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COALESCENCE ON CRITICAL AND SUBCRITICAL
MULTITYPE BRANCHING PROCESSES
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Abstract

Consider a d-type (d < 0o) Galton—Watson branching process, conditioned on the event
that there are at least k > 2 individuals in the nth generation, pick k individuals at random
from the nth generation and trace their lines of descent backward in time till they meet.
In this paper, the limit behaviors of the distributions of the generation number of the most
recent common ancestor of any k chosen individuals and of the whole population are
studied for both critical and subcritical cases. Also, we investigate the limit distribution
of the joint distribution of the generation number and their types.
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1. Introduction

1.1. Branching processes

Let Z, = (Zn1,Zn2, ..., Znq) be the population vector in the nth generation, n =
0,1,2,..., where Z,; is the number of individuals of type-i in the nth generation and let
|Zog] = 1. We assume that each individual of type-i lives a unit of time and, upon death, pro-
duces children of all types according to the offspring distribution {p® () = p(j1, jo, ...,
Jja)} jeNd and independently of other individuals, where Ng ={j =1, jo,---»Jja): ji € No,
1 < i < d}, Ny is the set of nonnegative integers, and p(i)(jl, J2, .., ja) is the probability
that a type-i parent produces jj children of type 1, ..., jg children of type-d.

Let m;; be the expected number of type-j offspring of a type-i individual in one generation
forany 1 <i, j <d. Then

M:={m;j:1<i, j<d}

is called the mean matrix. For a nonsingular and positive regular process, by the Perron—
Frobenius theorem (see Athreya and Ney [3]), the matrix M has a maximal eigenvalue p which
is positive, simple and has associated strictly positive right and left eigenvectors u and v which
can be normalized so that

u-v=1 and u-1=1, (1.1)

where 1 = (1,1,...,1) in N‘é. The process is said to be supercritical, critical, or subcritical
accordingto 1 < p < 00, p = 1, 0r p < 1, respectively.
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Coalescence on multitype branching processes 803

1.2. The coalescence problem

For any integer k > 2, conditioned on the event {|Z, | > k}, pick k individuals at random
from the nth generation by simple random sampling without replacement and trace their lines
of descent backward in time till they meet. Let X,, x be that generation number called the
coalescence time of these k individuals of the nth generation. We call the common ancestor
of these chosen individuals in the X, xth generation their most recent common ancestor. Also,
let 7,, be the coalescence time of the whole population of the nth generation (7, is also called
the total coalescence time). The coalescence problem is to study the properties related to the
most recent common ancestor such as the limit behaviors of the distributions of X,,  and T, as
n — o0o. The coalescence problem has been studied for different branching processes. Athreya
[11, [2] stated the results for the single-type Galton—Watson processes. Hong [4], [5] extended
them to multitype Galton—Watson processes and also to supercritical and subcritical cases for
Bellman—Harris processes.

This paper is organized as follows: two classical limit theorems for multitype Galton—Watson
processes are stated in Section 2 and notations established will be used for the proofs. The main
results for the critical cases are presented in Section 3 and are proved in Section 5. For the
subcritical case, the theorems are in Section 4 and proofs are provided in Section 6.

2. Preliminaries and notation

Note that, when we need to consider the type of the initial ancestor, i.e. the process is initiated
with an individual of type-i, we denote the process {Z,},>0 by
( @ @) ()
V) =(z,.2,.....2,).

n,1°

where Z, @) is the number of type-j individuals in the nth generation, 1 < j <d.

To descrlbe the growth rates of the populations in the critical and subcritical cases, we need
their probability generating functions and some settings about their second moments.

Let f, = (fu o (2), cee fn(d)) be the probability generating function of Z,,. Also, when
the second moments exists, we let

a6, ) =Bz 2 — 8,200, 1<ij.or<d,
the quadratic forms
(r) ZZs,q,Y)(i,j)Sj forl <r<d,
1—1 j=1

the vectors of quadratic forms

Quls1 = (QV[s1, QPIs1, ..., QPs1), @2.1)

and let Q[s] = Qq[s], which plays an important role in the limit theorems.
In addition, throughout this paper, we adopt the following notation:

(i) the absolute value of the vector x is |x| = |x1| + |x2| + - - - + |x4];
(ii) the uniform norm of the vector x is ||x| = max{|x]|, |x2], ..., |xql};
(iii) the vector e; means the vector with 1 in the ith component and 0 elsewhere.

The following two well-known theorems describe the growth rates for the critical and
subcritical branching processes.
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Theorem 2.1. (Critical case [6].) Let p = 1 and E|| Z1||* < co. Then,
(i) we have
i-u
v-Qlul

(i) If w-v > O then Z, - w/n, conditioned on Z, # 0, converges in distribution to the
random variable Y with density f(x) = (1/y1)e /", x > 0, where y; = v-w/v-Q[ul.

lim nP(Z, #0 | Zo =i) =
n—oQ

Theorem 2.2. (Subcritical case [6].) Let p < 1. Then

(1) there exists a random vector Y such that (Z, | |Z,| > 0) 2y, Furthermore,
E[lY| <oo <= E|Z|log|Z] < oo.

(ii) There exists a nonincreasing and positive Q(-) such that v - [1 — f,(s)]/p" | Q(s) as
n— 00, 0<s <1, ifandonly if E||Z| log | Z1] < oo;

(iii) limy— oo (1 — fu(s))/p") = Q(s)u;
(iv) limpsoo p"P(Zy # 0 | Zo = i) = Q(0)(i - u), where Q(0) = 1/u - EY.

3. Main results for the critical case (p = 1)

For any ¢t < n, let {Z([) = (Z(l)1 712 R z0d )}n>: be the branching process

t,i,n—t ti,n—t’ “ti,n—t’ t,i,n—t
initiated by the ith individual of type-/ in the rth generation and let J,(’Z,z be the set of all
ie{l,2,....,Z" suchthat |1Z") |>0,1<1<d.

t,i,n—t

Theorem 3.1. Let p = 1 and E||Z,||*> < oo. On the event A, = {|Z,| > 0}, fort < n,
consider the random point process

0}
Vn — {Zt,i,n—t

iej,fl,z,lslsd}.

Letn — 00, t — o0, and t/n — « for o € (0, 1). Then, conditioned on A, the random
point process V,, converges in distribution to a random point process V. .= {Y; | 1 <i < Ny},
where {Y; = (v1Y;, v2Y;, ..., vqYi)}i>1 are independent and identically distributed (i.i.d.)
random vectors with Y; ~ exp(1/v - Q[u]), Ny is a random variable independent of {Y;}i>1
with distribution P(N, = j) = (1 — @)a/ ™! for j > 1, Q is the quadratic form as defined in
(2.1), and u and v are as in (1.1).

In Theorem 3.1 we showed the convergence of a point process constructed from the original
branching process and, by this theorem, we are able to prove the results on the coalescence
problems in Theorems 3.2 and 3.3.

Theorem 3.2. Let p = 1 and E||Z1||*> < oo. Then, for k = 2,3, ..., there exists a random
variable f(k such that (X x/n | |Z,] = k) 2 5(;( asn — oo and, for any a € (0, 1),

IP’(f(k <a)=1—-(1-a)F(1,2;k+1; @) := Hy(a),

where F is a hypergeometric function. Furthermore, limgs1 Hy () = 1.
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From Theorem 3.2 we see that the generation number of the most recent common ancestor
grows like n. That is, the coalescence time X, is not close either to the beginning of the tree or
to the present time when n gets large.

Theorem 3.3. Let p = 1 and E||Z;||?> < oco. Then

T
n

where T has a uniform distribution in (0, 1).

b~
>—> asn — 0o,

4. Main results for the subcritical case

For the subcritical case, Theorem 4.1 shows that the difference n — X, o between the
coalescence time X, > and the current generation number n converges in distribution as n — 00
and ittells us that the coalescence time does not go right back to the beginning of the tree. Instead,
it is close to the present time. Theorem 4.1 can be extended to the case forany k = 2,3, ....

Theorem 4.1. Let 0 < p < 1 and E||Z1|| log||Z1]| < co. Then there exists a random
variable X2 such that (n — X, 2 | |Z,| > 2)—>X2 asn — 00, and, foranyr =0,1,2,.

3 1
PX,<r)=1——— E@xyD,vy®, .. y@d = Hy(r),
(X2 =<7) SE(Y[ > 2) (o ( ey 7)) 2 (r)

where

1 ) iy ! (
i) E(Zz VS ZNZO L S Y1200z
1,02, ...,1ld,F) =

(i Ei 12D S 1281 = 1)

bt 1201 2})
where I is the indicator function. Furthermore, {Zfl,? 20 > 1},>0 are i.i.d. copies of{Zfl)}rZo,
and lim,_, o Hy(r) = 1.

Theorem 4.2. Let 0 < p < 1 and E|Z||log||Z|| < oo. Then there exists a random
variable T such that n—T, | |Z,| > 0) 2 Tasn— oo, and, foranyr =0,1,2, ...,

d
~ _ w_ »
P(T <r)=p ’E(Z yOa— oL oy T on™™ ) =),
=1 p#l
where Y is the random vector with distribution {b( _])} erd defined as in Theorem 2.2(iv). Also,
lim oo w(r) =1, ie. T is a proper random varlable

Next, we look at the limit of the joint distribution of the generation number X, , the
type of the most recent common ancestor, and the types of two randomly chosen individuals.
In addition to X, », we let n,, be the type of this common ancestor and ¢, ; the type of the ith
chosen individual.

Theorem 4.3. Let0 < p < 1l and E||Z1| log||Z;|| < oo. Then
n‘i}“;OP(an:rs nnzjs {n,lzils {n,2:i2 | |Zn|22) = WZ(RJJIJZ)
existsand } . ; i\ i) V2 (r, i1, i2) = L.

The next result is an extension of the above theorem for k > 2.
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806 J. HONG

Theorem 4.4. Let0 < p < 1 and E||Z1||log || Z1|| < oco. Then
hm P(Xn,k:ra nnzj, é‘n,lzil’-'-aé‘n,kzik||Zl1|Zk):zwk(r7jai1""aik)
n— oo

exists and Z(V’j’il’_“,ik) Ye(r, joit, ..., ix) = 1.

5. Proofs of the main results for the critical case

Proof of Theorem 3.1. To prove the convergence of the random point process {V,}, we
consider the Laplace functional of V,,, i.e.

(l)p

d
(pn(91,92,...,Gd,fl,fz,...,fd)ZZE(eXp<—Z Z Zel’fl’< ri’_” t)) ‘ |Z, |>0>

=10 p=1

where 61,6,,...,0; > 0and fi, f>, ..., fs: RT — RT are bounded and continuous func-
tions. Let
(l)p
homen(-3 5 S (B52))
J(l)p 1 n

then, we have
§0n(91» 927 -~'19d9 fls f21 ceey fd)

=EW: | |Zn| > 0)
_ E(nilyz,>0)

P(Z,| > 0)
_ EE® W lyz,>00 | Zj, ] = 1))
P(Z,| > 0)
EE,:1qz,1501 | Zt))
= : “ (by the Markov property)
P(1Z| > 0) Y propery
EE W, 1z, >01 1z 150 | Z1)) )
— s n t 1 C 1
P(|Z,] = 0) (since 1yiz,1>0) € 1{iz,|>0))
_ PUZ| > OEE Y, | Z)) —EXn lyz,=0y | Z1) | 1Z;] > 0)

P(Z,| > 0)

If we let ¢ (0) = E(exp(— X0, 0, f,(Z [N 1z;1500) | Zo = €1),0 = (61,62, ..., 6a),

and letq() =P(Z;j| =0| Zy = ¢) for j > 1, then the above quantity is equal to
P(Z|>0) ( W (20 D g2 ‘
(8n 2 (6)) (@n= O™ | 1Z]>0). (5.1
P(zZo =0\ 1@ H n= ’

=1

For the convergence of the fractional coefficient of (5.1), by Theorem 2.1(i), we know that,
ast,n — oo,

- P —=—. (5.2)
P(lzn| > 0) i’lP(|Zn| >0) 1t v - Q[u] v Q[u] o a
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Coalescence on multitype branching processes 807

Next, we prove the convergence of the minuend of (5.1), i.e.

sV©)=PB(Z;1=01Z=e)
(p)

(exp< 29 fp( , )1{|z |>0}> ‘ |Z;| =0, ZO_el>

+IF’(|Z‘|>O|Z0=81)

(p)
(eXP< Z%fp( . ) |Z-|>0}> ‘ |Zj] >0, Zg =ez>
(p)
1 !
—q§)+(l—q§))E<exp< Z%fp( : )1{2 >0}> ‘ 1Zj1 >0, ZO“’I)
(p)

z!
=1+(1- qj(.l))|:E<exp<— Ze,,f,,(#)lﬂzjbo}) ' 1Zj| >0, Zg = e1> - 1}
p=1

and, hence, as a result of Theorems 2.1(i) and 2.1(ii), and the definition of the constant ¢, when
j — oo,

&) = (1 +j0 =g

[Eexp(— X0_, 0, /o (Z" [V yz;1-00) | 1Z)] > 0. Zo =€) — 1]>f
X .
J

—1
—>eXP< “Olu] (g() ))

where g(0) = E(exp(— 279:1 0p fp(vpY))). The same idea can be applied to the subtrahend
of (5.1). Therefore,

<H(g(l) o H(q(l’ @)%’ ‘ 1Z,] > o)
_ E(H(g(l) (9))(nft)[(z/(n,t))(zt(l)/t)]

I _ _ 0}
—H<<1— o) L Wi ‘ 1Z,| >0)

d d
up o uj o
~ E(“"( o8P T av’Y) - eXp<_ lel v Qlul 1 - a”ZY>>

—E 0)— )—y ey
(exp< vam$? V1, >_exp(_v-<@[u]1—a ))

1—
1—ag(9) —(1—a) (5.3)
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since

) asn — 0o, t —> 00, t/n — «,

1
Y ~ex
p(v - Qlu]
for 0 < o < 1. Hence, by (5.2) and (5.3),

1 l—«o
©n (01,02, ...,04, f1, 2, fa) = a(]_——(l—tx)>

ag(9)
(1 —a)g0)
- 1—ag®

o
= Z(l — )l (g©))! ast,n— oo.
j=1
Finally, let V := {Y; | | < i < Ng}, where {Y; = (v1Y;, n2Y;, ..., vq4Yi)}i>1 are i.i.d.
random vectors with ¥; ~ exp(1/v - Q[u]) apd N, is arandom variable independent of {Y;};>1
with distribution P(Ny, = j) = (1 — o)l ! for j > 1. Then, for any 61,6,...,64 > 0

and any bounded, nonnegative and continuous functions f1, f2, ..., fa, the Laplace functional
of Vis
o0
(exp( Z Ze,,f,, Y””))) =Y (1 - el (g®)).
i=1 p=1 j=1

Therefore, by the continuous mapping theorem for random measures (see [7]), the sequence
of random point processes {V,, },>1, conditioned on {| Z,| > 0}, converges in distribution to the
random point process V :={Y; | 1 <i < Ny} asn,t - o0o,t/n — «. O

Proof of Theorem 3.2. For almost all trees 7 and for any o € (0, 1), let r = [na] + 1.
Conditioned on the set {|Z,| > k}, the event {X,, x > r} occurs if and only if all k£ individuals
in the nth generation are chosen from the decedents of a single ancestor in the rth generation.
So, we have

X
]P’( nk
n
=1 _E(P(Xn,k >r | Zy) | |1Z,] = k)

d z0 ) )
ZI_E(ZZZI iz, 2, =D (Z,, I —k+ 1) ‘ z |>k>
1Za|(1Zn] = 1) -+ (1Zu]l =k + 1) "=

If we expand the numerator in the expectation, we have
1

" P(Zn| = k | |Za] > 0)

(0]
E(( Zf:l Z[Z:rl |Z£,It?,n—r|k
|Zp|(1Zp] = 1) --- (1 Zn] =k + 1)

k—1 Z(l)
s l s
DI DRETEA d sCTANE)
s=1 1<qi1<qa<--<qs<k—1 =1 i=1

q1,92,...4s€L

X (1 Zp|(1Zp] = 1) - - - (|1Zn] — k + 1)]_1>1{Z,,|>k}

|Zn| >0)
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1
" P(1Za| = k | |Za] > 0)

(5 25 (5 5 ) o

(l )

z" d z0 a
AP |Z£,3,n_r|" YL X2
Zy (| Zp| = 1) - (1Zy] =k + 1) |Z,|*
k—1 d z%
!
+Z<(—1>S( > q1q2~--qs) Y >z, >
s=1 1<gq1<qa<--<qs<k—1 =1 i=1
41,925, 4s€ZL

| Z,| >0>.

Now, we prove the convergence of the above equation. First, we know that

X [1Zp|(1Zp] = 1) -+ (|1Zn] —k + 1)]])1{|Z,,|zk}

P(Z,| >k | |Z, >0)— 1 asn — oco.

Next, we show that the second and the third parts of the equation converge to 0. Thus,

) )
d Z O] k d Zy 0] k
E( Zl=1 Zi:rl |Zr,i,n—r| . Zl=1 Ziz'l |Zr,i,n—r|

1 Z,| >0
Zo|(1Zn] — 1) - <|Z|—k+1> 1Z, F 1221249 | 12n] )
d 0]
=E<ZZ=IZ 1|Zrtn r|k
1Z, F

! —1H|Z,,|>O)
(I =1/1Zp)--- (A = (k= 1)/|Zy))

TR m—
(A =1/1Zy]) - - (1 = (k = 1)/ Zy])

|Zn|
=P <e|lZ, >0

X 11z, |>k)

‘ ! |Z,] >0>
(I =1/1Zul) - - (A — (k — 1)/|Zn])
|

S]P’(' <e |Zn|>0>+ 1 _1‘
n 1—-1/ne)---(1 — (k—1)/ne)

v-1
-1 —exp(—v'Q[u]s) as — 00

for any arbitrarily small ¢ > 0.
Hence, we have, as n — o0,

- 1‘1{||zn|/nzs}

Lz, 1=k}

d 5z 1,0 & d 5z L0 &
E(‘ Zl=1 Zi:l |Zrl n— rl . Zl=1 Zi:l |Zr,i,n—r|
|Zo|(|1Zy| = 1) - (|1 Zn| =k + 1) |Z,, |k

— 0.

| Zn| >0)
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Similarly, for s = 1,2, ..., k, and for any arbitrarily small ¢ > 0,
d 5z 0 ks
]E( Zl:l Zi:l |Zr,i,n7r|

|Zn|>0)
Z\(Zal — D) (12l — K+ 1)

= E( il 1z, =k | 1Zn] > 0)
1 Z,|(1Zy| = 1) - (1Zy] —k+ 1) =

L1z, 1>k}

k
EE(|Zn|7S1{|Z,l\zk} | 1Z,| > 0)

kK V4
< —((ns)s +P(M <e |12 > 0))
k! n

Kk ] v-1
_)E — exp _v~@[u]8 asn — 00.

Since ¢ > 0 is arbitrarily small, we have

=<

Lz, 1=k

d z0 W _
E( Ximt Dl 2y,
|Zo (|1 Zy) = 1) -+ (|1Zp| —k+ 1)

|Z,,|>O)—>O asn — oo.

Therefore, by the continuous mapping theorem and Theorem 3.1,
No vk
Y
|Z,| > o> -1 —E<£> ‘= Hy(a) asn — oo.

X
IP( nk <a N
n Qo Yk

Let G;(x, k) = YZ‘/(ZLI YK, so Hy(a) = 1 —E(Y1_, Gi(Ny, k)). Next we determine
the distribution of G;(x, k). Since {Y;}1<;i<x are i.i.d. exponential random variables, Z; =
Z#i Y; is independent of ¥; and has gamma(x — 1, 1/v-Q[u]) distributionfori = 1,2, ..., x.
So, the joint probability density function (PDF) of ¥; and Z; is

B 1 2 _ytz
le-,Zi(va)—(,,.Q[u])xr(x—l)Z eXp< v'@[u])

LetU = (3, Yk = (Y; + Z))* and V = G;(x, k), then the Jacobian of the transformation
of Uand V is |J| = (1/k*)u*k=1y1/k=1 S0, the joint PDF of U and V is

fov,v) = fy, z;(y. )|

_ 1 WKL =T (1 k=2 exp< u'l* )
k2(v - Qu])*T'(x — 1) v - Q[u]

and, hence, the PDF of V = G;(x, k) is

1
—1
f6100®) =f fu.v(u, v)du = x—k IR = k=2 g <y <1,
0

Therefore, by letting + = v'/¥ and from the definition of the beta function, we have

1

! k! (x = 1)!
. _ _ _ k _ X2 e
E(Gi(x, k) —/0 VfGix o (V) dv = (x 1)/0 C = T
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and then, since N, has the geometric distribution with parameter 1 — «,

Hi(@) = 1 —E(ZE(G (No, k) | Na>)

( k'(N—l)')
Ne
(k+ Ny — 1!

I
ﬁ

_ E( k! Ny! )
(k+ Ny — 1!

> k'n!
= Z 1 —-a)""

oo k=Dt
B i ‘(n+1)' war
=L Ty

n!(n+1)! o

:1_(1_“)g(k+1>(k+1)---<k+n>ﬁ
—1—(-a)F1,2:k+1;a),

where F is the hypergeometric function.

Note that N, — oo with probability 1 as« — 1. So, by the bounded convergence theorem,
limy_, 1 Hy(@) = 1 — 0 = 1. Moreover, H;(0) = 0. Therefore, Hy is a proper probability
distribution and the proof is complete. ]

Proof of Theorem 3.3. For any « € (0,1) and any n € N, let r = [na] + 1. The event
{T,, > r} conditioned on {|Z,| > 0} occurs if and only if all the individuals in the nth generation
come from the (n — r)th generation of the tree initiated by exactly one individual in the rth
generation. That is, |Z(l? | =0forallbutonel =1,2,...,dandonei =1,2,..., Zﬁl)

ri,n—r

and |Z,| > 0. Hence,

T,
IP’(— >ao ||z, > 0)
n

=P(T, >r | |Z,] > 0)

- pz% | =o0forallbutonel =1,2,....d
P(Z,[=0) (|1Z i _ or all but one

andonei =1,2,...,Z" and |Z,| > 0)

Z(l)

(O] o
W (ZZE”(IZ” >0 [P0z, 1 =0)
l 1i=1 j;ﬁl
Zf”)
x l_[ l_[ ]P)(|Z£[;)n A= 0)1{|z,>0}>
p#l j=1
=z~ 0 00 () 70 »

p#l
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812
d O]
_P(Z| > O)E(Z z) o
P(Z,] > 0) \ &
r ( (n—rg, )(n—r)((ZV)—1)/r)(r/<n—r))
X 1-
n—r n—r
(P) \ =) (Z" )/ (n=r)
n—r
xl_[(l ¢) ‘|Z,|>O),
n—r
p#l
where g(l) = P(|Z,] > 0| Zy = e;). First, following similar lines as in the proof of

Theorem 3.1, we have P(|Z,| > 0)/P(|Z,| > 0) converges to 1/« as n — oo. Secondly,
let A, be the function defined by

O\ (n=r)=1/r)(/(n—r))
r n-—r _
hn(X1, X2, ..., Xg) = Zm(n r)g(l) <1 o0 r)
—r n—r
(n — r)g(p) (n—r)x, (r/(n—r))
<M= "52)
n—r
p#l

then, by Theorem 2.1(i), as n — 00, h, converges to
d uj o uj o
h(xy,x2,..., = —
N R exp( v Q] 1= a>

o
x| | ex  —
[ p( vQUul 1= a)
p#l
Finally, since i, — h uniformly on any compact set since %, and & are continuous and bounded,

and, hence, as n — 00,

1 2 d
(2.2 2)
:

|Z,| > 0) — E(h(v1Y, Y, ...,05Y))

r r

then the limit on the right-hand side is equal to

d
u; o w o Up o
E(;UIYv-Q[u]l—aexP( v-@[u]vlyl—a)neXp< v-Qlu] le—a))

p#l

_E Y o Y o
= (v-(@[u] I —a eXp(_v-@[u] 1 —a>>‘

So, fora € (0, 1),
Ty
lim ]P’(— >ao|l|Z,| > 0)
n—oo
1 Y Y
_lg o exp o
o Q[u 11—« v-Qu]l—

_1 1 < 1 o ) 1 <_ 1 )d
~ av-Qlu] Q[u]l—a yxp v(@u]l—a v~(@[u]eXp v-@[u]y Y

=1-a.
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Coalescence on multitype branching processes 813

Hence, (T,,/n | |Z,]| > 0) 2 Tasn— oo, where T is a uniform(0, 1) random variable, and
we prove Theorem 3.3. (]

6. Proofs of the main results for the subcritical case

Proof of Theorem 4.1. For any r > 0, conditioned on {|Z,| > 2}, the event {X, > <n —r}
occurs if and only if these two individuals are chosen from two trees initiated by two different
ancestors who are either of the same type or of two different types in the (n — r)th generation.
So,

P(n — Xp2>r | 1Z,] = 2)
=P(Xn2<n—r [ 1Zy] = 2)

o Q) d 7 <0 0 )
n—r n—r
(Zl lzt#/ 1|Zn rlrllzn —rJ, r|+2l;ﬁp:l i=1 j=1 |Zn rlrllzn l/r‘

1Zn|(1Z,]=1)

|Z| 22)
B 1
_Mﬂ|>2ﬂ|>®

PICITAC z,” 7O 7P
(Zl ]Zl;&/ l| n— rtr|| n— r/r|+217ép ]Zl—l Z | n— rlr|| n— r/r|
|Zn|(1Zn] = 1)

Xhﬂﬂﬁﬂﬂbrbm)

since {|Z,| > 2} C {|Z,,—,| > 0}. Also, the random variable Z() rir is the branching process
that is initiated by the ith individual of type-/ in the (n —r)th generatlons of the original process
and has been evolving for r generations, and, therefore, it has the same distribution as Zﬁl),
hence, the quantity can be written as
P(Z,—,| > 0)
P(Zn| = 2(|1Z,| > 0)P(I1Z,| > 0)

d I 1 1}
E(ZIZI Z,#, 1|Z“||z(’|+zl¢,, D Z 1z z0NZ")
1 1
i 12,;&, Hzn oL ]Z,¢, Z8 -1

x 1 20 | Zy—r| > 0)
oy " 1Z122)
B\ Zn ] > 0) I @
— E@p(Z,2,, 2, .... 2", Z,_ 0),
PZn = 211Z0] > OP(Zy] = 0) @ Fnre Znsy nore 7)1 Zn=r] = 0)

where Zr(ll) ~ Zfl) foralliand/ =1,2,...,d, and where

1 1 t 70 7(P)
Y 22+ Y, Y Y 12812,
I )
(X S 120D S, 1201 - 1)

¢(t1,t2,...,td,r)=E(

b |f%>n)
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Since ¢ (-, r) is continuous and bounded, by Theorem 2.2(i), there exists a random vector
Y = (Y(l), Y@, .., Y(d)) such that, as n — oo, for any fixed r > 0,

d
i ZD ) 2y > 0) = Ep(Y D, Y® Y@ ),

n—r»

1 2
Bz, Z2,..
Also, by Theorems 2.2(i) and 2.2(iv), as n — oo, it follows that P(|Z,| > 2 | |Z,| > 0)
converges to P(]Y| > 2) and P(|Z,—,| > 0)/P(|Z,| > 0) converges to p~". Hence, for any
r > 0, the probability P(n — X, 2 > r | |Z,| > 2) converges to

— FEpxD,¥y?D YD p)y=1— Hy(r).
SP(Y[ > 2) (o( r)) >(r)

Now, it remains to show that 1 — Hy(r) — 0 as r — oo. Recall that fr(l)(O) is the
probability of extinction for the individuals of type-/ in the rth generation. Since the event
that two individuals can be chosen from the rth generation implies that there are at least two
individuals in the rth generation, we have

1
0< =RV, vy® ... Y9 )
ol

IA

d
%E(l ~TT ™
p =1

d
=S vOa - oL o O T <0>)Y”’)>

=1 p#l
_ E(l o ) YO (0))“’))
pr
d 1 - r(l)(o) i 1 yh_1 (p) y®
- ZTE<Y()(fr()(0))( DT @) ) (6.1)
=1 p#l

First, by Theorem 2.2 and the monotone convergence theorem, as r — 00,

E( =TT, (A2 Y )
o’

—r _ u-Y _
=E(p IP’(Z,#OlZo_Y))—HE(u'EY)_l.

Secondly, by Theorem 2.2(iii), we have

1- 0 u
—
pr u-EY

EY® < 0 and

asr — OQ.

Also, fr(l) (0) - 1 asr — oo. So, by the bounded convergence theorem, as r — oo, the
subtrahend of (6.1) converges to Zle (ur/u - EY)EY® = 1. Therefore, we obtain

1—H(r) >1—1=0 asr — oo. O

Proof of Theorem 4.2. Since, conditionedon {|Z,| > 0}, theevent {T,, > n—r} occursifand
only if the whole population comes from exactly one individual in the (n — r)th generation and

Downloaded from https://www.cambridge.org/core. National Cheng Chi University, on 16 Jul 2019 at 08:00:35, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2016.41


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2016.41
https://www.cambridge.org/core

Coalescence on multitype branching processes 815

the trees initiated by other individuals in the same generation die out before the nth generation
except this one, for any r > 0,

Pn—T, <r | |Z,| >0) =PI, =2n—r||Z,| >0)

a z,
= E(Z > ez, 1> 0]]r1z?,,,1=0
=1 i=1 J#i
20,
<[TIT 20201 =0 |12, - 0)
p#l j=1
d
]P)(|Zn7r| > 0) 0) 0) ) 70 _4
=————F Z 1— 0 0 n—r
P(|Zn| > 0) Z n—r( fr ( ))(fr ( ))

=1

3§ O

| Zp—r| > 0)-

p#l
Let
d
h(x1. %2, ... Xq) = E(Z a1 = fOonL O T (0»*1'),
=1 Pl
then £ is continuous at (xg, X3, ..., X4). So, by the continuous mapping theorem, as n — oo,

Eh(z\",,z?

n—r» “n—r» -

ZD Y 1 Zr = 0) > By D, ¥ @ y@Dy)

and, hence, P(n — X,, <r | |Z,| > 0) converges to

d
p’E(Z IO AT ONWAIC) Sl I (WA (0))“”)) = ().

=1 p#l
Also, along the same lines as in the proof of Theorem 4.1, we can prove thatlim, _, 5o 7 (r) = 1
and which that 7 (r) is a proper probability distribution. ]
Proof of Theorem 4.3. Let & . = (5,7, /%), ... £?) be the vector of offspring of the
jth individual of type-i in the nth generation. Let
il i, (1 i1, (2 i1, (d
Z{),r,s,n = (Z;J,r,gv,ila Zi),r,(s,zza B Zi),r,(s}z)

be the branching process initiated by the sth child of type-/ of the pth individual of type-; in
the rth generation. Also, let A, ; be the type of the ancestor in the next generation of the most
recent common ancestor of the ith chosen individual, i = 1, 2. Then the event {n — X, 2 =r,
Nn = J, {n1 =11, Cn2 = i;} 18 a disjoint union
Ey={n—Xno=rmn=1J, 1 =82=1i An1 = An2}UE>

={n—- Xn,Z =7, N =], Cnl = 8Cnpo = i An,l # An,2} UEj3

={n—Xpo2=r =], 1 =101 # 2 =12, Ap1 = An2}UEy

= —Xpo=7, M =Jj, {1 =11 # {2 =i2, An1 # Anp}.
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First, conditioned on {|Z,| > 2}, the event E occurs if and only if these two individuals are
chosen from those of type-i in the nth generation and from two different trees initiated by two
children, who are of the same type, of an individual of type-; in the (n — r)th generation. So,

1Zn] = 2)

P(E1 | |Zy |>2)

1(1) . .
(Z Zl 1 Zs;étr pl Z;ln(lis r— 1Z1]7’,lr;(—12’,t,r—1
[Z,|(|1Zn] = 1)
B P(Z,—r| > 0)
T P(Z, |>2||z |>O)IP’(|Z|>0)

n r JiL (D) VRN
(Z Zl 1 Zv;ét pl Zp n—r,s,r— lZp,n—r,t,r—l
|Zn|(1Zn] — 1)

Lz,1>2)

1 Zn—y| > o). 6.2)

Let&/ = £/ @ gid)peiid. copies of the vector of offspring of an individual
(Zl(]) 7'

r—1,s° “r—1,s°

of type-j, then &/ has the same distribution as & _ r,p- Also, let Zf Ls
l(oz)
r L,s

Z;lnfr s.r—1+ S0, the expectation in (6.2) is equal to

) be the i.i.d. copies of Z,_; with Zy = e, then Z s has the same distribution as

g/ l(l) (i)
<Z Zz 1 2t L lserl,tl
1Za1(1Z] = 1) (S A S 2 e

|Zn—r| > O)~

Let

©1(X1, X2, ..., X4, 1)

g0 ~l(l) S1(i)
zZ 1 0)
Z Zl lzs#’ 12— Ls™r—Lt {Z 121) Dy 12511 1ZL_ 1.51=2} )

(2?212 Dyl 1Z§() . 1s|)(2] 12 Dyl 125() Z, 151=D

. . . D
then, since ¢ (-, r) is continuous and (Z,,—, | |Z,—,| > 0) = Y asn — oo,

1
PE; | |Z,] > 2 — F(o (YD, y® . yDy),
(Ev | 1Zy] 2 2) — SB(Y[>2) (p1( )

Similarly, there exist ¢;, [ = 2, 3, 4, such that, as n — oo,

1
P(E; | |Z,] > 2 E— T 4RI A NS 4C
(Er | 1Zy] 2 2) — SE(Y[ > 2) (@i ( )

Let ¢ = @1 + ¢2 + @3 + @4, then, as n — oo,
P(n — Xn,2 =7, N0 =], Cn,1 = i, Cno = i2 | 1Z,] > 2)
- ——— RV, y?, . yD
FEITER )
= Ya(r, j,i1,12).
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Coalescence on multitype branching processes 817

Moreover, since (n — X,2 | |Z,] > 2) 2 5(2 as n — 0o, it follows that {n — X, 2},>0 is
tight and, also, {7, },>0, {{n.1}n>0, and {¢, 2}n5>0 only take values on the finite set {1, 2, ..., d},
50 {(n — Xn.2, M, Cn.15 Cn,2) In>0 is tight. Therefore, the limit Y (7, j, i1, i2) of

Pn — Xn2 =7 0n=J, tn1 =11, {no =1i2)

is a probability mass function on No x {1,2,...,d} x {1,2,...,d} x {1,2,...,d}. Thatis,
D jiniy Y2 jiin i) =1, s
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