %o, %, and x, with x-1, x and x+1, in (21), we have

pe = g1 (e = L) @
Which is exactly the formula (2),
or from (6)

pe = 1= (et + 4, | (25

2) Assume that the function 1, is continuously differehf(able 4 times and 4
points (Xo, 1., ), (X1 1;, ), (Xs 1,, ) and (xs, 1xa ) are given, then 1, can be

approximated by using the formula (15) and we have

1. = (&%) (X-X,) (X-Xs) 4 (X-%Xo) (X-X,) (X-Xs)

T (xg=x1) (Xo=X:) (Xo-X3) 70 ' (X,-Xo) (X;i~Xo) (Xi=Xs) ™

(x-X) (X-X) (X-Xs) (x-%0) (x-%;) (X-X,) y
() (e G T G ey e 0

where x; = %,+1, x.+2 and x; = x,+43.

From (16), the following derivatives of (26) at x, and x, can be obtained

respectively
11 3 2
1,x0 = _“3!—1x0 +31x1 - '_2'!_1x2 =+ "’3!7‘11&’ (27)
and U, = -4 lg- ol + L, —grle (28)
Hence, from (1), we have
Loqu,, - 181, + 9L, - 21,0, (29

Fxg = 61,
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and pe, = 4 3L, - 6l + 1) (30)

In general, replacing x,, X;, X;, and x, with x, x+1, x+2 and x+3in (29),

we have

pe = g (L - 181, - 91os - 21.00), (3D
or from (6),

by = i (11d, - Tdye + 24,00 (32)

61,

Replacing x,, X;, X, and x; with x-1, x, x+1 and x+2 in (30), we have

pe = "GL’ (21 + 3le = 610 + Liso), (33)
or from (6),
pe = g1 Qe + 5de = deoi). ' (38

3) Assume that the function 1, is continuously differentiable 5 Times, and

5 pOintS (XO:]-XO )9 (Xl 71x1 )_, (X211x2 )’ (X3, 1X3 ) and (X4 ;17‘4 ) are gl_
ven, than 1. can be approximated by using the formula (15) and we have

(x - x) (X = Xg) (X = X3) (X = X4)

L= (o %) (o mx) (o= %5) (%o - %5

(x - %) (X = %) (X = %) (X = X) 5

+ (X1 - Xo) (X1~ X2) (X1- X3) (X - Xe)
b (- %) (X = %) (X = %) (X = Xa) g
(Xz = Xo) (Xp=X;) (X5 - Xg) (Xp = Xa)
+ (X X) (X=X) (X = %) (X=X
(Xs - Xo) (X3-%y) (Xs- X) (Xs— X4)
+ (o %) (X - Xp) (X = %) (X = Xy) g (35)

(Xs = Xo) (Xi=%1) (Xa- Xp) (X4 - Xg)

where x, = X,+1, X, = X,+2, X3 = X+3 and x, = x,+4.
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From (16), the following derivatives of (35) at X,, X, and X, can be ob-

tained respectively:

50 24 12 8 ' 6 rq

Vs = =g leg + 73 In = gyl + g Ing = g dee s G0
6 5 6 3 2

Ve == gy sy = gl = gigilee = g I = gy T s GD)
2 4 4 2

Vg = Gl =gl + gl = ogrbe 38

Hence, from (1), we have

1 - .
[l/xo = 1-2—1}{_0 (251){0 - 481x1 + 361}(2 - 361x3 - 31);4 ), (39)

1
/fol = 121;1 (31)(0 + 101x1 - 18}{x1 + 6];):3 - 11\’4 ): (40)
1
and Pry = 191, (-1, + 81, - - 8lx, + 1x, ). (41

In generr], replacing x,, X, X., X; and x, with x, x+1, x+2, x+3 and x+4

in (39), we have

Py = 1211; (251, - 481,,, + 361.+, - 161,,5 - 31l ), (42)
or from (6),
Px = 1"211’; (25d, - 23dery + 13d..e - dews). (43)

Replacing x,, Xi, X., X; and x, with x -1, x, x+1, x+2 and x+3 in (40),

we have

0, = 17211: (31 + 10Lc = 18Lasy + 61,0 = 1), (44)
or ffom (6),

pe = o Gde + 134, - 5oy + ded. 4D

Replacing xo, X;, X2, Xg and x4 with x-2, x-1, x, x+1 and x+2 in (41),

we have
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1
= 121 (-le-p + 8lx-; — 8lx+y + 1x+2) (46)

which is exacily the formula (3), or from (6)

Hx™= 12 ; E7(dY“1 + dx) - (dx’-z + inl)]' (47)

|

Obviously, the formulas (22), (23), (24), (25), (31), (32), (33), (34), (42),
(43), (44), (45), (46) and (47) can be used to find the approximate value of
the force of mortality xx under the assumptions of each.
REMARKS

1) By using the formula (10), the formula (31) cau be changed into ano-

ther form as follows:

Jx = 76%: (111x — 181xy; + 91x.. — 21x49)

= 776}*" (212 - 6114—1 + 61x+2 - 21!+3 + glx - 121x+l - 31x+2)
1
= 381, A8l + ’2%; (Blx — 41x4; + lxi), (43)
or from (6),
= b AL 4+ Y Bde — i) 49
px= g1, x + g1, O = Grur)

If 1. is a polynomial of the second degree, the formula (31) can be also
used to find the value of ;., because as it is obvious from (12), the AZ2l; is
equal to zero in (48) and (49).

If 1; is a polynomial of the third defree, the formula (48) and (49) can

be written in the following forms respectively:

pr= g1 Bleuy = 4len + o) G

and = o1, (3ds = da), (51)

Here to find the approximate value of px., the term 3%— A%l: can be de-

leted, because a very small constant could be changed into 12 , When 1: is
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veay large. Hence, it is obvious that the formulas (50) and (51) are exactly
the formulas (22) and (23) respectively.
2) Similarly, the formulas (42) and (46) can be changed into the follow-

ing forms respectively:

P = 1‘211“' (251, — 481,,, + 361,,, — 1615 + 314

X

='1711A (31;: - 121x+1 + 181x+2 — 121“_3 + 3]11\4
+ 221x - 361x+1 + 18Ix+2 —_— 41x+3‘) (52)

or form (6),

1 1
me= gy At + gy (1ds = Tday o+ 24y, (63
and Pe= 1211; (-lee + 81y — 8Ly + 1eio)

= fop; Clems + 41 — 61, + 4l = Lo
4 41, + 61, — 121, + 21,.2)
= [k At + gL @l 4 3L = 6Ly + 1o, (GO

or from (6),

- 1
o= 1a17 AMems + gp (e 300 = e, (55)

If 1, is a polynomial of the second degree for case and third degree for

another, the formulas (45) and (47) can be also used to find the value of p,;

because as it is obvious from (12) A‘l, and A'l,_. ‘are equal to zero ink (52),
(53), and, (54) and (55).

If 1. is a polynomial of the fourth degree, the formulas (52), (53), (54)
and (55) can be written in the following forms respectively:

Bz —6;]1_7 (1111 - 181x+1 + 91x+2 - 21x+3 - 21x+3)» (56)
Mx= “6%: (11dx - 7dx+1 + 2dx+2)) (57)
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o= 1. @l + 3L - 6l + L), (58)
‘and pe= g (@decy + 5dc - deyy). (59)
Here to find the respective approximate value of g, terms ';ﬁ ;*A“lx and
13;A‘1,_2 are very small constants —16 and i?: respectively when 1, is very large.

Hence, it is obvious that the formulas (56), (57), (58) and (69) are exactly the
formulas (31), (32), (33) and (34) respectively.
NUMERICAL EXAMPLES

Example 1. Let 1, = 20,000 - 100x - x* be defined at the interval O < x
< 100, find the value of the force of mortality 4. at age 50.

Let x be the age of 48, 49, 50, 31, 52, 53 and 54, the following values can
be obtained by the given function of 1, and d, from (6):

X age N 1, d,
.48 12,896 197
49 12,699 199
50 12,500 201
51 12,299 203
52 12,096 205
53 11,891 207
54 11,684

From (23), we obtain
1
M50 ?'2'1‘5—0'(3d50 - dsx)

= 512.200(3-201 - 203)

400
= 25,000

=0.016.
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The formulas (32), (34), (43), (45) and (47) can also be used to obtain the
value of ws50=0.016. Hence, it is evident that if 1, is a polynomial of the second

degree, we can then use these formulas to find the value of p,.

Example 2. Let 1,=2,000,000 - 5,000x - 50x2? - x? be defined at the interval
0 < x < 100, find the value of the mortality x, at age 50.

Let x be the age of 48, 49, 50, 51, 52, 53 and 54, the following values can
be obtained by the given function of 1, and d, from (6):

X age 1, d,
48 1,534,208 16,907
49 1,517,301 17,301
50 1,500,000 17,701
51 1,482,299 18,107
52 1,464,192 18,519
53 1,445,673 18,937
54 1,426.736

From (32), we obtain

o=~ 1*(11(150 - 7d51+2d52)
6150

= 6’1"561’0’000'(11'17’701 - 7.18,107+2,18,519)

105,000

=(.0116666.
and from (34),

1
M50 = Gm(2d49+5dso - d51)

=6—1“§%0—0()6(2.17,301+5.17,701 - 18,107)-

_ 105,000
= 9,000,000
=0.0116666.
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The formulas (43), (45) can also be used to obtain the value of pz=
0.0116666. Hence, it is evident that if 1, is a polynomial od the third degree,
we can then use these formulas to find the value of u,.
By using the formula (23) or (51), the approximate value of pu;, can be

obtained

1
Hsp= 2150 (3d50 - ds1)

='2’;I‘5‘50W6(3'17’7°1 - 18,107)

34,996

~ 3,000,000
=0.0116653.

Hence, it is evident that this formula can be used to find the approximate

value of ps which is very close to the exact value of p;=0.0116666.

Example 3. From the Australian life table (males) 1961 (2, P. 175), the

following values are reproduced:

X age 1, d, fx

48 89,705 287 0.00623
49 89,118 645 0.00690
50 88,473 711 0.00765
51 87,762 783 0.00850
52 86,979 860 0.00943
53 86,119 944 0.01046
54 85,175

Find the value of p; as accurately as possible.
By using the formula (3) or (8) or (47), we obtain
Hso= '1*;‘1;)[7@9'*‘(150) - (d4s+d51)]

= 1pg8473 C7CB45+711) - (587+783))
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8122
— 1,061,676

=0.0076501

which is equivalent to the value of u;==0.00765, as is indicated in the Australian
life table above. This formula is frequently emplyed by compilers for the con-
straction of a life table

By using other formulas, the approximate values of us, obtained are very
close to 0.00765. We apply the formulas (43), (45), (67) and (59) and the ap-

proximate values of p;, obtained will be follows:
0= 1oi— (255 - 23ds;+13ds; - 3ds3)=0.0076426,
1215
= 1ok (3di+13dsp - 5ds; +2d5;) =0.0076511,
121,
po= gr.; (1dso = Tdsy+2d:;)=0.0076482,
and psv=gp.. (2da+5dso - dsi)=0.007652.

Example 4. Let 1,=10,000(100 - x)l/ 2 be defined at the interval 0 <x <
100, find the approximate value of uso.

Let x be the age of 48, 49, 50, 51, 52, 53 and 54, the following values can
be obtained by the given function of 1. and dx from (6):

X age 1x dx
48 72,111 697
49 71,414 704
50 70,710 710
51 70,000 718
52 69,282 726
53 68,556 734
54 67,822

By using the formula (3), (8) or (47) as it is frequently used by compilers

for the construction of a life table, we obtain
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1
Hso= 19 ﬁ[7(d49+dso) = (d4s+d51)]
1215,

=_177%T7E’ (7(704+710) - (697+718))

8,483

848,520
=0.0099974.

By using other formulas, the approximate values of u; obtained are very
close to 0.0099974. For instance, with the formulas (43), (45), (57) and (59),

we shall have the approximate values of u;, as follows:

figy = Tzll;(zsds0 ~23d5,413d;, - 3ds55)=0.0099844,

fs0= o5~ (3dss+13dso - 5ds,+2d5,) =0.0099915,
1215

pav= .. (11 - Tdo+20,)=0.0009844,

and fhso= *7311;(2d49+5d50 - d;;1)=0.0099938.
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