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Abstract

Let Z,, = (Z,(Ll)7 Z,(LQ)7 e 7(;1)) be a d-type (d < c0) Galton-Watson branch-
ing process. For a positive integer k& > 2. Pick k£ individuals at random
from the nth generation by simple random sampling without replacement.
Trace their lines of descent backward in time till they meet. Let X, r be
the generation number of the coalescence time of these k individuals of the
nth generation. We call the common ancestor of these chosen individuals in
the X, rth generation their last common ancestor. In this paper, the limit
behaviors of the distributions of X, i, for any integer k > 2, is studied for the
supercritical cases. Also, we investigate the limit distribution of joint distri-
bution of the generation number and the type of the last common ancestor of
these randomly chosen individuals and their types in the supercritical case.

AMS (2000) subject classification. Primary 60J80; Secondary 60G50.
Keywords and phrases. Branching processes, Coalescence, Supercritical,
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1 Introduction

1.1. The Coalescence Problem. We consider a branching process
with finite number d of individual types (see Section 1.3 for a precise def-
inition). Such processes arise in a variety of applications in biology and
physics.

For these processes, we address the problem of coalescence.

Pick k individuals at random from the nth generation bysimple random
sampling without replacement (SRSWOR). Trace their lines of descent back-
ward in time till they meet. Let X,, ; be the generation number of that time.
Call this the coalescence time of these k individuals of the nth generation.
We call the common ancestor of these chosen individuals in the X, ;th gen-
eration their last common ancestor. In this paper, the limit behaviors of the
distributions of X, j, for any integer k > 2, is studied for the supercritical
case. Also, we investigate the limit distribution of the joint distribution of
the generation number and the type of the last common ancestor of these
randomly chosen individuals and their types. Finally, the Markov property



66 J. Hong

of the limit behavior of types along the line of descent backward in time
of an individual randomly chosen by SRSWOR from the nth generation, as
n — 00, is also discussed.

1.2.  Notations. Throughout this paper, we adopt the following
notations.

1. Np is the set of all nonnegative integers.

2. Nf= {j = (J1,J2, »da) 1 i € No,i =1,2,--- ,d}

3. 0=1(0,0,---,0) and 1 = (1,1,--- ,1) in N&

4. ¢;=(0,---,0,1,0,--- ,0) € Nd with the 1 in the ith component.

5. Let u = (ug,ug, -+ ,uq) and v = (v1,ve,- - ,vg) be d-vectors with u;, v; €

R,i=1,2,--- ,d. Then u < v means u; < v; for ¢ = 1,2,--- ,d while
u < v means u; < v; for all 7 and u; < v; for at least one 1.

6. The absolute value of the vector x is
x| = |z1] + |z2| + - + |24l

7. The sup norm of the vector x is

[ = max{[z1], [z2], -, [zal}

8. For a vector x and a y in Ng,

d
x¥ = H z!
i=1

9. For a matrix M, the super norm is

M| = max{|m;j| : 4,7 =1,2,--- ,d}

1.3.  Definition of Branching Processes. Let Z, = (Z,(Ll)7 Z,(?), e 7Z,(Ld))

be the population vector in the nth generation, n = 0,1,2,---, where Z,(f)
is the number of individuals of type ¢ in the nth generation. We assume
that each individual of type 7, ¢ = 1,2,--- ,d, lives a unit of time and, upon

death, produces children of all types according to the offspring distribution
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{p(i) G) = pD (1, J2, - - ’jd)}jelNd and independently of other individuals,
0

where p()(jy, ja,--- ,j4) is the probability that a type i parent produces j;
children of type 1, jo children of type 2, ---, jg children of type d.
Let

f(i)($17$27' o 7Sd)

Z p(l)(]17327 7jd)s{1 %2 S‘Zjd (11)
J1,J2,+5,Jd=0

where 0 < s,. <1, r=1,2,--- ,d, be the probability generating function of
the numbers of various types produced by a type ¢ individual.
Let

f=(W, @ ...y, (1.2)

be the vector of generating functions.
Thus, a discrete-time d — type Galton — Watson branching process
{Z"}n>0 is a Markov chain on Ng with the transition function

P(i,j) = P(Zny1 = j|Zn =1) Vi,jeNg (1.3)

. i
such that, for any i, Z P(i,j)s’ = (f(s)) (see notation (8)).
jeNd
When the process is initiated in state e;, we will denote the process
{Zn}nZO by

Zg) — (Z,(f)(l),Z,(f)@), e Zr(f)(d))
where, for j = 1,2,--- ,d, Zr(f)(j) is the number of type j individuals in
the nth generation for a process with Zy = e;. The probability generating
function of Z\") Will be denoted by f(i)( ).

Also, if we let { be the vector of offsprings of the rth individual of type
Jj in the nth generation then, for all r and n, P( ﬁﬁ =) = pY)(.). Thus, the
population in the (n 4+ 1)th generation can be expressed as

Z(J)
W ) (L4
j=1r=1

This is a useful stochastic evolution relation. In particular, this generates

the following result on the means EZ,(f)(j ),
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Let m;j = E(ij) |Zo = €;) be the expected number of type j offspring of
a single type ¢ individual in one generation for any ¢,5 = 1,2,--- ,d. Then,

M = {my; :i,j=1,2,--- ,d}. (1.5)
is called the mean matriz.
From (1.4), is follows that E(Z1|Zo) = ZoM and hence by iteration
E(Z,|Zy) = ZoM"™. Here, we denote the (i, j)th element of M" by m(n).

We also impose the following assumptions on the process {Z }
the rest of the paper:

n>0

1. The branching process {Z"}n>0 is non-singular, i.e., for every 4, the pro-
bability that each individual has exactly one offspring of the same type
is less than 1.

2. The branching process {Z } >0 is positive regular. That is, there exists

annsuchthatm()>Ofora111<z]<d

3. Each individual in this process produces at least one offspring with proba-
bility 1 upon death, that is, P(Z; = 0|Zyp =e;) =0 foralli=1,2,--- ,d.
Thus, the probability of extinction is zero.

By the Perron-Frobenius theorem (see Karlin and Taylor, 1975 or Athreya
and Ney, 2004), the matrix M has a maximal eigenvalue p which is positive,
simple (it has 1 as its algebraic and geometric multiplicities) and has asso-
ciated strictly positive right and left eigenvectors u and v. Moreover, these
can be normalized so that the inner products

u-v=1 and u-1=1. (1.6)
Further, one can write
M" =p"P +R" (1.7)

where P is the matrix whose (7,7)th entry is w;v; and R = {r; : 1,5 =
1,2,--- ,d} is a matrix such that PR = RP = 0 and ri(?) < ¢pg, for all
n>1,47=12,---,d, for some ¢ < oo and 0 < pg < p.

In a discrete-time multi-type Galton-Watson branching process, the max-
imal eigenvalue p of the mean matrix M plays a crucial role. The process
is called a subcritical, critical, supercritical or explosive branching process
according as p < 1,p = 1,1 < p < 00 or p = 00, respectively. It is known
(Athreya and Ney, 2004) that if p < 1 then the process dies out with prob-
ability one and if p > 1 then this probability is less than one.
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2 Main Results

For a supercritical branching process, we assume that E (Zl,j |Z0 = ei) =
m;; < oo forall 1 <4, 5 <d.

Let p be the maximal eigenvalue of M = {m;; : 4,5 =1,2,--- ,d}. Then
we have the following results.

THEOREM 2.1. Let 1 < p < 0o, Zg = e, and E(||Z1||log ||Z1]||Zo = e;)
< oo foralll <i<d. Then, fork=2,3,---,

(a) (Quenched version) for almost all trees T and r = 1,2,---, there

)

exists positive real-valued random variables W:li),i = 1,2,--- ,Zr(l,
l=1,2,--- ,d such that

7N
NgE
™ML
qﬁg/:
=
>

as n — oo. The random wvariables {W,; : i = 1,2,---, 7(}),
Il =1,2,--- ,d} are all functions of the tree T. Further, conditioned
on Z, and averaged over all trees T, they are independent random
variables.

(b) (Annealed version) there exists random variable Xy, such that X, x SN
X as n — 0o, where

d 7z k
> l; z; <Wr(’li)>

PXpy<r)=¢r(r)=1—F o
d z¢ k
(S w?)

1=11=1

for any r = 1,2,---. Further, lim ¢p(r) =1 so that X, is a proper
T—00

random variable.

REMARK 2.1. Athreya (2012) proved the coalescence in the single-type
case. Many ideas of the proof of the above theorem came from his paper
and this theorem can be viewed as an extension to the multi-type case.

REMARK 2.2. Theorem 2.1 (a) and (b) should be valid just with
1 < p < oo. That is, the assumption E||Z;]|log||Z1]| < oo should not be
needed.
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This will need Hoppe’s result in Hoppe (1976) and the result that the func-
tion E (W W< :U) is slowly varying at oco. For single-type case, this was
proved by Athreya and Schuh (2003). The multi-type extension of this needs
to be investigated.

Theorem 2.2 is a result on the limit distribution of Xk as k — oo. Not

surprisingly, it says that the coalescence time goes away back to one gener-
ation before the first time when this process began to split.

THEOREM 2.2. Let 1 < p < oo and E|Zi|log||Zi] < oo.  Let
U = min {n >1:|Z,] > 2} be the first time when the population exceeds 1.

ThenXkLU—lask—)oo.

Next, we pick two individuals (i.e. consider k = 2) at random by SR-
SWOR from the nth generation and trace their lines of decent backward in
time to find their last common ancestor. Let X,, 2 be the generation number
of this common ancestor, 7, the type of this common ancestor and (le, Cmg)
be the types of the chosen individuals. The following theorem asserts that
the joint distribution of (Xmg, My G, 1, Cn,g) converges as n — oo to a proper
distribution. It is necessarily the annealed version.

THEOREM 2.3. Let 1 < p < 00, Zo = €;, and E(||Z1||log || Z1]||Zo = e;)
< oo foralll <i<d. Then

lim P(Xn,2 =T = ja Cn,l - ila Cn,2 - ’52) = (102(7‘7 j7i17i2) exists
n—00

and Y pa(r,jiir,iz) = 1.
(T7j,i1,i2)
The next result is an extension of the above theorem for k > 2.

THEOREM 2.4. Let 1 < p < 0o, Zg = e, and E(||Z1||log ||Z1]||Zo = e;)
< oo foralll <i<d. Then, for any 2 < k < oo,

lim P(Xn,k =T"MNn = j, (n,l = ilaCn,2 = i27 T aCn,k = Zk)

n—oo
= (‘Dk(T,j,Z‘l,l‘Q,"' 7“6)
exists and Z i (r, j,i1, 42, -+ i) = 1.

(T’,j7’i1,i27"' 7“6)

3 Proofs of Main Results

In order to prove our main theorems, we need the following limit theorem
that shows that the population of a supercritical multi-type branching
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process grows geometrically under the condition FE|Z]log||Z1] < oo.
(Recall that we have assumed that there is no extinction.)

THEOREM 3.1. (Kesten and Stigum, 1966) Let 1 < p < oo.

Zn,

(a) Let W, = v .n and Fy, be the o-algebra generated by {Z; : 1 < i <
p

n} Then {(Wn,Fn) tn > 0} is a nonnegative martingale and hence

W = lim W, exists with probability 1.

n—oo

(b) Furthermore,

(i) PO<W <o0)=1 ifand onlyif E|Z]logl|Z1] < oo.
(ii) Moreover, if E||Z1]|log || Z1|| < oo, then

E(W|Z0 :ei) = Uy 1= 1,2,--- ,d.
(c) For any initial |Zy| # 0,

lim < Zn > =v with probability 1.

n—oo \ u - Zy,

3.1. Proof of Theorem 2.1. We need the following lemma to prove this
theorem.

LEMMA 3.1. (O’Brien, 1980) Assume Wi, Wa,--- are pairwise indepen-
dent, and identically distributed and positive random variables. Then,

maX{Wl,WQ,--- ,Wn} -0

n in probability
> Wi
=1

if and only if L(x) = E(W : W < x) is slowly varying at oo.
Now, we begin to prove Theorem 2.1.

Let {Z;l)i n_p} N be the be the discrete-time multi-type Galton-Watson
bAs) nip

branching process initiated by the ith individual of type [ in the pth
generation.
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For any k > 2, we pick k£ individuals by SRSWOR, from the population
in the nth generation and let X, ; be the generation number of their last
common ancestor.

(a) For almost all trees 7 and r =1,2,-- -,
P(Xn k2 T|T)
zW

ZZ| T’zn r‘(‘zrzn 7”‘_ > (‘Zrzn 7" k+1>
- 2o (10|~ 1)~ (Z] — b + 1)

d z" Z(l) 7O |_ 0

ZZ Ty, m—1T r;s: 1” Z'rzznrr

= =b= (3.1)

(8 ) (2 )

=17 I=1i= I=11=

k+1

Since 1 < p < o0 and E||Z;]|log || Z1|| < oo, by Theorem 3.1, we know
2,0

ri,n—r
n—r

that — (1- V)Wr(fi) with probability 1 as n — oo, for all r, 4, [.

So, as n — oo,

P(Xpr2>r|T) — ‘ . with probability 1

and hence (a) is proved.

(b) Since P(X,; > 1) = E(P(Xnx >7|T)), by the bounded convergence
theorem,

=1—¢r(r) asn— o0
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for r = 1,2,---. Now, averaged over all trees T, conditioned on
Z,., the random variables Wr(li), 1 =1,2,--- ,Z,(l) are i.i.d for each
1=1,2,--- ,d.

Moreover, since E||Z; | log || Z1|| < oo, by Theorem 3.1, EW®) < oo for
1=1,2,--- ,d. Hence, dropping [, if we let

Lz)=E(W: W < x)
then L(zx) is slowly varying at oo since EW is finite. That is, for

1=1,2,--- ,d, the function E(Wr(ll) - < x) in z is slowly varying
at oco.

rl =
Therefore, by Lemma 3.1, for each [ =1,2,--- ,d
O]

max W,/
1<i<n D

R — 0 in probability
W
Z; T,

as n — 00. So, since |Z,| — oo with probability 1 as r — oo, by the
bounded convergence theorem, we have

—0 as r — o0.

Thus, ¢y, is a proper probability distribution. So, there exists a random
variable X}, with P(Xk < 1) = ¢p(r) for any r > 1 such that X,, ; LN
X as n — oo and we have completed the proof of Theorem 2.1.

3.2.  Proof of Theorem 2.2. We prove this theorem in two steps.
Step 1:

Since U = min{n > 1:|Z,| > 2}, for almost all trees 7 and any r =
1,2,---, we have that

0 Hfr<U-1
a 7z k
> W}li)) d_ 2z Mk
_ I=14=1 ’ . > w
qﬁk(r, 7-)—1— = : Ty
d 28 " k 1 l=li=t ifr>U
SN W d z0
=iz "' ( Yoy Wf?)
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Also, the assumption that P(Z; = 0|Zp =e;) =0foralli =1,2,--- ,d
implies that
max Wfl)
1<i<N
rlo< 1<i<d P
zzw“
I=1i=
for any N > 2. So, for almost all trees T,
k—1
d 7V O\ F maxl WE)
> (WM) 1<i<z®
I=1i=1 ' 1<1<d
a7 o kS -0 ask—
W\
<l¥1 i=1 m) lzl Zz
and hence, for r =1,2,---,
. 0 ifr<U-1
Jm ¢u(r, T) = { 1 ifr>U.
Step 2:
We have that
4z 0\ F
Z (Wrz
E l:1 =1
(Z > W“’)
=1i=1 "
x5 (W) % ()
= F —dl—Z(l) k](r<U—1) +F _dZ_Z(l) kI(rZU)
(Z > W”) <z T w“))
—ti=1 i=1i=1 "
4 z® N
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Since, averaged over all trees 7 and conditioned on Z,, {Wr(i.) c g o=
1,2,--- ’Zﬁl)} are i.i.d., for each [ =1,2,--- ,d,

LRSI
w'))
lgl i=1 ( o
E|E I(r >U)|Z,
d z) o k
W
(zg i=1 m)
k
d W(l)
=£|Y zVE I =0y | |2,
=1 d z)
> > Whi
I=1i=1
W w®
Also, P |0 < "t < 1{r > U | =1 implies that .
d 79 a 7 o
121 Zl Wr’i l; i§1 Wi
=1 1=
k
I(r>0) — 0 with probability 1 as £ — oo, and hence
k
d W(l)
E|Y zVE S Iz | |z | [ 20 ask oo
=1 i ZZ w®
i—1i=1 "

by the bounded convergence theorem. Therefore, as k — oo,
P(Xp<r)=¢p(r)=E(¢y(r,T)) = 1—-P(r <U —1)=P(U - 1<r)

for any r = 1,2,---. So, X}, 4 U~ 1ask — oo and the proof is
complete.

3.8.  Proof of Theorem 2.3. The following proof also can be extended
to prove Theorem 2.4.
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Let 57(5)] = <§7(f7);, 57(57)3‘27 e ,57(1%4) be the vector of the offsprings of the jth
individual of the type i in the nth generation. Let {Z%SQSW}”>O be the multi-
type Galton-Watson branching process initiated by the sth child of type [ of
the pth individual of type j in the rth generation. So, {Z;{,SQS,,@ = (Zg,(,l«)sln ,

ngrl)s ny Z{;,(an)} - has the same distribution as {Z |Zo = el} does.

Let A,,; be the type of the ancestor in the next generation after the last
common ancestor of the ith chosen individual, ¢ = 1,2. Then
P(Xp2 =71 = j,Cu1 = Cn2 =0, Ap1 = An2)

= E<P(Xn,2 =700 = J,Cn1 = Cn2 =1, An1 = An,2|T)>
z9 a4 B
- ’ O] (1)
Z Z z Z;J),r,sl,nfr IZz]),r,t,n r—1
p=11=1 st=1

’anzn‘ - 1)

J(1)i ()i
Z z p,rys,n—r—1 “prtn—r—1
pnfrfl pnf'rfl

Znl || —1
pnf'rfl pnfrfl

P
— F as n — oo

(3.2)

Conditioned on Z, and Z,;; and averaged over all trees 7, the ran-
dom variables {Wp,,‘,& ts=1,2,--- ,ﬁ,(«,jgl,l =12,---,dp=12--- ,Z,(j)}
are independent. Further, conditioned on Z,,; and averaged over all trees
T, the random variables {WSQLS s =1,2,--- Z(ll,l =1,2,- ,d} are

T
independent as well.
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Similarly, we have, as n — oo,

P(Xp2

and

—

:Tnn:j7gn1:gn2:iaf4n,1 #An,Z)

() (J)l (J)a
Zy d 13 l 1
Z Z Z sz: Zp('r);n T— IZ;J)(T)Zn r—1
n r—1 ,0" r—1
p=1 I#£q=1 s=1 i=1
|Zn| 1Zn|—1
pnf'r'fl pnf'r'fl

Zf-j) d g(J)l ﬁ])q

z z Z Z ,L)ZzW 7T7SW 7r7t

p=11#g=1s=1 t=1

(55 w0.)

I=1 s=1

asn — oo, (3.3)

P(Xno=rm =701 = (o1 # Cn2 =2, Ang = Apn2)

() (9)1 P

Z7) d &hp J()iq J(1)i

Z Z Z Zp,r s,n—r—1 Zp,r,t?nf'r'fl
n r—1 pnf'r'fl

p=11=1 s#t=1

|Zn| |Zn|-1
pnfrfl pnfr—l

as n — oo

P(Xpo =711 = Jj,i1 = (n1 # Cn2 =12, An1 # An2)

79 g )l el)a

Z Z E E Ui1Ui2W,T,sW it

p=11#q=1 s=1 t=1

(25w

asn — oo. (3.5)
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Therefore, (3.2), (3.3), (3.4) and (3.5) together yield, as n — oo,

P(Xn,Q =70 =J, Cn,l =11, Cn,Z = i2)
z9 1e9)|
E E Wp7T7SWp7T7t

p:l s;ﬁt:l _ .. .
— v,V E = @a(r, j, 11, 02).

d Zv(-l+)1 2
(z > WTH,S>

=1 s=1

By Theorem 2.1, we know that X, o SN X5 and then {Xn2}tn>0 is
tight. Also, 7, (u1 and ¢, 2 are random variables taking values on a finite
set {1,2,--- ,a}. Hence, {(X7172,77,l,Cn,l,cn,g)}n>0 is tight and the limit
a(r, j,i1,i2) of P(Xpo = 7,0y = 4,(n1 = 41,(n2 = %2) is a probability
distribution. Thus, Z ©a(r, j,i1,12) = 1 and the proof is complete.

(rvjyil 7i2)
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