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中文 要

self-avoiding walk是線性聚合物的模型。它是機率和統計力學中一個

重要而有趣的模型。一些重要問題已經解決 (c.f. [5]). 然而，許多重要問

題仍未解決，特別是涉及關鍵指數的問題，尤其是遠程模型的關鍵指數。

在本文中，我們獲得了對於一個特殊的長域模型，其單步分佈是波松分佈

的特殊敏感度模型，其敏感性指數滿足均值場行為，且其值大於上臨界值

（dc = 4）。參數 λ ≥ λd 的類型分佈，其中 λd 取決於維度。為此，我們選擇

一組特殊的 bootstrapping functions，它們類似於 [4]，並使用 lace expansion

分析有關 bootstrapping functions的複雜部分。此外，對於 d > 4，我們得到

λd的確切值。

ii
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Abstract

Self-avoiding walk is a model for linear polymers. It is an important and

interesting model in Probability and Statistical mechanics. Some of the important

problems had been solved (c.f. [5]). However, many of the important problems

remain unsolved, particularly those involving critical exponents, especially the

critical exponents for long-range models. In this thesis, we see Lace expansion

to obtain that the critical exponent of the susceptibility satisfies the mean-field

behavior with the dimensions above the upper critical dimension (dc = 4) for a

special loge-range model in which each one-step distribution is the Poisson-type

distribution with parameter λ ≥ λd where λd depends on the dimensions. To

achieve this, we choose a particular set of bootstrapping functions which is similar

as [4] and using a notoriously complicated part of the lace expansion analysis.

Moreover we get the exactly value of λd for d > 4.

iii
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Chapter 1

Introduction

A self-avoiding walk (SAW) is a model for linear polymers. In mathematics, a SAW is a

sequence of moves on lattices (a lattice path) that does not visit the same point more than once.

This is a special case of the theoretical graphic notion of a path. Very little is known rigorously

about the SAW from a mathematical perspective, although physicists have provided numerous

conjectures that are believed to be true and are strongly supported by numerical simulations.

In higher dimensions, the SAW is believed to behave much like the corresponding random

walk. This behavior is called the mean-field behavior. The dimension dc is called the upper

critical dimension if the behavior is the mean-field behavior for dimensions d > dc. It’s well

known that dc = 4 for a finite-range SAW model (c.f. [4]) and dc = 2(α ∧ 2) for a long-range

model in which one-step distribution decays as |x|−d−α for some α > 0 (c.f. [7]) . The lace

expansion is a powerful tool for analyzing the critical behavior for SAW on Zd for d > dc. The

idea of the lace expansion was initiated by Brydges and Spencer for investigating weakly SAW

for d > 4. Later, the lace-expansion was applied to various stochastic-geometrical models, such

as SAW for d > 4, (c.f. [5]) , lattice trees/animals for d > 8, (c.f. [9]), percolation for d > 6,

(c.f. [6]), oriented percolation for d > 4, (c.f. [13]), contact process for d > 4, (c.f. [11]), and

Ising model for d > 4, (c.f. [10]). In this thesis, we consider the mean-field behavior for long-

range SAW in which one-step distributionD(x) is symmetric Poisson-type distribution that will

be defined in the next chapter.

The rest of this thesis is organized as follows. In Chapter 2, we define the symmetry

Poisson-type distribution and state the main results of this thesis and their proofs under some

key propositions (Proposition 2.2.7-2.2.9). In Chapter 3, we follow the same argument of [3] to

1
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introduce the lace expansion that is the most important ingredient to prove the key propositions,

and then we estimate the upper bound of the diagrams on lace expansion coefficients in Chapter

4. In Chapter 5, we evaluate the upper bounds of some random-walk quantities that are useful

to estimate the upper bound of diagrams. Finally, in Chapter 6, we can use the previous analysis

(Chapter 4-5) to prove the key propositions.

2
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Chapter 2

Models and Main Results

First, we provide precise definitions of the long-range Poisson-type self-avoiding walk on

Zd, whose translation-invariant 1-step distribution decays as the symmetric Poisson distribution.

Then, we present the main results and explain their proofs according some key propositions.

2.1 Notations and Definitions

By Taylor’s formula, we have the following equation

2d =
d∏

j=1

[
e−λ

( ∞∑
xj=1

λxj−1

(xj − 1)!

)
+ e−λ

( ∞∑
−xj=1

λ−xj−1

(−xj − 1)!

)]
.

Then, we can define a symmetry Poisson distributionD(x) on Zd with parameter λ > 0 as

follows. Since

1 =
e−λd

2d

d∏
j=1

( ∑
xj ̸=0

λ|xj |−1

(|xj| − 1)!

)

=
∑

x=(x1,x2,...,xd)∈Zd
xk ̸=0,∀k=1,2,...,d

( d∏
j=1

e−λ

2

λ|xj |−1

(|xj| − 1)!

)
,

3
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let

D(x) = D(x1, ..., xd) =


∏d

j=1
e−λ

2
λ|xj |−1

(|xj |−1)!
, if x1x2 · · ·xd ̸= 0,

0, if x1x2 · · ·xd = 0.

(2.1.1)

In the rest of the thesis, we denote f̂(k) ≡
∑

x∈Zd f(x)eik·x where k = (k1, k2, ..., kd) and

(f ∗g)(x) ≡
∑

y∈Zd f(y)g(x−y) the Fourier transform of function f on Zd and the convolution

of two function f and g on Zd, respectively.

By (2.1.1), we get

D̂(k) =
∑
x∈Zd

D(x)eik·x

=
e−λd

2d

d∏
j=1

(
(

∞∑
xj=1

λxj−1

(xj − 1)!
eikjxj) + (

∞∑
−xj=1

λ−xj−1

(−xj − 1)!
eikjxj)

)
=

e−λd

2d

d∏
j=1

(
(

∞∑
u=0

λu

u!
eikj(u+1)) + (

∞∑
u=0

λu

u!
eikj(−u−1))

)
=

d∏
j=1

e−λ

2

(
eλe

ikj
(cos(kj) + i sin(kj)) + eλe

−ikj
(cos(kj)− i sin(kj))

)
=

d∏
j=1

e−λ+λ cos(kj)
(
cos(kj) cos(λ sin(kj))− sin(kj) sin(λ sin(kj))

)
=

d∏
j=1

e−λ+λ cos(kj) cos
(
kj + λ sin(kj)

)
.

Hence

D̂(k) =
d∏

j=1

e−λ+λ cos(kj) cos
(
kj + λ sin(kj)

)
.

LetWn(x, y) be the set of {w0, w1, ..., wn}withw0 = x andwn = y, and δ be theKronecker

delta function. Then the two-point function of the random walk (RW) from the origin o to x is

denoted by φRW
0 (x) ≡ δ0,x and, for n ≥ 1,

φRW
n (x) ≡

∑
w∈Wn(o,x)

n∏
i=1

D(wi − wi−1) = D∗n(x),

4
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whereD∗n is the n time convolution. Similarily, we define the two-point function of SAW from

the origin o to x by φ0(x) ≡ δ0,x and, for n ≥ 1,

φn(x) ≡
∑

w∈Wn(o,x)

n∏
i=1

D(wi − wi−1)
∏

0≤i<j≤n

(1− δwi,wj
).

Since the green function of RW is defined as follows

Sp(x) ≡
∞∑
n=0

φRW
n (x)pn = δ0,x +

∞∑
n=1

D∗n(x)pn, p ∈ (0, 1).

We can define the time-independent two-point function of SAW as follows

Gp(x) ≡
∞∑
n=0

φn(x)p
n, p ∈ (0, pc),

where pc is the radius of convergence. Moreover, the susceptibility of SAW is defined as follows

χp ≡
∑
x∈Zd

Gp(x), p ∈ (0, pc). (2.1.2)

In Physics, there is a conjecture about the susceptibility of SAW as follows,

χp ≍ (pc − p)−r,

where f(p) ≍ g(p) means that f(p)
g(p)

is bounded away from zero and infinity, and r is a critical

exponent that is not statistically distinguishable from a SAW instead on the integer lattice, on the

hexagonal lattice, the triangular lattice, or indeed on any one of a wide variety of d-dimensional

lattices. This feature is called universality. Given any dimension d > 4, r = 1 was proved by

Slade (c.f. [6]) for spread-out model with sufficiently largeL, and was proved by Hara and Slade

(c.f. [5]) for nearest-neighbor model. In a general finite-range model it is predict that r = 43
32

for d = 2, r = 1.162 for d = 3, r = 1 with logarithmic term for d = 4, and r = 1 for d ≥ 5.

However, up to now, there is no rigorous mathematical proof. For the long-range model which

the one-step distribution decays as |x|−d−α for some α > 0, given any dimension d > 2(α∧ 2),

r = 1 was proved by Heydenreich (c.f. [7]). In particular, for α = 2 and d = 4, r = 1 with

logarithmic term was proved by Chen and Sakai (c.f. [3]). For more background and related

5
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results, we refer to [8] and [1]. It is interesting to get r for other long-range models. In our

thesis, we discuss a special long-range model.

2.2 Main results and their proofs

Now, we present the main theorems in this thesis.

Theorem 2.2.1. (Infrared bound) For SAW on Zd whose one step distribution D(x) is defined

in (2.1.1) for any d > 4, there is a λd,

λd =



60, if d = 5, 6,

35, if d = 7,

24, if d = 8,

18, if d = 9,

2e
3
(1 + 3

d−4
)e

1
d−1

[ln(3125000)−1+ln(d(d−4)2)], if d ≥ 10,

such that for all λ ≥ λd,

||(1− D̂)Ĝp||∞ ≡ sup
k∈Zd

(1− D̂(k))|Ĝp(k)| ≤ 3,

uniformly in p ∈ [1, pc) .

Remark 2.2.2. According Theorem 2.2.1, we obtain that λd → 2e
3
as d goes to infinity. However,

for 0 < λ < 2e
3
, we don’t obtain what we want.

Remark 2.2.3. The λd of Theorem 2.2.1 is not the best estimate for our Poisson-type.

Define a bubble function Bp = ||(pD)∗2 ∗G∗2
p ||∞. By Theorem 2.2.1, we can estimate χp

that is defined in (2.1.2) as follows.

Proposition 2.2.4. Under the same assumption of Theorem 2.2.1, we have

χ2
p ≥

d

dp
(pχp) ≥

χ2
p

1 +Bp

and Bpc < ∞. (2.2.1)

6
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We will use the same argument of [7] to prove this proposition in Chapter 5. By

Proposition 2.2.4, we get the second main result of this thesis directly.

Theorem 2.2.5. Under the same assumption of Theorem 2.2.1, we have

pc
pc − p

≤ χp ≤
pc(1 +Bpc)

pc − p
. (2.2.2)

By Theorem 2.2.5, we obtain the third main result in our thesis obviously.

Corollary 2.2.6. Under the same assumption of Theorem 2.2.1, we have

χp ≍ (pc − p)−1.

In Corollary 2.2.6, we get the ciritical exponent r = 1 in our model. We use the

Proposition 2.2.4 and Theorem 2.2.1 to prove Theorem 2.2.5 as follow.

Proof of Theorem 2.2.5 according to the Proposition 2.2.4 and Theorem 2.2.1. Since Bp is

increasing as p is increasing and from Proposition 2.2.4, we getBpc < ∞, by the first inequality

of (2.2.1), we have

dp ≥ 1

χ2
p

d(pχp) ≥
1

1 +Bp

dp ≥ 1

1 +Bpc

dp, for p ∈ (0, pc].

Then,

∫ pc

p

1

t2
dt ≥

∫ pc

p

1

t2χ2
t

d(tχt) ≥
∫ pc

p

1

t2(1 +Bpc)
dt.

This implies

pc
pc − p

≤ χp ≤
pc(1 +Bpc)

pc − p
.

□

The proof of Theorem 2.2.1 is rather straightforward, assuming the following three

propositions. To state those propositions, we first define

g1(p) ≡ p, and g2(p) ≡ ||(1− D̂)Ĝp||∞, (2.2.3)

7
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where the supremum near k = 0 should be interpreted as the supremum over the limit as |k| → 0,

and

g3(p) ≡ sup
k,l

1

Û(k, l)
× |∆̂kĜp(l)|, (2.2.4)

where

Û(k, l) ≡
(
1− D̂(k)

)( Ŝ1(l + k) + Ŝ1(l − k)

2
Ŝ1(l) + 4Ŝ1(l + k)Ŝ1(l − k)

)
,

and the notation ∆̂kf̂ is defined as follows

∆̂kf̂(l) =
f̂(l + k) + f̂(l − k)

2
− f̂(l).

Now, we state the three aforementioned propositions and show that they indeed imply

Theorem 2.2.1. To prove these three propositions, we need to use lace expansion and diagram

estimates that will be explained in Chapter 3. Then we will show these three propositions in

Chapter 6.

Proposition 2.2.7. (Continuity). The functions {gi(p)}3i=1 are continuous in p ∈ [1, pc).

Let K1 = 1.01, K2 = 1.02, K3 = 2.1 for d = 5, and K1 = 1.1, K2 = 1.1, K3 = 2.1 for

d ≥ 6. Then, we have the following Propositions.

Proposition 2.2.8. (Initial conditions). For d > 4, we have gi(1) < Ki for i = 1, 2, 3.

Proposition 2.2.9. (Bootstrapping argument). For d > 4, and p ∈ (1, pc), assume gi(p) ≤ Ki,

i = 1, 2, 3, where {Ki}3i=1 are the same constants as in Proposition 2.2.8. Then, the stronger

inequlities gi(p) < (1− ϵ)Ki for some ϵ > 0, and i = 1, 2, 3, hold.

We only use g1(p) and g2(p) in Proposition 2.2.7 - 2.2.9 to prove Theorem 2.2.1 as follow.

As for g3(p), it is used to prove g2(p) in Proposition 2.2.9, and we will show that in later chapter.

Proof of Theorem 2.2.1 according to Proposition 2.2.7-2.2.9. First, by Proposition 2.2.7, we

have g1(p) is continuous in p ∈ (1, pc), and by Proposition 2.2.8 we have g1(1) < K1, and

by Proposition 2.2.9 we have g1(p) < K1 in p ∈ (1, pc). Therefore, we can conclude that

g1(p) < K1 in p ∈ [1, pc). In other words, pc ≤ K1.

8
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Then, we use same argument to obtain that g2(p) < K2 in p ∈ [1, pc). This complete prove

Theorem 2.2.1.

□

9
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Chapter 3

The lace expansion for self-avoiding walk

The lace expansion was derived by Brydges and Spencer in [2]. It was later noted that the

lace expansion can also be seen as a result from repeated application of the inclusion-exclusion

relation. For a more combinatorial description of the lace expansion, see [14]. We use the

inclusion-exclusion approach to the time-independent two-point function (2.1.2) as follows. By

application of the inclusion-exclusion relation, we have

Gp(x) ≡
∞∑
n=0

φn(x)p
n = δ0,x +

∞∑
n=1

(φ1 ∗ φn−1)(x)p
n −R(1)

p (x),

where

R(1)
p (x) =

∞∑
n=0

∑
y∈Zd

∑
ω(1)∈Wn−1(y,x)

φ1(y)I[o ∈ ω(1)]
n−1∏
i=1

D(ωi − ωi−1)
∏

0≤i<j≤n−1

(1− δωi,ωj
)pn,

and I is an indicator function. Observe that

∞∑
n=1

(φ1 ∗ φn−1)(x)p
n

=
∞∑
n=1

∑
y∈Zd

φ1(y)φn−1(x− y)pn

=
∑
y∈Zd

φ1(y)
∞∑
n=0

φn(x− y)pn+1

= p(D ∗Gp)(x).

10
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Then, we get

Gp(x) = δo,x + p(D ∗Gp)(x)−R(1)
p (x).

For convenience, we can use Feynman diagram to analyzeR(1)
p (x). Here we first introduce

some notations that will be needed. We define ” a b ” as a self-avoiding path from a to

b, ” a
b

c ” as two independent self-avoiding paths and their intersection is only at

b, and ” a ” to represent one step from a.

Using inclusion-exclusion, we can rewrite R(1)
p (x) as follows

R(1)
p (x) = o

x

= o

x

−
o

x

︸ ︷︷ ︸
:=R

(2)
p (x)

=
∑
y∈Z o = y

Gp(x− y)−R(2)
p (x).

Then, we define

π(1)
p (y) ≡

o = y

.

Continue the process, and we can rewrite R(2)
p (x) as follows

11
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R(2)
p (x) =

o

x

=
o

x

y −
o

x

y

︸ ︷︷ ︸
:=R

(3)
p (x)

=
∑
y∈Zd o

y

Gp(x− y)−R(3)
p (x),

where y is a first hitting point of two independent self-avoiding paths. Then, we define

π(2)
p (y) ≡

o

y

.

By repeating the application of inclusion-exclusion relations, we obtain the lace expansion

we redefine Feynman diagram of the lace-expansion coefficients depicted as (i.e. the solid line

represents at least one step, and ” a b ” can be allowed to merge into one point, and all

solid lines are independent. Their intersection points are only at the vertices in the following

Feynman diagrams, and some vertices have no English code, e.g. ” ”, which represents the

sum of all possible points.)

π(3)
p (x) ≡

o x
, π(4)

p (x) ≡
o

x , π(5)
p (x) ≡

o x
, ...

In summary, we can get the equation as follow

Gp(x) = δ0,x + ((pD +Π(N)
p ) ∗Gp)(x) + (−1)N+1R(N+1)

p (x),

where

Π(N)
p (x) =

N∑
n=1

(−1)nπ(n)
p (x),

12
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and we can do a simple analytical method for R(N)
p (x) to get the following inequality

0 ≤ R(N)
p (x) ≤ (π(N)

p ∗Gp)(x). (3.0.1)

For example, given N = 5, we have

R(5)
p (x) =

o x

≤
o x

= (π(5)
p ∗Gp)(x).

Similarly, we can use the same argument to get the inequality (3.0.1) for N ∈ N. Due to

the construction explained above, we have the lace expansion as follow

Proposition 3.0.1. (Lace expansion, c.f. [4]). For any p < pc andN ∈ Z+ ≡ {0}∪N, then we

obtain the recursion equation

Gp(x) = δ0,x + (J (N)
p ∗Gp)(x) + (−1)N+1R(N+1)

p (x), (3.0.2)

where

J (N)
p (x) = pD(x) + Π(N)

p (x), (3.0.3)

and the remainder R(N)
p obeys the bound

0 ≤ R(N)
p (x) ≤ (π(N)

p ∗Gp)(x). (3.0.4)

13
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Chapter 4

Diagrammatic bounds estimate

4.1 Diagrammatic bounds on the lace expansion coefficients

In this chapter, we need to evaluate the upper bound of gi(p) for i = 1, 2, 3 in (2.2.3) and

(2.2.4). First, we need the following lemma to help us get the important result of our thesis.

Lemma 4.1.1. For p ∈ [1, pc), we have

∞∑
n=1

π̂(n)
p (0) < ∞, and sup

k

∞∑
n=1

−∆̂kπ̂
(n)
p

1− D̂(k)
< 1.

The proof of Lemma 4.1.1 will be showed that in Chapter 6. Hence, by Lemma 4.1.1 we

have

lim
N→∞

π̂(N)
p (0) = 0,

and by (3.0.4) we obtain

0 ≤
∑
x∈Zd

R(N)
p (x) ≤ π̂(N)

p (0)Ĝp(0) −→ 0 as N → ∞.

Recall

Π̂p(k) =
∞∑
n=1

(−1)nπ̂(n)
p (k), and Ĵp(k) = pD̂(k) + Π̂p(k).

14
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Then, (3.0.2) and (3.0.4) yield

Ĝp(k) = 1 + Ĵp(k)Ĝp(k) + 0. (4.1.1)

Through these simple calculations, we can get

χp =
1

1− Ĵp(0)
.

Since χp ≥ 0, we can get Ĵp(0) ≤ 1. Using D̂(0) = 1, we have

p ≤ 1− Π̂p(0). (4.1.2)

By (3.0.3) and (4.1.1), we obtain

Ĝp(k) =
1

1− Ĵp(k)
=

1

1− pD̂(k)− Π̂p(k)
,

hence, we have

χp = Ĝp(0) =
1

1− p− Π̂p(0)
,

since Ĝp(0) is a positive continuous and increasing function on p ∈ [0, pc), and pc is a radius of

convergence. Then, we have

1− pc − Π̂pc(0) = 0.

15
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As above,we have

Ĝp(k)

=
1

(pc + Π̂pc(0))− pD̂(k)− Π̂p(k)

=
1

(p− pc)− 1 + 1 + (Π̂pc(0)− Π̂p(0)) + p(1− D̂(k)) + Π̂p(0)− Π̂p(k)

=
1

−(1− pc − Π̂pc(0)) + (1− p− Π̂p(0)) + p(−∆̂kD̂(0)) + (−∆̂kΠ̂p(0))

=
1

− 1
χpc

+ 1
χp

+ p(−∆̂kD̂(0)) + (−∆̂kΠ̂p(0))

=
1

1
χp

+ (−∆̂kĴp(0))
.

Then, we have

0 ≤ Ĝp(k) ≤
1

−∆̂kĴp(0)
. (4.1.3)

In order to evaluate the upper bound of gi(p) for i = 1, 2, 3, we must know the upper bound

of |π̂(n)
p (0)| and |∆̂kπ̂

(n)
p (0)|. Since

Π̂p(0) =
∞∑

m=1

π̂(2m)
p (0)−

∞∑
m=0

π̂(2m+1)
p (0), (4.1.4)

and we define Π̂even
p (k) ≡

∑∞
m=1 π̂

(2m)
p (k) and Π̂odd

p (k) ≡
∑∞

m=0 π̂
(2m+1)
p (k) where k ∈

[−π, π]d. Hence, we can rewrite (4.1.4) as follow

Π̂p(0) = Π̂even
p (0)− Π̂odd

p (0),

and

−∆̂kΠ̂p(0) = −∆̂kΠ̂
even
p (0) + ∆̂kΠ̂

odd
p (0).

In the begining, we define

Lp = ||(pD)∗2 ∗Gp||∞ = sup
x
( o x ),

16
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and

Bp = ||(pD)∗2 ∗G∗2
p ||∞ = sup

x
( o x ),

and

γp = p||D||∞ + Lp +Bp = sup
x
( o x ),+ sup

x
( o x ) + sup

x
( o x ).

Then, we can obtain the bounds of π̂
(n)
p (0) and |∆̂kπ̂

(n)
p (0)| in Lemma 4.1.2 and

Lemma 4.1.3.

Lemma4.1.2. (Diagrammatic bounds on the expansion coefficients.) The expansion coefficients

π̂
(n)
p (0) ≡

∑
x π

(n)
p (x), obey the following bound

π̂(n)
p (0) ≤


Lp, if n = 1,

Bp(p||D||∞ + Lp)γp
n−2, if n ≥ 2.

Proof of Lemma 4.1.2. First, we have the following inequality

Gp(x)I[x ̸= 0] ≤ (pD ∗Gp)(x). (4.1.5)

In the following, we will use the above inequality, and we can analyze π̂
(n)
p (0) for each

n ∈ N to prove Lemma 4.1.2. For n = 1, we have

π̂(1)
p (0) ≡

o = y

≤
o = y

≤
(
(pD)∗2 ∗Gp

)
(0) ≤ Lp.

For n ≥ 2, we first decompose π̂(n)
p (0) by using subadditivity and then repeatedly apply

17
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(4.1.5) to obtain Lemma 4.1.2. For example,

π̂(2)
p (0) =

∑
x ̸=o o

x

≤ (
∑
x≠o o

x

)(sup
x ̸=o o

x

)

≤
(∑

x ̸=0

Gp(x)
2
)(
sup
x ̸=0

Gp(x)
)

(4.1.5)

≤
(
(pD)∗2 ∗G∗2

p

)
(0)︸ ︷︷ ︸

≤Bp

(
sup
x ̸=0

(pD ∗Gp)(x)
)
,

and

π̂(3)
p (0) =

∑
x ̸=o

o x
≤ (

∑
x ̸=o o

x

)(sup
x ̸=o

∑
y ̸=x

o y

x
)(sup

x ̸=o o

x

)

= (
∑
x ̸=o

Gp(x)
2)
(
sup
x ̸=o

∑
y ̸=x

Gp(y)Gp(x− y)
)(
sup
x ̸=o

Gp(x)
)

(4.1.5)

≤ Bp

(
sup
x ̸=o

(
(pD) ∗G∗2

p

)
(x)

)(
sup
x ̸=o

(
(pD) ∗Gp

)
(x)

)
,

π̂(4)
p (0) =

∑
x ̸=o

o

x ≤ (
∑
x̸=o o

x

)(sup
x ̸=o

∑
y ̸=x

o y

x
)2(sup

x ̸=o o

x

)

= (
∑
x ̸=o

Gp(x)
2)
(
sup
x̸=o

∑
y ̸=x

Gp(y)Gp(x− y)
)2( sup

x ̸=o

Gp(x)
)

(4.1.5)

≤ Bp

(
sup
x ̸=o

(
(pD) ∗G∗2

p

)
(x)

)2(
sup
x ̸=o

(
(pD) ∗Gp

)
(x)

)
.

By induction, we have

π̂(n)
p (0) ≤ Bp

(
sup
x ̸=o

(
(pD) ∗G∗2

p

)
(x)

)n−2(
sup
x ̸=o

(
(pD) ∗Gp

)
(x)

)
.

In the following step, we will analyze the bound of supx ̸=o

(
(pD) ∗ Gp

)
(x) and

supx ̸=o

(
(pD) ∗G∗2

p

)
(x). Notice that, by omitting the spatial variables, we have

pD ∗Gp = pD ∗
(
δGp + (1− δ)Gp

) (4.1.5)

≤ pD + (pD)∗2 ∗Gp,

18
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where δ is the Kronecker delta. Therefore,

sup
x
(pD ∗Gp)(x) ≤ p||D||∞ + ||(pD)∗2 ∗Gp||∞ = p||D||∞ + Lp.

Similarly, we have

pD ∗G∗2
p = pD ∗Gp ∗

(
δGp + (1− δ)Gp

)
(4.1.5)

≤ pD ∗Gp + (pD)∗2 ∗G∗2
p

= pD ∗
(
δ + (1− δ)Gp

)
+ (pD)∗2 ∗G∗2

p

(4.1.5)

≤ pD + (pD)∗2 ∗Gp + (pD)∗2 ∗G∗2
p ,

hence

sup
x
(pD ∗G∗2

p )(x) ≤ p||D||∞ + ||(pD)∗2 ∗Gp||∞ + ||(pD)∗2 ∗G∗2
p ||∞

= p||D||∞ + Lp +Bp ≡ γp.

□

Then, we define the following equation to get the bound of |∆̂kπ̂
(n)
p (0)|.

Ŵp(k) = sup
x
(1− cos k · x)Gp(x).

Lemma4.1.3. (Diagrammatic bounds on the expansion coefficients.) The expansion coefficients

|∆̂kπ̂
(n)
p (0)| ≡

∑
x(1− cos k · x)π(n)

p (x) obey the following bound

|∆̂kπ̂
(n)
p (0)| ≤


B2

pŴp(k)m
2γ2m−2

p , if n = 2m+ 1,

B2
pŴp(k)m(m− 1)γ2m−3

p +BpŴp(k)mγ2m−2
p , if n = 2m.

To prove this lemma, we need the following lemma which can be proved by following the

argument in [4].

19
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Lemma 4.1.4. (the telescopic inequality)

1− cos(
d∑

j=1

tj) ≤ d

d∑
j=1

(1− cos tj).

Proof of Lemma 4.1.4. First, take the real part of the telescopic identity

1− ei
∑d

j=1 tj =
d∑

j=1

(1− eitj)ei
∑j−1

h=1 th . (4.1.6)

Then, using the inequalities respectively | sin
∑j−1

h=1 th| ≤
∑j−1

h=1 | sin th|, | sin tj|| sin th| ≤

(sin2 tj + sin2 th)/2 and sin2 tj ≤ 2(1− cos tj), and by (4.1.6), we have

1− cos
d∑

j=1

tj =
d∑

j=1

(1− cos tj) cos(
j−1∑
h=1

th) +
d∑

j=1

sin tj sin(
j−1∑
h=1

th).

Then

1− cos
d∑

j=1

tj −
d∑

j=1

(1− cos tj)

= −
d∑

j=1

(1− cos tj)(1− cos
d−1∑
h=1

th) +
d∑

j=1

sin tj sin
j−1∑
h=1

th

≤ −
d∑

j=1

sin2 tj
2

sin2
∑j−1

h=1 th
2

+
d∑

j=1

j−1∑
h=1

| sin tj sin th|

≤
d∑

j=1

j−1∑
h=1

sin tj sin |th| ≤
d∑

j=1

j−1∑
h=1

(sin2 tj + sin2 th)
2

=
1

2

(
sin2 t2 + 2 sin2 t3 + ...+ (d− 1) sin2 td +

1∑
h=1

sin2 th + ...+
d−1∑
h=1

sin2 th
)

=
d− 1

2
(sin2 t1 + sin2 t2 + ...+ sin2 td)

=
d− 1

2

d∑
j=1

sin2 tj ≤ (d− 1)
d∑

j=1

(1− cos tj).

□

Proof of Lemma 4.1.3 according to Lemma 4.1.4. First, we prove Lemma 4.1.3 for n = 2m+1.

Since π
(1)
p (x) is proportional to δo,x and therefore ∆̂kπ̂

(1)
p (0) ≡ 0, we can assume m ≥ 1.

20
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To bound |∆̂kπ̂
(2m+1)
p (0)| ≡

∑
x(1 − cos k · x)π(2m+1)

p (x) for m ≥ 1, we first identify the

diagram vertices along the lowest diagram path from o to x, say y1, ..., ym−1, and then split x

into {yj − yj−1}mj=1, where y0 = o and ym = x.

Form = 1,

|∆̂kπ̂
(3)
p (0)| =

∑
y1∈Zd

(
1− cos k · (y1 − y0)

)
y0 = o y1

.

Then, by subadditivity, we obtain

|∆̂kπ̂
(3)
p (0)| ≤

∑
y1∈Zd

(1− cos k · y1)Gp(y1)
o y1

≤ Ŵp(k)
(
sup
y1∈Zd o y1

)
≤ Ŵp(k)B

2
p .

Form = 2, we have

|∆̂kπ̂
(5)
p (0)| =

∑
y1,y2∈Zd

(1− cos
∑
j=1,2

k · (yj − yj−1)) y0 = o y2
y1

.

Then, using Lemma 4.1.4 and subadditivity, we obtain

|∆̂kπ̂
(5)
p (0)| ≤ 2

∑
y1,y2∈Zd

((1− cos k · y1) + (1− cos k · (y2 − y1)))

×(Gp(y1) o y2
y1

+Gp(y2 − y1) o y2
y1

)

≤ 2Ŵp(k)
(
sup
y1∈Zd

o
y1

+ sup
y2∈Zd o y2

)
≤ 4Ŵp(k)B

2
pγ

2
p , (4.1.7)

where the last inequality holds by the same argument of the proof in Lemma 4.1.2. By induction,

we have

|∆̂kπ̂
(2m+1)
p (0)| ≤ mŴp(k)× (m diagrams, each bounded by B2

pγ
2m−2
p )

≤ B2
pŴp(k)m

2γ2m−2
p .

In the following, we prove Lemma 4.1.3 for n = 2m, and we follow the same lines as
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above for n = 2m+ 1. To bound |∆̂kπ̂
(2m)
p (0)| ≡

∑
x(1− cos k · x)π(2m)

p (x), we first identify

the diagram vertices along the lowest diagram path from o to x, say, y1, ..., ym−1, and then split

x into {yj − yj−1}mj=1, where y0 = o and ym = x.

Form = 1,

|∆̂kπ̂
(2)
p | =

∑
y1∈Zd

(
1− cos k · (y1 − y0)

)
y0 = 0

y1

.

Then, by subadditivity, we obtain

|∆̂kπ̂
(2)
p | ≤

∑
y1∈Zd

(
1− cos k · (y1 − y0)

)
Gp(y1)

y0 = 0

y1

≤ Ŵp(k)
(
sup
y1∈Zd y0 = 0

y1 )
≤ BpŴp(k).

Form = 2, we have

|∆̂kπ̂
(4)
p (0)| =

∑
y1,y2∈Zd

(1− cos
∑
j=1,2

k · (yj − yj−1))
y0 = o

y2

y1

.

Then, by using the same argument of (4.1.7), we obtain

|∆̂kπ̂
(4)
p (0)| ≤ 2

∑
y1,y2∈Zd

(
(1− cos k · y1) + (1− cos k · (y2 − y1))

)
×
(
Gp(y1)

o

y2

y1

+Gp(y2 − y1)
o

y2

y1

)
≤ 2Ŵp(k)

(
o

+
o

)
≤ 2Ŵp(k)(B

2
pγp +Bpγ

2
p).
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By induction, we have

|∆̂kπ̂
(2m)
p (0)| ≤ mŴp(k)×

((
(m− 1) diagrams, each bounded by B2

pγ
2m−3
p

)
+(1 diagram, bounded by Bpγ

2m−2
p )

)
≤ B2

pŴp(k)m(m− 1)γ2m−3
p +BpŴp(k)mγ2m−2

p .

□

From Lemma 4.1.2 and Lemma 4.1.3, we can simply get that if γp < 1 then π̂
(n)
p (0) and

|∆̂kπ̂
(n)
p | approaches zero as n goes to infinity. Hence, we need to suppose γp < 1 to achieve

our purpose.

Lemma 4.1.5. Suppose that γp ≡ p||D||∞ + Lp +Bp < 1. We have

0 ≤ Π̂odd
p (0) ≤ Lp +Bp(p||D||∞ + Lp)

γp
1− γ2

p

, (4.1.8)

0 ≤ Π̂even
p (0) ≤ Bp(p||D||∞ + Lp)

1

1− γ2
p

, (4.1.9)

sup
k

|∆̂kΠ̂
odd
p (0)|

1− D̂(k)
≤

B2
p(1 + γ2

p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞, (4.1.10)

sup
k

|∆̂kΠ̂
even
p (0)|

1− D̂(k)
≤ B2

p ||
Ŵp

1− D̂
||∞

2γp
(1− γ2

p)
3
+Bp||

Ŵp

1− D̂
||∞

1

(1− γ2
p)

2
. (4.1.11)

Proof. Note that (4.1.8) and (4.1.9) are very easy to get from Lemma 4.1.2. Hence, we explain

(4.1.10) and (4.1.11) as follows.

By lemma 4.1.3, we obtain

sup
k

|∆̂kΠ̂
odd
p (0)|

1− D̂(k)
≤ B2

p ||
Ŵp

1− D̂
||∞

∞∑
m=0

m2γ2m−2
p ,
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where
∑∞

m=0 m
2γ2m−2

p , and we can consider

∞∑
m=0

γ2m
p =

1

1− γ2
p

.

Then, we have

∞∑
m=1

m2γ2m−2
p =

1 + γ2
p

(1− γ2
p)

3
.

Therefore, we get (4.1.10) as follows

sup
k

|∆̂kΠ̂
odd
p (0)|

1− D̂(k)
≤

B2
p(1 + γ2

p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞.

Similarly, by lemma 4.1.3, we obtain

sup
k

|∆̂kΠ̂
even
p (0)|

1− D̂(k)

≤ B2
p ||

Ŵp

1− D̂
||∞

∞∑
m=1

m(m− 1)γ2m−3
p +Bp||

Ŵp

1− D̂
||∞

∞∑
m=1

mγ2m−2
p .

Since
∑∞

m=1 γ
2m
p =

γ2
p

1−γ2
p
, we have

∞∑
m=1

m(m− 1)γ2m−3
p =

2γp
(1− γ2

p)
3
,

and

∞∑
m=1

mγ2m−2
p =

1

(1− γ2
p)

2
.

Hence, we can obtain (4.1.11) as follows

sup
k

|∆̂kΠ̂
even
p (0)|

1− D̂(k)
≤ B2

p ||
Ŵp

1− D̂
||∞

2γp
(1− γ2

p)
3
+Bp||

Ŵp

1− D̂
||∞

1

(1− γ2
p)

2
.
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4.2 Diagramatic bounds on the bootstrapping argument

In Section 4.1, we have already estimated the coefficients of lace expansion. In this section,

we use them to estimate the upper bounds of gi(p) for i = 1, 2, 3. For g1(p), by (4.1.2), we can

easily get

g1(p) ≤ 1− Π̂p(0). (4.2.1)

And then, by (4.1.3) and using the symmetry of Ĝp(k) (i.e. Ĵp(k) = Ĵp(−k)), we obtain

−∆̂kĴp(0) = Ĵp(0)− Ĵp(k). Since p ≥ 1, we have

Ĝp(k) ≤ 1

−∆̂kĴp(0)
=

1

Ĵp(0)− Ĵp(k)

=
1

pD̂(0) + Π̂p(0)− pD̂(k)− Π̂p(k)

=
1

p(1− D̂(k)) + (−∆̂kΠ̂p(0))
.

Therefore

g2(p) ≤ sup
k∈[−π,π]d

[
1− D̂(k)

p(1− D̂(k)) + (−∆̂kΠ̂p(0))

]
(p≥1)

≤ sup
k∈[−π,π]d

[
1− D̂(k)

(1− D̂(k)) + (−∆̂kΠ̂p(0))

]
.

Then, we have

g2(p) ≤ sup
k∈[−π,π]d

[
1 +

−∆̂kΠ̂p(0)

1− D̂(k)

]−1

. (4.2.2)

Suppose−
∑∞

n=0 ∆̂kπ̂
(n)
p (0) =

∑∞
n=0

∑
x(1− cos(k ·x))π(n)

p (x) is smaller than 1− D̂(k).

Then, we can ensure the g2(p) to be uniformly bounded.

To evaluate g3(p), we need the following proposition which can be found in ( [12], Lemma

5.7 ).

Proposition 4.2.1. ( [12], Lemma 5.7 ) Suppose Â(k) = (1 − â(k))−1, where â is the Fourier

transform of a symmetric a(x) = a(−x) for all x ∈ Zd, then we have the following identity
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|∆kÂ(l)| ≤ 1

2
[Â(l − k) + Â(l + k)]Â(l)[âav(0)− âav(k)]

+4Â(l − k)Â(l)Â(l + k)[âav(0)− âav(k)][âav(0)− âav(l)],

where aav(x) = |a(x)|.

Then, we use Proposition 4.2.1, and substitute A toGp, noting that Ĝp(k) = (1− Ĵp(k))
−1

,we obtain the upper bound of g3(p) as follows

g3(p) ≡ sup
k,l

1

Û(k, l)
× |∆̂kĜp(l)|, where Ĝp(k) =

1

1− Ĵp(k)

≤ sup
k,l

1− D̂(k)

Û(k, l)

{[
Ĝp(l + k) + Ĝp(l − k)

2

]
Ĝp(l)

|∆̂kĴp(l)|
1− D̂(k)

+4Ĝp(l + k)Ĝp(l − k)
−∆̂l|Ĵp|(0)
1− Ĵp(l)

−∆̂k|Ĵp|(0)
1− D̂(k)

}
, (4.2.3)

where |Ĵp|(k) =
∑

x∈Zd eik·x|Ĵp(x)|.

Applying these bounds in (4.2.1), (4.2.2), and (4.2.3), we obtain the following bounds on

the bootstrapping functions gi(p) for i = 1, 2, 3.

Lemma 4.2.2. p ∈ [1, pc), we have

g1(p) ≤ 1 + Lp +
Bp(p||D||∞ + Lp)γp

1− γ2
p

,

g2(p) ≤ (1−
B2

p(1 + γ2
p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞)−1,

g3(p) ≤ max{g2(p), 1}3
(
p+B2

p ||
Ŵp

1− D̂
||∞

2γp
(1− γ2

p)
3

+Bp||
Ŵp

1− D̂
||∞

1

(1− γ2
p)

2
+

B2
p(1 + γ2

p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞

)2

.

Proof. Since

Π̂p(0) = Π̂even
p (0)− Π̂odd

p (0),
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and

∆̂kΠ̂p(0) = ∆̂kΠ̂
even
p (0)− ∆̂kΠ̂

odd
p (0).

We obtain

g1(p)
(4.2.1)

≤ 1− Π̂p(0) ≤ 1 + Π̂odd
p (0)

(4.1.8)

≤ 1 + Lp +Bp(p||D||∞ + Lp)
γp

1− γ2
p

,

and

g2(p)
(4.2.2)

≤ sup
k

(1 +
−∆̂kΠ̂p(0)

1− D̂
)−1 ≤ sup

k

(1−
|∆̂kΠ̂

odd
p (0)|

1− D̂
)−1

(4.1.10)

≤ (1−
B2

p(1 + γ2
p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞)−1.

For g3(p),

g3(p) ≤ sup
k,l

1− D̂(k)

Û(k, l)
{[Ĝp(l + k) + Ĝp(l − k)

2
]Ĝp(l)

|∆̂kĴp(l)|
1− D̂(k)

+4Ĝp(l + k)Ĝp(l − k)
−∆̂l|Ĵp|(0)
1− Ĵp(l)

−∆̂k|Ĵp|(0)
1− D̂(k)

}

since Ĝp(k) ≡ 1/(1− Ĵp(k)) and |Ĝp(k)| ≤ g2(p)Ŝ1(k) ≡ g2(p)/(1− D̂(k)), we obtain

g3(p) ≤ sup
k,l

1− D̂(k)

Û(k, l)

{( Ŝ1(l + k) + Ŝ1(l − k)

2

)
Ŝ1(l)g2(p)

2 |∆̂kĴp(0)|
1− D̂(k)

+4Ŝ1(l + k)Ŝ1(l − k)g2(p)
3−∆̂l|Ĵp|(0)
1− D̂(l)

−∆̂k|Ĵp|(0)
1− D̂(k)

)

}
(2.2.5)

≤ max{g2(p), 1}3max
{
sup
k,l

|∆̂kĴp(l)|
1− D̂(k)

,
(
sup
k

−∆̂k|Ĵp|(0)
1− D̂(k)

)2}
.
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Since Jp = pD +Πp, we have

|∆̂kĴp(l)|
1− D̂(k)

=
1

1− D̂(k)
|
∑
x

(1− cos k · x)eil·x(pD(x) + Πp(x))|

≤ 1

1− D̂(k)

∑
x

(1− cos k · x)(pD(x) + Πodd
p (x) + Πeven

p (x))

≤ p+
|∆̂kΠ̂

even
p (0)|

1− D̂(k)
+

|∆̂kΠ̂
odd
p (0)|

1− D̂(k)
,

which is larger than 1, since p ≥ 1. It is easy to check that −∆̂k|Ĵp|(0)/(1 − D̂(k)) obeys the

same bound. Therefore, by using (4.1.10) - (4.1.11), we obtain

g3(p) ≤ max{g2(p), 1}3(p+
|∆̂kΠ̂

even
p (0)|

1− D̂(k)
+

|∆̂kΠ̂
odd
p (0)|

1− D̂(k)
)2

≤ max{g2(p), 1}3 ·
(
p+B2

p ||
Ŵp

1− D̂
||∞

2γp
(1− γ2

p)
3

+Bp||
Ŵp

1− D̂
||∞

1

(1− γ2
p)

2
+

B2
p(1 + γ2

p)

(1− γ2
p)

3
|| Ŵp

1− D̂
||∞

)2

,

as required.

Therefore, in order to prove the main result of our thesis, we also need to evaluate the upper

bound of Lp, Bp, || Ŵp

1−D̂
||∞, and γp for p ∈ [1, pc) in the next chapter.
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Chapter 5

Random-walk estimate

In Section 5.1, we use the inequlity G1(x) ≤ S1(x) to evaluate the diagrams (i.e.

Lp, Bp, || Ŵp

1−D̂
||∞) at p = 1. In Section 5.2, we use bootstrapping argument to deal with the

diamgrams for p ∈ (1, pc).

5.1 The diagrams bound of random-walk quantities for p = 1

To estimate the upper bound of L1, B1, || Ŵ1

1−D̂
||∞, we can use two RW quantities, such as

the RW loop ε1, the RW bubble ε2, defined as

ε1 ≡ (D∗2 ∗ S∗1
1 )(0) =

∞∑
n=2

D∗n(0),

ε2 ≡ (D∗2 ∗ S∗2
1 )(0) =

∞∑
n=2

D∗n(0)(n− 1). (5.1.1)

Since the symmetry Poisson distribution is long-range, we can easy to get (D∗2∗S∗1
1 )(0) =∑∞

n=2 D
∗n(0). Similarly, the analysis of (D∗2 ∗ S∗2

1 )(0) can be written as follows

(D∗2 ∗ S∗2
1 )(0) =

∞∑
m=1

∞∑
n=1

D∗n(x)D∗m(−x) =
∞∑

m=1

∞∑
n=1

D∗(n+m)(0)

=
∞∑
u=2

∞∑
m=1

∞∑
n=1

D∗u(0)I{n+m = u}

=
∞∑
u=2

(u− 1)D∗u(0) =
∞∑
n=2

(n− 1)D∗n(0).
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And then, we evaluate the diagrams for p ∈ [1, pc). First, by the Fourier transform of the

RW Green function Ŝ1(k) ≡ (1− D̂(k))−1, we have

ε1 ≡ (D∗2 ∗ S1)(0) =

∫
[−π,π]d

D̂(k)2

1− D̂(k)

ddk

(2π)d
,

and

ε2 ≡ (D∗2 ∗ S∗2
1 )(0) =

∫
[−π,π]d

D̂(k)2

(1− D̂(k))2
ddk

(2π)d
.

Hence we can estimate the upper bound as follows

ε1 =

∫
[−π,π]d

D̂(k)2

1− D̂(k)

ddk

(2π)d
≤

∫
[−π,π]d

|D̂(k)|2

1− |D̂(k)|
ddk

(2π)d
,

Since

|D̂(k)| ≤
d∏

j=1

e−λ+λ cos(kj) ≡ D̃(k).

We get

ε1 ≤
∫
[−π,π]d

D̃(k)2

1− D̃(k)

ddk

(2π)d
=

∫
[0,π]d

2d
D̃(k)2

1− D̃(k)

ddk

(2π)d

=
1

πd

∫
[0,π]d

D̃(k)2

1− D̃(k)
ddk.

As above, we have

ε1 ≤
1

πd

∫
[0,π]d

D̃(k)2

1− D̃(k)
ddk. (5.1.2)

Then, we do the analysis and calculation for this formula as follows. First, we divide the

scope into three parts, namely I1, I2 and I3,

I1 = {k : ||k||2 ∈ [0,
1√
λ
]}, and I2 = {k : ||k||2 ∈ [

1√
λ
, λ− 1

3 ]},
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and

I3 =
{
k : ||k||2 ≥ λ− 1

3 , and |kj| ≤ π for all 1 ≤ j ≤ d
}
.

So we can divide the (5.1.2) into three parts. i.e.

ε1 ≤ 1

πd

∫
[0,π]d

D̃(k)2

1− D̃(k)
ddk

=
1

πd

∫
I1

D̃(k)2

1− D̃(k)
ddk︸ ︷︷ ︸

(1)

+
1

πd

∫
I2

D̃(k)2

1− D̃(k)
ddk︸ ︷︷ ︸

(2)

+
1

πd

∫
I3

D̃(k)2

1− D̃(k)
ddk︸ ︷︷ ︸

(3)

.

First, we evaluate (1) as follow. Since I1 = {k : ||k||2 ∈ [0, 1√
λ
]} and cos(kj) ≤ 1− k2j

2
+

k4j
4!

≤ 1− k2j
2
(1− 1

12λ
), we have

D̃(k) ≤
d∏

j=1

e(−
1
2
k2j (λ−

1
12

)) = e(−
1
2
||k||2(λ− 1

12
)).

Then

1− D̃(k) ≥ 1

2
||k||22(λ− 1

12
)[
3

4
+

1

48λ
].

Therefore

1

πd

∫
I1

D̃(k)2

1− D̃(k)
ddk =

1

πd

∫
I1

D̃(k)2

1− D̃(k)
ddk =

1

πd

∫
||k||2∈[0, 1√

λ
]

D̃(k)2

1− D̃(k)
ddk

≤ 1

πd

∫
||k||2∈[0, 1√

λ
]

1
1
2
||k||22(λ− 1

12
)[3

4
+ 1

48λ
]
ddk

=
1

πd

1
1
2
(λ− 1

12
)(3

4
+ 1

48λ
)

∫
||k||2∈[0, 1√

λ
]

1

||k||22
ddk

≤ 1

πd

σd

1
2
(λ− 1

12
)(3

4
+ 1

48λ
)

∫ 1√
λ

0

rd−1

r2
dr

=
1

πd

σd

1
2
(λ− 1

12
)(3

4
+ 1

48λ
)

1

d− 2
(
1√
λ
)d−2 , d > 2,
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where σd is the surface area of the d-dimensional unit ball.

To evaluate (2) as follow. Since I2 = {k : ||k||2 ∈ [ 1√
λ
, λ− 1

3 ]} and cos(kj) ≤ 1− k2j
2
+

k4j
4!

=

1− k2j
2
(1− k2j

12
) ≤ 1− k2j

2
(1− 1

12λ2/3 ), we have

D̃(k) ≤ e
(−λ

2
(1− 1

12λ2/3
)||k||22) ≤ e

(−λ
2
(1− 1

12λ2/3
) 1
λ
)
= e

(− 1
2
(1− 1

12λ2/3
))
.

Therefore

1

πd

∫
I2

D̃(k)2

1− D̃(k)
ddk =

1

πd

∫
I2

D̃(k)2

1− D̃(k)
ddk =

1

πd

∫
||k||2∈[ 1√

λ
,λ− 1

3 ]

D̃(k)2

1− D̃(k)
ddk

≤ 1

πd

e
−(1− 1

12λ2/3
)

1− e
− 1

2
(1− 1

12λ2/3
)
σd

∫ λ− 1
3

0

rd−1dr

=
e
−(1− 1

12λ2/3
)
σd

πd[1− e
(− 1

2
(1− 1

12λ2/3
))
]

1

d
(
1

λ
1
3

)d , d ∈ N.

Finally, we evaluate (3) as follow. Since I3 =
{
k : ||k||2 ≥ λ− 1

3 and |kj| ≤ π, for all 1 ≤

j ≤ d
}
and cos(kj) ≤ 1− 1

2
k2
j (1− π2

12
), we have

D̃(k) ≤ e(−
λ
2
(1−π2

12
)||k||22) ≤ e(−

λ
2
(1−π2

12
)λ− 2

3 ) = e(−
1
2
λ

1
3 (1−π2

12
)).

Therefore

1

πd

∫
I3

D̃(k)2

1− D̃(k)
ddk

=
1

πd

∫
I3

D̃(k)2

1− D̃(k)
ddk =

1

πd

∫
I3

D̃(k)2

1− D̃(k)
ddk

≤ 1

πd

1

1− e(−
1
2
(λ

1
3 (1−π2

12
)))

∫
I3

e(−λ(1−π2

12
)||k||22)ddk

≤ σd

πd(1− e−
1
2
λ

1
3 (1−π2

12
))

∫ √
dπ2

λ− 1
3

e−λ(1−π2

12
)r2rd−1dr

≤ σd

πd(1− e−
1
2
λ

1
3 (1−π2

12
))
e−

d−1
2

( d− 1

2λ(1− π2

12
)

) d−1
2
[√

dπ2 − λ− 1
3

]
,

where the last inequality can be explained in the following inequaily.
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e−λ(1−π2

12
)r2rd−1 ≤ e−

d−1
2 (

d− 1

2λ(1− π2

12
)
)
d−1
2 . (5.1.3)

The proof of (5.1.3) is easy, if we let f(r) = e−λ(1−π2

12
)rd−1, using the first order derivative

law, we can get, when r =
√

d−1

2λ(1−π2

12
)
, the maximum value of f(r) is e− d−1

2 ( d−1

2λ(1−π2

12
)
)
d−1
2 .

As the above estimate, we obtain

ε1 ≤ 1

πd

σd

1
2
(λ− 1

12
)(3

4
+ 1

48λ
)

1

d− 2
(
1√
λ
)d−2 +

e
−(1− 1

12λ2/3
)
σd

πd[1− e
(− 1

2
(1− 1

12λ2/3
))
]

1

d
(
1

λ
1
3

)d

+
σd

πd(1− e−
1
2
λ

1
3 (1−π2

12
))
e−

d−1
2 (

d− 1

2λ(1− π2

12
)
)
d−1
2

[√
dπ2 − λ− 1

3

]
, d > 2.

(5.1.4)

Similarly,

ε2 ≡ (D∗2 ∗ S∗2
1 )(0) =

∫
[−π,π]d

D̂(k)2

(1− D̂(k))2
ddk

(2π)d
≤ 1

πd

∫
[0,π]d

D̃(k)2

(1− D̃(k))2
ddk. (5.1.5)

We can also divide the (5.1.5) into three parts. i.e.

ε2 =
1

πd

∫
I1

D̃(k)2

(1− D̃(k))2
ddk︸ ︷︷ ︸

(1′)

+
1

πd

∫
I2

D̃(k)2

(1− D̃(k))2
ddk︸ ︷︷ ︸

(2′)

+
1

πd

∫
I3

D̃(k)2

(1− D̃(k))2
ddk︸ ︷︷ ︸

(3′)

.

And then, using the same arguments of estimating ϵ1, we get

ε2 ≤ 4σd

πd(λ− 1
12
)2[3

4
+ 1

48λ
]2

1

d− 4
(
1√
λ
)d−4 +

e
−(1− 1

12λ2/3
)
σd

πd[1− e
− 1

2
(1− 1

12λ2/3
)
]2

1

d
(

1

λ1/3
)d

+
σd

πd(1− e−
1
2
λ

1
3 (1−π2

12
))2

e−
d−1
2

( d− 1

2λ(1− π2

12
)

) d−1
2
[√

dπ2 − λ− 1
3

]
, d > 4.

(5.1.6)

Note that σd =
2πd/2

Γ( d
2
)
, we can estimate the upper bound of ϵ1 for d > 2 and the upper bound

of ϵ2 for d > 4, which are very important for estimating bootstrapping argument.
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Proposition 5.1.1. Let d ≥ 5 and p = 1. For all λ > 0, we have

L1 ≤ ϵ1, B1 ≤ ϵ2, and || Ŵ1

1− D̂
||∞ ≤ 5(1 + 2ϵ1 + ϵ2).

Proof. For p = 1, using the inequality G1(x) ≤ S1(x), x ∈ Zd obtain the upper bound of L1.

L1 ≤ ||D∗2 ∗ S1||∞ =

∫
[−π,π]d

D̂(k)2

1− D̂(k)

ddk

(2π)d

= (D∗2 ∗ S1)(0) ≡ ϵ1.

Similarily, we have

B1 ≤ ||D∗2 ∗ S∗2
1 ||∞ =

∫
[−π,π]d

D̂(k)2

(1− D̂(k))2
ddk

(2π)d

= (D∗2 ∗ S∗2
1 )(0) ≡ ϵ2.

Finally, since

(1− cos k · x)G1(x) ≤ (1− cos k · x)S1(x) =

∫
[−π,π]d

(−∆̂kŜ1(l))e
il·x ddl

(2π)d

≤
∫
[−π,π]d

Û(k, l)
ddl

(2π)d
.

Then by Lemma 4.2.1 and using the Schwarz inequality, we have

∫
[−π,π]d

Û(k, l)
ddl

(2π)d
≤ 5(1− D̂(k))

∫
[−π,π]d

Ŝ1(l)
2 ddl

(2π)d

= 5(1− D̂(k))S∗2
1 (0),

by (5.1.1), we have

S∗2
1 (0) =

∞∑
m=0

∞∑
n=0

D∗n(x)D∗m(−x) =
∞∑
u=0

∞∑
m=0

∞∑
n=0

D∗u(0)I[n+m = u]

=
∞∑
u=0

(u+ 1)D∗u(0)

= 1 + 2D(0) + 2ϵ1 + ϵ2 = 1 + 0 + 2ϵ1 + ϵ2.
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Therefore

∫
[−π,π]d

Û(k, l)
ddl

(2π)d
≤ 5(1− D̂(k))(1 + 2ϵ1 + ϵ2).

Hence, we have

|| Ŵ1

1− D̂
||∞ ≤ 5(1 + 2ϵ1 + ϵ2).

5.2 The diagrams bound of random-walk quantities for p > 1

First, we estimate the upper bound of Lp, Bp, || Ŵp

1−D̂
||∞ for p ∈ [1, pc) under the

bootstrapping assumptions.

Proposition 5.2.1. Let d ≥ 5 and p ∈ (1, pc) and suppose that gi(p) ≤ Ki, i = 1, 2, 3 for some

contants {Ki}3i=1. For all λ > 0, we have

Lp ≤ K2
1K2ϵ1, Bp ≤ K2

1K
2
2ϵ2, and || Ŵp

1− D̂
||∞ ≤ 5K3(1 + 2ϵ1 + ϵ2).

Proof.

Lp = ||(pD)∗2 ∗Gp||∞ ≤ p2
∫
[−π,π]d

D̂(k)2|Ĝp(k)|
ddk

(2π)d

≤ p2
∫
[−π,π]d

D̂(k)2

1− D̂(k)
g2(p)

ddk

(2π)d
≤ K2

1K2

∫
[−π,π]d

D̂(k)2

1− D̂(k)

ddk

(2π)d

= K2
1K2ϵ1,

and

Bp = ||(pD)∗2 ∗G∗2
p ||∞ ≤ p2

∫
[−π,π]d

D̂(k)2Ĝp(k)
2 ddk

(2π)d

≤ p2
∫
[−π,π]d

D̂(k)2

(1− D̂(k))2
g2(p)

2 ddk

(2π)d
≤ K2

1K
2
2ϵ2.
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Finally, since g3(p) ≤ K3, we obtain

0 ≤ (1− cos(k · x))Gp(x) =

∫
[−π,π]d

(−∆̂kĜp(l))e
il·x ddl

(2π)d

≤ K3

∫
[−π,π]d

Û(k, l)
ddl

(2π)d
,

uniformly in x and k. Then, by the similar of analysis for p = 1, we have

|| Ŵp

1− D̂
||∞ ≤ 5K3(1 + 2ϵ1 + ϵ2).

Finally, we need to estimate the upper bounded of ||D(x)||∞ as follows.

Lemma 5.2.2. For any λ ≥ 1,

||D(x)||∞ ≤ 1

(2
√
2π)d(⌊λ− 1⌋)d/2

.

Proof. By (2.1.1)

D(x) =
d∏

j=1

e−λ

2

λ|xj |−1

(|xj| − 1)!
, if x1x2 · · ·xd ̸= 0.

Then

||D(x)||∞ =
e−dλ

2d
max

x=(x1,x2,...,xd)∈Zd
x1x2···xd ̸=0

( d∏
j=1

λ|xj |−1

(|xj| − 1)!

)
=

e−dλ

2d

d∏
j=1

( max
xj∈Z\{0}

λ|xj |

|xj|!
).

Using the Stirling’s formula

n! =
√
2πn(

n

e
)nea, where

1

12n+ 1
< a <

1

12n
,
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we have the lower bound of n! is
√
2πn(n

e
)ne

1
12n+1 . Therefore

λ|xj |

|xj|!
≤ λ|xj | 1√

2πxj

e−xjx
−xj

j e
− 1

12xj+1

=
1√
2π

(
λe

xj

)xje
− 1

12xj+1x
− 1

2
j , x ≥ 1

≤ 1√
2π

exj [ln(λe)−ln(xj)]x
− 1

2
j

=
1√
2π

f(xj),

where

f(t) = et[ln(λe)−ln(t)]t−
1
2 .

Using the simple analysis of calculus, there is tc such that f ′(tc) = 0, hence f(tc) is

maximum value, and tc satisfies the identity ln( λ
tc
) = 1

2tc
. However, it not easy to get tc exactly,

so we just evaluate the approximation of tc. Let h(t) = ln(λ
t
) − 1

2t
. Clearly, h(tc) = 0 and we

want to find the interval of the root of h(t) as follows. If t = λ− 1
2
, we have

ln(
λ

t
) = ln(

λ

λ− 1
2

) = − ln(1− 1

2λ
) =

∞∑
k=1

1

k
(
1

2λ
)k =

1

2λ
+

1

8λ2
+ ...

and

1

2t
=

1

2λ− 1
=

1

2λ
[

1

1− 1
2λ

] =
1

2λ

∞∑
k=0

(
1

2λ
)k =

1

2λ
+

1

4λ2
+ ...

We obtain

h(λ− 1

2
) < 0, and h(t) is decreasing if t > 1,
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and

h(λ− 1)

= ln(
λ

λ− 1
)− 1

2(λ− 1)
= − ln(1− 1

λ
)− 1

2λ
[

1

1− 1
λ

]

=
∞∑
k=1

(
1

λ
)k
1

k
− 1

2λ

∞∑
k=0

(
1

λ
)k

=
1

2λ
+

1

λ3

(
(
1

3
+

1

4λ
+

1

5λ2
+ ...)− (

1

2
+

1

2λ
+

1

2λ2
+ ...)

)
=

1

2λ
+

1

λ3

∞∑
n=0

(
1

n+ 3
− 1

2
)(
1

λ
)n

>
1

2λ
+

1

λ3
(
−1

2

1

1− 1
λ

) =
1

2

λ2 − λ− 1

λ2(λ− 1)
> 0, if λ >

1 +
√
5

2
≈ 1.6

By Intermediate value theorem, there is tc ∈ (λ − 1, λ − 1
2
) such that h(tc) = 0. Hence

f(tc) is a maximum value of f(t) for t > 1. Since xj ∈ Z,

max
xj∈Z

λ|xj |

|xj|!
≤ max

t∈Z
{ 1√

2π
f(t)}

≤ 1√
2π

max{f(⌊λ− 1

2
⌋), f(⌈λ− 1

2
⌉), f(⌊λ− 1⌋)},

for j = 1, 2, ..., d. Then, we evaluate f(⌊λ− 1
2
⌋) and f(⌊λ− 1⌋) and f(⌈λ− 1

2
⌉) as follows

f(⌊λ− 1

2
⌋) = e(⌊λ−

1
2
⌋)[ln(λe)−ln(λ− 1

2
)] 1√

⌊λ− 1
2
⌋
.

Since

ln(λe)− ln(λ− 1

2
) = 1 + ln(

λ

λ− 1
2

) = 1 + ln(
1

1− 1
2λ

) = 1 +
∞∑
k=1

(
1

2λ
)k
1

k

≤ 1 +
1

2λ
+

1

2

∞∑
k=2

(
1

2λ
)k = 1 +

1

2λ
+

1

2

( 1
2λ
)2

1− 1
2λ

,
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so we have

f(⌊λ− 1

2
⌋) ≤ e

(⌊λ− 1
2
⌋)(1+ 1

2λ
+ 1

2− 1
λ

1
4λ2

) 1√
⌊λ− 1

2
⌋

= exp(λ− 1

4λ
[1− 1

2− 1
λ

+
1

4λ− 2
])

1√
⌊λ− 1

2
⌋
.

Similarily,

f(⌈λ− 1

2
⌉) ≤ exp(λ− 1

4λ
[1− 1

2− 1
λ

+
1

4λ− 2
])

1√
⌈λ− 1

2
⌉
.

and

f(⌊λ− 1⌋) ≤ exp(λ− 1

λ
[1− 1

2− 2
λ

+
1

2λ− 2
])

1√
⌊λ− 1⌋

.

As above, we obtain

e−λmax
xj∈Z

(
λ|xj |

|xj|!
) ≤ 1√

2π
max{ 1√

⌊λ− 1
2
⌋
,

1√
⌈λ− 1

2
⌉
,

1√
⌊λ− 1⌋

}

≤ 1√
2π

1√
⌊λ− 1⌋

.

Therefore

||D(x)||∞ =
d∏

j=1

(
e−λ

2
max(

λ|xj |

|xj|!
)) ≤

d∏
j=1

1

2
√
2π

1√
⌊λ− 1⌋

=
1

(2
√
2π)d(⌊λ− 1⌋)d/2

.
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Chapter 6

Proof of Proposition 2.2.7 - 2.2.9

In this chapter, we use the same argument of [4].

6.1 Proof of Proposition 2.2.7

First, we prove Proposition 2.2.7, and we have

g1(p) = p, g2(p) = ||(1− D̂)Ĝp||∞, and g3(p) = sup
k,l

|∆̂kĜp(l)|
Û(k, l)

,

where

Û(k, l) ≡ (1− D̂(k))(
1

2
(Ŝ1(l + k) + Ŝ1(l − k))Ŝ1(l) + 4Ŝ1(l + k)Ŝ1(l − k)).

Obviously, g1(p) = p is continuous. In order to prove the continuity of g2(p) and g3(p), we

define

g̃2,k(p) = (1− D̂(k)Ĝp(k),

and

g̃3,k,l(p) =
1

Û(k, l)
× ∆̂kĜp(l),
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and, clearly, they are continuous in p ∈ [1, pc) for every k, l ∈ Zd. However, since

g2(p) = sup
k∈Zd

|g̃2,k(p)|, and g3(p) = sup
k,l∈Zd

|g̃3,k,l(p)|,

and the supremum of continuous functions is not necessarily continuous, we must use the

following lemma to provide a sufficient condition for the supremum to be continuous.

Lemma 6.1.1. (Lemma 5.13 of [12], in our language). Fix p0 ∈ [1, pc) and let {f̂k(p)}k∈Zd be

an equicontinuous family of functions in p ∈ [1, p0]. Suppose that supk∈Zd f̂k(p) < ∞ for every

p ∈ [1, p0]. Then, supk∈Zd f̂k(p) < ∞ is continuous in p ∈ [1, p0].

Therefore, in order to prove the continuity of {gi(p)}i=2,3. We want to show that

{g̃2,k(p)}k∈[−π,π]d and {g3,k,l}k,l∈[−π,π]d are equicontinuous families of functions in p ∈ [1, p0]

for each p0 ∈ [1, pc). To prove this, it suffices to show that (i) and (ii) in the following lemma.

Lemma 6.1.2.

(i) g̃2,k(p) and ∂pg̃2,k(p) are uniformly bounded in k ∈ [−π, π]d and p ∈ [1, p0].

and

(ii) g̃3,k,l(p) and ∂pg̃3,k,l(p) are uniformly bounded in k, l ∈ [−π, π]d and p ∈ [1, p0].

Proof. First, we prove (i) as follows

By 0 ≤ 1− D̂(k) ≤ 2, |Ĝp(k)| ≤ Ĝp(0) ≡ χp and the monotonicity of χp in p, we obtain

|g̃2,k| = |(1− D̂)Ĝp| ≤ 2χp ≤ 2χp0 < ∞, so g̃2,k(p) is uniformly bounded in k ∈ [−π, π]d and

p ∈ [1, p0].

By subadditivity and translation-invariance, we have

∂p(pGp(x)) = Gp(x) + p(∂pGp), (6.1.1)
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where

∂pGp(x) = ∂p(
∞∑
n=0

φn(x)p
n) =

∞∑
n=0

nφn(x)p
n−1

=
∞∑
n=1

nφn(x)p
n−1 =

∞∑
n=0

(n+ 1)φn+1(x)p
n

≤
∞∑
n=0

(n+ 1)D ∗ φn(x)p
n =

∞∑
n=0

D ∗ φn(x)p
n

n∑
m=0

1

=
∞∑

m=0

∞∑
n=0

D ∗ φn+m(x)p
n+m =

∞∑
m=0

∞∑
n=0

∑
y

D(y)φn+m(x− y)pn+m

=
∑
y

D(y)
∞∑

m=0

∞∑
n=0

φn+m(x− y)pn+m

≤
∑
y

D(y)
∞∑

m=0

∞∑
n=0

φn ∗ φm(x− y)pn+m

=
∑
y

D(y)
∞∑

m=0

∞∑
n=0

∑
z

φn(z)φm(x− y − z)pn+m

=
∑
y

D(y)
∑
z

∞∑
n=0

φn(z)p
n

∞∑
m=0

φm(x− y − z)pm

=
∑
y

D(y)
∑
z

Gp(z)Gp(x− y − z) =
∑
y

D(y)G∗2
p (x− y)

= D ∗G∗2
p (x).

Then, by (6.1.1) we obtain

∂pGp(x) ≤ D ∗G∗2
p (x),

hence

|∂pg̃2,k(p)| = |(1− D̂)∂pĜp(k)| ≤ 2|∂pĜp(k)|

≤ 2|D̂(k)Ĝp(k)
2| ≤ 2|Ĝp(k)|2

≤ 2χ2
p ≤ 2χ2

p0
.

This is the complete proof of (i). Next, we prove (ii) as follows. Using Lemma 4.1.4, and
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we obtain

|∆̂kĜp(l)| ≡ |1
2
(Ĝp(l + k) + Ĝp(l − k))− Ĝp(l)|

= |1
2
(
∑
x

Gp(x)e
i(l+k)·x +

∑
x

Gp(x)e
i(l−k)·x)−

∑
x

Gp(x)e
il·x|

= |1
2
(
∑
x

Gp(x) cos(l + k) · x+
∑
x

Gp(x) cos(l − k) · x)−
∑
x

Gp(x) cos(l · x)|

= |
∑
x

Gp(x) cos(l · x) cos(k · x)−
∑
x

Gp(x) cos(l · x)|

≤ |
∑
x

Gp(x) cos(l · x)(cos(k · x)− 1)|

≤
∑
x

Gp(x)(1− cos(k · x))

=
∑
x

(1− cos(k · x))
∞∑
n=0

∑
ω∈Wn(x)

n∏
i=1

D(ωi − ωi−1)
∏

0≤i<j≤n

(1− δωi,ωj
)pn

=
∑
x

∞∑
n=0

∑
ω∈Wn(x)

(1− cos
n∑

i=1

k · (ωi − ωi−1))

×
n∏

i=1

D(ωi − ωi−1)
∏

0≤i<j≤n

(1− δωi,ωj
)pn

≤
∑
u,v,x

(1− cos k · (v − u))
∑

ω∈Wn(x)

n

×
n∑

i=1

I[ωi−1 = u and ωi = v]pn
n∏

i=1

D(ωi − ωi−1)
∏

0≤i<j≤n

(1− δωi,ωj
).

Ignoring the self-avoiding constraint between η ≡ (ω0, ω1, ..., ωi−1) and ξ ≡ (ωi, ωi+1, ..., ωn)

and using translation-invariance, we can further bound |∆̂kĜp(l)| as

|∆̂kĜp(l)| ≤
∑
u,v,x

(1− cos k · (v − u))pD(v − u)
∑

η∈ωi−1(0,u)

ξ∈ωn−i+1(v,x)

(|η|+ |ξ|+ 1)

×p|η|
|η|∏
i=1

D(ηi − ηi−1)p
|ξ|

|ξ|∏
j=1

D(ξj − ξj−1)
∏

0≤i<j≤n

(1− δωi,ωj
)

≤ 2p(1− D̂(k))χp

∑
x

∞∑
n=0

∑
ω∈Wn(x)

(n+ 1)pn

×
n∏

j=1

D(ωj − ωj−1)
∏

0≤i<j≤n

(1− δωi,ωj
).
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However, by the identity |ω| + 1 =
∑

y I[y ∈ ω] for a self-avoiding path ω, subadditivity

and translation-invariance, the sum in the last line is bounded as

∑
x

∞∑
n=0

∑
ω∈Wn(x)

(n+ 1)pn
n∏

j=1

D(ωj − ωj−1)
∏

0≤i<j≤n

(1− δωi,ωj
)

≤
∑
x,y

Gp(y)Gp(x− y) = χ2
p.

As a result, we arrive at

|∆̂kĜp(l)| ≤ 2p0(1− D̂(k))χ3
p0
, (6.1.2)

which implies that g̃3,k,l(p) is uniformly bounded in k, l ∈ Zd and p ∈ [1, p0]. For the derivative

∂pg̃3,k,l(p) ≡ Û(k, l)−1∆̂k∂pĜp(k), we note that

|∆̂k∂pĜp(k)| =
∑
x

(1− cos k · x)∂pGp(x)

≤
∑
x

(1− cos(k · x))(D ∗G∗2
p )(x)

lemma 4.1.4

≤ 3((1− D̂(k))χ2
p + 2χp

∑
v

(1− cos(k · v))Gp(v)︸ ︷︷ ︸
∆̂kĜp(0)

)

(6.1.2)

≤ 3((1− D̂(k))χ2
p0
+ 4χ4

p0
p0(1− D̂(k)))

= 3(1− D̂(k))χ2
p0
(1 + 4χ2

p0
p0).

Therefore, ∂pg̃3,k,l(p) is uniformly bounded in k, l ∈ [−π, π]d and p ∈ [1, p0].

6.2 Proof of Proposition 2.2.8 - 2.2.9 and Lemma 4.1.1

First, we prove Proposition 2.2.8. In (5.1.4) and (5.1.6), it is obvious that ϵ1 and ϵ2 are

decreasing when d and λ are increasing. To estimate the upper bounds of them, we only need

to fix d = 5 and λ = 60.

γ1 ≡ ||D||∞ + L1 +B1 ≤
1

(2
√
2π)d(⌊λ− 1⌋)d/2

+ ϵ1 + ϵ2 ≤ 0.0417827.

44



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

DOI:10.6814/NCCU202000775

Remark 6.2.1. For d ≥ 6 and λ = 60, we get γ1 = 0.00789534870075646.

In addition, by (4.1.8) - (4.1.11) and Proposition 5.1.1, we have

∞∑
n=1

π̂
(n)
1 (0) ≤ 0.0094953729577, and sup

k

∞∑
n=1

−∆̂kπ̂
(n)
1 (0)

1− D̂(k)
≤ 0.176357145340,

which imply that the inequalities in Lemma 4.1.1 hold for p = 1 and d > 4. Moreover, by

Lemma 4.2.2, we have

g1(1) ≤ 1.009495372,

g2(1) ≤ 1.005553012,

g3(1) ≤ 1.406997428.

Then Proposition 2.2.8 holds.

Next, we prove Proposition 2.2.9 holds for p ∈ (1, pc). First, we fix d = 5 and λ = λ5 ≡

60, according the assumptions gi(p) ≤ Ki for i = 1, 2, 3, we have

γp ≤ 0.044147.

In addition, by (4.1.8) - (4.1.11) and Proposition 5.2.1, we have

∞∑
n=1

π̂(n)
p (0) ≤ 0.00988157659877, and sup

k

∞∑
n=1

−∆̂kπ̂
(n)
p (0)

1− D̂(k)
≤ 0.3753353454618. (6.2.1)

Then, we have

g1(p) ≤ 1.0098815763136844 < K1,

g2(p) ≤ 1.0132463877593048 < K2,

g3(p) ≤ 2.0508909504570774 < K3.

Hence Proposition 2.2.9 holds for p ∈ (1, pc) and λ ≥ λ5. Moreover, this also implies that

the inequalities in Lemma 4.1.1 hold for p ∈ (1, pc) and d = 5.

Next, we have to prove that Proposition 2.2.9 holds for d > 5 and λ > λd. To do this, we

should estimate ϵ1 and ϵ2 in (5.1.4) and (5.1.6) for different dimensions d, respectively. First,
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substitute d = 6 and λ = 2d in some small terms of right-hand sides of (5.1.4) and (5.1.6), it

yields

ϵ1 ≤ 5.10× 10−5 + 10.88A, (6.2.2)

and

ϵ2 ≤ 0.0002 + 59.14A, (6.2.3)

where A =
√
dπ

Γ( d
2
)

(
d−1
3λ

) d−1
2 .

Using Lemma 4.2.2, we obtain

g1(p) ≤ 1 + Lp +
Bp(p||D||∞ + Lp)γp

1− γ2
p

≤ 1 + Lp +
Bpγ

2
p

1− γ2
p

.

Since g1(1) < K1, g2(1) < K2, suppose γp = 0.03 < 1, Proposition 5.2.1, and

Lemma 5.2.2 hold, we have

g1(p) ≤ 1 +K2
1K2ϵ1 + 0.00091(K2

1K
2
2ϵ2) ≤ 1.0001 + 14.6A.

Let g1(p) < (1− ϵ)K1 for all λ ≥ λd and some ϵ > 0. Then, we obtain λd as follows

λd =



60, if d = 5, 6,

35, if d = 7,

24, if d = 8,

18, if d = 9,

We use them to obtain the upper bound of A is shown in Table 6.1 as follow,

Table 6.1: Upper bounds A for 6 ≤ d ≤ 9

d = 6,λ6 = 60 d = 7, λ7 = 35 d = 8, λ8 = 24 d = 9, λd = 18

A 0.00028 0.00027 0.00024 0.00023
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For d ≥ 10, let A < 0.0002 and using Γ(d
2
) ≥ (⌊d

2
⌋ − 1)!. Then, we obtain

λ ≥ 2e
3
(1 + 3

d−4
)e

1
d−1

[ln(3125000)−1+ln(d(d−4)2)]. Hence, when d ≥ 10, λd = 2e
3
(1 +

3
d−4

)e
1

d−1
[ln(3125000)−1+ln(d(d−4)2)].

We use them to evidence that γp < 0.03 holds as follows.

γp = p||D||∞ + Lp +Bp ≤
K1

2d(λ− 1)d−2
+K2

1K2ϵ1 +K2
1K

2
2ϵ2 < 0.03.

Next, we need to prove g2(p) < (1−ϵ)K2 and g3(p) < (1−ϵ)K3 for some ϵ > 0. Suppose

g1(1) < K1, g2(1) < K2, g3(p) < K3, and γp = 0.03 < 1, Table 6.1, Lemma 5.2.1, and Lemma

5.2.2, we have

g2(p) ≤ (1− 1.004(K2
1K

2
2ϵ2)

25K3(1 + 2ϵ1 + ϵ2))
−1

< 1.016 < (1− ϵ)K2,

g3(p) ≤ 1.1

(
K1 + (K2

1K
2
2ϵ2)

25K3(1 + 2ϵ1 + ϵ2)0.061

+K2
1K

2
2ϵ25K3(1 + 2ϵ1 + ϵ2)1.002

+(K2
1K

2
2ϵ2)

25K3(1 + 2ϵ1 + ϵ2)1.004

)2

< 1.66 < (1− ϵ)K3.

Therefore, This proves Proposition 2.2.9 and Lemma 4.1.1 for d > 5 and p ∈ (1, pc). This

completes the proof of Proposition 2.2.9 and Lemma 4.1.1.

□
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Appendix A

Proof of Proposition 2.2.4. First, we prove d
dp
(pχp) ≥

χ2
p

1+Bp
. Using Fubini’s theorem, we have

d

dp
(pχp) =

d

dp
(p

∑
x∈Zd

∞∑
n=0

φn(x)p
n) =

d

dp
[p+

∑
x∈Zd

∞∑
n=1

φn(x)p
n+1]

= 1 +
∑
x∈Zd

∞∑
n=1

(n+ 1)φn(x)p
n =

∑
x∈Zd

∞∑
n=0

(n+ 1)φn(x)p
n

=
∑
x∈Zd

∞∑
n=0

φn(x)p
n(

n∑
m=0

1)

=
∑
x∈Zd

∞∑
m=0

∞∑
n=m

φn(x)p
n ≡ Q. (A.0.1)

Since Bp at least one step for our definition, we have

Q =
∑
x∈Zd

∞∑
m=0

∞∑
n=m

φn(x)p
n ≤

∑
n,m

[1] [2]

m n − m −
∑
n,m

≥ χ2
p −QBp. (A.0.2)

Hence, we have

Q ≥
χ2
p

1 +Bp

. (A.0.3)

Next, we claim Bpc < ∞. By Theorem 2.2.1 we obtain

g2(p) ≤ 3 and Ĝp(k) ≤
3

1− D̂(k)
, (A.0.4)
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then by monotone convergence theorem we have

lim
p↑pc

Bp ≤
∫
[−π,π]d

9

(1− D̂(k))2
ddk

(2π)d
< ∞, d > 4. (A.0.5)

□
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