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Abstract
The effect of DD ionospheric delays can be unexpectedly large in the range of the equatorial anomaly, that is, in mid-low-
latitude regions near noon and/or afternoon, and the large delays cause instantaneous AR to fail even over short baselines. 
Ionospheric delays can be represented by a function of vertical total electron content values, which often have significant 
latitudinal gradients in mid-low-latitude regions near noon and/or afternoon. Therefore, a short separation between the pivot 
and secondary satellites in the latitudinal direction indicates smaller effects of DD ionosphere. In the BeiDou system (BDS), 
five geostationary earth orbit (GEO) satellites are nearly motionless over the equator. We can use adjacent GEO satellites to 
form a DD pair whose pivot and secondary satellites are close in latitude (< 4°). Moreover, when inclined geosynchronous 
orbit or medium earth orbit (IGSO/MEO) satellites approach the equator, the separations between the IGSO/MEO and GEO 
satellites in the latitudinal direction will be minimal. Therefore, this study proposes a method called GEO-pivoted carrier 
AR (GEOCAR) for instantaneous AR. This method mitigates the influence of DD ionospheric delays by pivoting GEO 
satellites in BDS DD pairs and uses a trade-off design between the ionosphere-fixed and ionosphere-weighting models to 
resolve integer ambiguities of dual-frequency phases. Experimental short-baseline data (< 10 km) collected in mid-low-
latitude regions near noon and afternoon are tested with conventional AR and GEOCAR methods. The results show that 
the GEOCAR can effectively produce higher success percentages than the conventional AR with improvements reaching 
68.62% for BDS and 42.55% for BDS/GPS.

Keywords  BeiDou system · Instantaneous ambiguity resolution · Mid-low-latitude regions · Single-epoch real-time 
kinematic positioning

Introduction

Global navigation satellite system (GNSS) real-time kin-
ematic (RTK) positioning determines the relative position 
between reference and rover receivers using double-differ-
enced (DD) phase and code measurements. Unknown integer 
phase ambiguities must be resolved to achieve precise and 
accurate positioning results. The process of resolving integer 
ambiguities is called ambiguity resolution (AR) (Teunissen 
1998) that consists of three generalized steps, (1) obtain-
ing the least-squares estimates of real-value ambiguities, (2) 
using an integer mapping function to fix the corresponding 
integer ambiguities, and (3) using the integer ambiguities as 

constraints in the least-squares adjustment to obtain centim-
eter-level fixed solutions (Verhagen 2004).

The effect of ionospheric delays on GNSS phase and code 
measurements can critically affect AR performance. Iono-
spheric delays are a function of the vertical total electron 
content (VTEC) and the frequencies of the measurements. 
VTEC values change with time and the ionospheric pierce 
point (IPP) of a satellite (Misra and Enge 2006). When the 
IPPs are stationary, the ionospheric delays can fully reflect 
the temporal variations such as the diurnal and seasonal vari-
ations (Wu et al. 2014; Kunitsyn et al. 2016). Diurnal varia-
tion indicates that the ionospheric delays increase near noon, 
and the maximum magnitude appears near 14:00 local time 
(Muhtarov and Kutiev 1999; Cander and Mihajlovic 2005), 
whereas seasonal variation shows that ionospheric delays 
become relatively large in spring and autumn (Rishbeth and 
Mendillo 2001). Conversely, if the IPPs change with time, 
then the ionospheric delays reflect not only the temporal 

 *	 Ming Yang 
	 myang@mail.ncku.edu.tew

1	 Department of Geomatics, National Chen Kung University, 
Tainan, Taiwan

http://orcid.org/0000-0003-3133-7928
http://crossmark.crossref.org/dialog/?doi=10.1007/s10291-019-0884-5&domain=pdf


	 GPS Solutions (2019) 23:107

1 3

107  Page 2 of 14

but also the spatial variations. In addition, in the range of 
the geomagnetic equatorial anomaly (Aderson 1973), i.e., 
mid-low-latitude region, the VTEC values can be unexpect-
edly large near noon and/or afternoon. During these periods, 
VTEC values have significant latitudinal gradients (Klobu-
char 1987; Yoshihara and Saito 2004), which are likely to 
dominate the longitudinal gradients (Strangeways 2000; 
Abdukkah et al. 2007).

Single-epoch GNSS RTK positioning is immune to cycle 
slips and re-initializes after loss-of-lock (Parkins 2010). 
Successful instantaneous AR, the key to single-epoch RTK 
positioning, can be achieved if the effect of DD ionospheric 
delays is small and negligible (Li et al. 2014). DD iono-
spheric delays are generally assumed negligible over short 
baselines such as 10 km. However, in mid-low-latitude 
regions, the DD ionospheric delays are often too large to be 
neglected near noon and/or afternoon, even for short base-
lines. Consequently, studies indicate that instantaneous AR 
cannot work satisfactorily in mid-low-latitude regions (Wiel-
gosz et al. 2005; Lejeune and Warnant 2008).

As previously mentioned, VTEC values in mid-low-lat-
itude regions have significant latitudinal gradients, which 
often dominate the longitudinal gradients. Therefore, if the 
separation of the pivot and secondary satellites in the lati-
tudinal direction is shortened, then the effect of DD iono-
spheric delays for a DD pair decreases. However, using two 
medium earth orbit (MEO) satellites to form a DD pair and 
keep the pivot and secondary satellites constantly close to 
each other in the latitudinal direction is difficult because 
MEO satellites move constantly around the earth. In the cur-
rent GNSS, the BeiDou system (BDS) is fully operational 
in the Asia-Pacific region (Chen et al. 2009). Unlike GPS, 
which is only composed of MEO satellites, the BDS com-
prises three types of navigation satellites, namely, geosta-
tionary earth orbit (GEO), inclined geosynchronous orbit 
(IGSO), and MEO satellites (CSNO 2013). MEO and IGSO 
satellites move constantly, whereas GEO satellites are nearly 
motionless over the equator, i.e., the maximum movement 
in the latitudinal direction reaches approximately 2° (Mon-
tenbruck et al. 2013). Therefore, we can use adjacent GEO 
satellites to form DD pairs whose pivot and secondary satel-
lites are consistently close in the latitudinal direction (< 4°). 
Moreover, when an IGSO or MEO (I/M) satellite approaches 
the equator, the separations between the I/M and GEO satel-
lites in the latitudinal direction will become small.

Pivoting DD pairs on GEO satellites is a potential means 
to form sufficiently small DD ionospheric delays over short 
baselines in mid-low-latitude regions. As a result, we propose 
a method for instantaneous AR over short baselines. The pro-
posed method pivots BDS DD measurements on the GEO 
satellites and manipulates different GNSS models to resolve 
integer ambiguities. To examine the performance of the pro-
posed method, we collected experimental short-baseline data 

(< 10 km) with high VTEC values (70–100 TECU) in a mid-
low-latitude region near noon and afternoon, and we tested the 
data with the proposed method and a conventional AR method.

GPS and BDS DD measurements

GPS and BDS MEO satellites are distributed worldwide, 
whereas BDS IGSO and GEO satellites are distributed over the 
Asia-Pacific region. The ground tracks of the GEO satellites 
are nearly motionless points, and those of the IGSO satellites 
are represented as figure-of-eight loops. Table 1 shows relevant 
information of BDS satellites, and Fig. 1 presents the ground 
tracks of the GEO and IGSO satellites.

The DD measurements suffer from reduced ionospheric 
and tropospheric delays, and are expressed as follows (Leick 
et al. 2015):

(1)

Δ∇Φi = Δ∇� + Δ∇T + �i ⋅ Δ∇Ni −
f 2
1

f 2
i

⋅ Δ∇I + �Δ∇Φi

(2)Δ∇Pi = Δ∇� + Δ∇T +
f 2
1

f 2
i

⋅ Δ∇I + �Δ∇Pi

Table 1   Orbital types of BDS satellites (CSNO 2013)

Type Altitude (km) Ground track repeat 
period (sidereal day)

GEO 35,786 1
IGSO 35,786 1
MEO 21,528 7

Fig. 1   Ground tracks of BDS GEO and IGSO satellites
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where Δ∇ represents the DD operator, f is the frequency, � is 
the geometric distance between the satellite and the receiver, 
I is the ionospheric delay based on the frequency f1 , T is 
the tropospheric delay, N is the integer ambiguity, � is the 
wavelength, and � is the noise plus multi-path effect. For the 
BDS measurements, the term � also includes the so-called 
BDS satellite-induced code bias (Zhang et al. 2017; Chen 
et al. 2018). The symbols Φ and P are the phase and code 
measurements, respectively. The subscript i in (1) and (2) 
refers to the frequency, as listed in Table 2. In this study, the 
DD phase and code measurement are assumed to be mutu-
ally independent.

Behavior of ionospheric delays pivoting 
on GEO satellites

In this section, we demonstrate the behavior of DD iono-
spheric delays pivoting on GEO satellites. We collected a 
45-km baseline in a mid-low-latitude region (Taiwan, lati-
tude ≅ 22.69°, longitude ≅ 120.36°) in spring for 11 con-
secutive days.

Figure 2 shows the averages and standard deviations of 
the 11-day VTEC values. The ground track repeat period of 
the GEO and IGSO satellites is one day (Table 1). Therefore, 
we can calculate the averages and standard deviations of 
the 11-day DD ionospheric delays to represent the expected 
1-day variations, as shown in Figs. 3 and 4. The GEO satel-
lite C05 is excluded from this study because this satellite is 
far from the test area and its signal strength received is low.

A comparison of Figs.  3 and 4 shows that the aver-
ages and standard deviations of the IGSO–GEO DD iono-
spheric delays change more dramatically than those of the 
GEO–GEO (G–G) DD ionospheric delays when the iono-
spheric condition is not quiet (10:00–20:00 local time) 
because the IPPs of IGSO satellites change with time. If 
the IPPs of IGSO satellites change with time, then the 
IGSO–GEO DD ionospheric delays reflect not only temporal 
but also spatial variations. On the other hand, Fig. 4 shows 
that the averages and standard deviations of the IGSO–GEO 
DD ionospheric delays decrease when the IGSO satellites 
move near the equator, e.g., at approximately 13:00, 20:00, 
and 16:00 local time in the top-left, top-right, and middle-
left graphs, respectively. This is because the VTEC values 

on the IPPs can be similar when the IPPs of the pivot and 
secondary satellites become close. In other words, the aver-
ages and standard deviations of the IGSO–GEO DD iono-
spheric delays vary significantly when the IGSO satellites 
are far from the equator, e.g., at approximately 14:00 local 
time in the top-right graph.

Expected one-day variations of MEO–GEO DD iono-
spheric delays cannot be obtained because of the seven-day 
ground track repeat period of BDS MEO satellites (Table 1). 
Thus, we calculate MEO–GEO DD ionospheric delays for 
seven consecutive days in Fig. 5 to understand the behavior. 
The figure shows that when one MEO satellite approaches 
the equator, the DD ionospheric delays decrease, which 
implies that the behavior of MEO–GEO DD ionospheric 
delays is similar to that of IGSO–GEO DD ionospheric 
delays. The bottom-right panel illustrating the RMS value 
versus latitude shows that statistically, the influence of DD 
ionospheric delay is minimized at the equator and begins 
to increase when the secondary satellite moves away from 
the equator.

Methods

In this section, two methods for instantaneous AR are intro-
duced. One is the conventional AR method, and the other is 
the proposed new AR method called GEO-pivoted carrier 
AR (GEOCAR). The two methods are described for the case 
of combining BDS and GPS measurements. Loosely coupled 

Table 2   Carrier signals of GPS and BDS

Subscript Signal Frequency (MHz) Wavelength (cm)

GPS 1 L1 1575.42 19.03
2 L2 1227.60 24.42

BDS 1 B1 1561.098 19.20
2 B2 1207.140 24.83

Fig. 2   Mean values and standard deviations of VTEC values over 
Taiwan for 11 consecutive days (April 2–12, 2015). The VTEC val-
ues for each day are obtained by IONEX from the International 
GNSS Service, and the mean value can peak at 100 TECU at 14:00 
local time
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pairs are adopted for the combined BDS/GPS data; that is, 
each constellation uses its own pivot satellite for its respec-
tive DD measurements. More detailed information of the 
loosely coupled pairs can be found in Chu and Yang (2014) 
and Yang et al. (2018).

Conventional AR method

The conventional AR method has been widely used for 
current applications of RTK positioning. In this study, it is 
assumed that the tropospheric delays in (1) and (2) are negli-
gible and the linearized observation equation is expressed as:

where ⌣�WL is a pre-determined solution of integer wide-lane 
(WL) ambiguities. The related derivation of the solution can 
be found in Tang et al. (2014) and Chu et al. (2014). The 
solution of integer WL ambiguities has been widely used 
for improving AR performance. Detailed information of the 
WL ambiguities of GPS and BDS can be found in Chu et al. 
(2016) and Chu and Yang (2018), respectively. The param-
eter vector of the baseline components is as follows:

The parameter vector of the ionospheric delays is as 
follows:

(3)

{
E(�) = �� + �� + ��, D(�) = ���
⌣

�WL = ��

(4)� = [ dx dy dz ]T

and the vector of the integer phase ambiguities is

The vector � represents the observation minus computed 
range and is assumed to be contaminated by normally dis-
tributed noise with zero mean and variance matrix ��� . 
Matrices A, B, and C are the design matrices corresponding 
to vectors � , � , and � , respectively. Matrix H is the design 
matrix for ⌣�WL.

Additional information of a priori DD ionospheric delay, 
denoted as �0 , is usually incorporated with (3) to facilitate 
AR performance. The a priori DD ionospheric delay is gen-
erally given as (Yang et al. 2000),

and the variance matrix is

where e is an identity matrix. If the sigma �Δ∇I of the a priori 
DD ionospheric delay is given as zero, the parameter vector 
of the DD ionospheric delays in (5) will not be estimated; in 
this case, the process of the conventional method is referred 
to as the ionosphere-fixed model. By contrast, if the sigma 

(5)� =
[
Δ∇�B

1×m
Δ∇�G

1×n

]T

(6)
� =

[
Δ∇�B1,1×m Δ∇�B2,1×m …

… Δ∇�L1,1×n Δ∇�L2,1×n

]T

(7)E(�0) = 0, D(�0) = ��0�0

(8)��0�0
= �2

Δ∇I
⋅ �(m+n)×(m+n)

Fig. 3   Mean values and stand-
ard deviations for expected 
one-day DD ionospheric delays 
composed of adjacent GEO sat-
ellites (GEO–GEO); the cutoff 
angle is 15°. The mean values 
are indicated by the blue lines, 
and the standard deviations (1 
sigma) by the green lines
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�Δ∇I is given as a nonzero value, the ionospheric parameter 
vector will be estimated, and in this case, the process of 
the conventional method is called the ionosphere-weighting 
model (Odijk et al. 2000).

Since the ionosphere-weighting model estimates the ion-
ospheric parameters, whereas the ionosphere-fixed model 
does not, the measurement redundancy number of the ion-
osphere-fixed model is higher than that of the ionosphere-
weighting model. Consequently, the ionosphere-fixed model 
has stronger model strength and produces better AR perfor-
mance than the ionosphere-weighting model when the DD 
ionospheric delay is sufficiently small (i.e., < 10 cm). On 
the other hand, when the DD ionospheric delay is not small 
(i.e., ≥ 10 cm), the ionosphere-weighting model prevails over 
the ionosphere-fixed model in AR performance. More infor-
mation about the individual strength of the two models can 
be found in Li et al. (2014).

After the vector of real-value phase ambiguities, denoted 
as �̂ , is computed, the LAMBDA method (Teunissen 1995) 
is used to recover the vector of integer values ⌣� . Moreover, 
the ratio test (Verhagen and Teunissen 2013) is used to vali-
date the resolved integer phase ambiguities.

GEOCAR method

As mentioned previously, the ionosphere-fixed model pro-
duces better AR performance when the effect of DD iono-
spheric delays is sufficiently small. Conversely, the iono-
sphere-weighting model prevails in the presence of large DD 
ionospheric delays. Since the size of DD ionospheric delays 
constantly changes and can be unexpected large in mid-low 
latitudes even over short baselines, the GEOCAR method 
develops a trade-off design between the ionosphere-fixed 
and -weighting models to take advantage of both models. 
Moreover, the method adopts DD pairs pivoted on GEO 
satellites to achieve AR. At present, the method is mainly 
designed for BDS in the Asia-Pacific because BDS has 
deployed its own GEO satellites in this region. The method 
can be applied to multiple-constellation cases on the basis 
of BDS, e.g., BDS/GPS, BDS/Galileo, BDS/GPS/Galileo. 
Each constellation uses its own pivot satellite for its respec-
tive DD measurements. For the case of BDS/GPS used in 
this study, BDS DD pairs are pivoted on GEO satellites, and 
GPS DD pairs are pivoted on the MEO satellite with the 
highest elevation angle.

Fig. 4   Mean values and stand-
ard deviations for expected 
one-day DD ionospheric delays 
composed of one secondary 
IGSO satellite and pivot GEO 
satellite (IGSO–GEO); the 
cutoff angle is 15°. The blue 
lines are the mean values, and 
the green lines are the standard 
deviations (1 sigma). The 
geographical latitudes of the 
secondary satellites are shown 
by the red lines
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The trade-off design first uses the ionosphere-fixed model 
to resolve a subset of real-value ambiguities that are affected 
by sufficiently small DD ionosphere delays, denoted as �̂sub . 
The corresponding integer solution ⌣�sub can be recovered 
immediately by the LAMBDA method as a result of the 
good model strength of the ionosphere-fixed model. The 
subset ⌣�sub is then treated as an additional constraint for the 
ionosphere-weighting model to improve its performance 
because the strength of the ionosphere-weighting model is 
weaker than that of the ionosphere-fixed model. The lin-
earized observation equation of the ionosphere-weighting 
model is expressed as follows:

where M is the design matrix of constraint ⌣�sub . Once the 
strength of the ionosphere-weighting model is improved 
by the constraint, the integer ambiguities ⌣� can be quickly 
recovered by the LAMBDA method.

(9)

⎧⎪⎪⎨⎪⎪⎩

E(�2) = �� + �� + ��, D(�2) = ��2�2

E(�0) = ��, D(�0) = ��0�0
⌣

�WL = ��
⌣

�sub = ��

Fig. 5   DD ionospheric delays 
composed of MEO satellite 
C11 and pivot GEO satellite 
C02 (MEO–GEO) for consecu-
tive days during April 6–12, 
2015. The cutoff angle is 15°. 
Blue lines indicate the DD 
ionospheric delays, and the geo-
graphical latitudes of the MEO 
satellites are shown by the red 
lines. Bottom-right panel shows 
the RMS of DD ionospheric 
delays versus latitude
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The GEOCAR method forms two types of DD pairs for 
BDS, namely G–G and I/M–GEO (I/M–G) pairs. To make 
the influence of DD ionospheric delays in each pair as small 
as possible, the method selects the pivot GEO satellite that 
is closest to the secondary satellite. Subsets of � , denoted as 
�ith
sub

 , are formed. The first subset �1st
sub

 only comprises G–G 
pairs formed with adjacent GEO satellites. These pairs are 
C01–C04, C01–C03, and C03–C02, of which separations 
are small (< 4°) in the latitudinal direction and not too large 
(< 31°) in the longitudinal direction. Compared with �1st

sub
 , the 

second subset �2nd
sub

 comprises one more I/M–G pair, where 
the I/M satellite has the lowest latitude (denoted as I/M1st) 
and the GEO satellite is closest to the I/M satellite in the 
longitudinal direction. Similarly, one more I/M–G pair is 
added to �2nd

sub
 , where the I/M satellite has the second lowest 

latitude (denoted as I/M2nd), to form the third subset �3rd
sub

 . 
Likewise, the fourth subset �4th

sub
 is formed with an additional 

I/M3rd–G pair, and so on.
Figure 6 presents the detailed procedure of the GEOCAR 

method. In the first loop, the method resolves ⌣�
1st

sub
 with the 

ionosphere-fixed model and then replaces ⌣�sub with ⌣�
1st

sub
 

in the ionosphere-weighting model in (9). After the real-
value ambiguities ⌣� are resolved, the integer ambiguities ⌣� 
are recovered by the LAMBDA method and validated by 
the ratio test. If the ratio test value, denoted as Ratio1st, is 
smaller than the given threshold of the ratio test, the method 
proceeds to the second loop. In the second loop, the method 

similarly resolves ⌣
�
2nd

sub

 with the ionosphere-fixed model and 

replaces ⌣�sub with ⌣
�
2nd

sub

 in (9). Since ⌣�
2nd

sub
 has one more DD 

ambiguity than ⌣�
1st

sub
 , the strength of the ionosphere-weight-

ing model in the second loop should be better than that in 
the first loop, and the ratio test value in the second loop, 
denoted as Ratio2nd, should be higher than Ratio1st, on the 
premise that ⌣�

2nd

sub
 is correct. If Ratio2nd is still smaller than 

the given threshold, the method proceeds to the third loop. 
The procedure continues until the ratio test value is larger 
than or equal to the threshold or no more I/M-G DD ambigu-
ity can be resolved.

Experiment and analysis

In the analysis, the performance of instantaneous AR is 
evaluated. We adopt four short experimental baseline data, 
which are collected in Southern Taiwan (a mid-low-latitude 
region) near noon and afternoon, in an open-sky environ-
ment. The test data are also collected in 2014 and 2015, 
during the ascending half of the solar cycle 24 (Kakoti et al. 
2017). Table 3 lists the details of the baseline data.

The reference values of the station coordinates, integer 
ambiguities, DD ionospheric delays, and relative zenith 
tropospheric delays over these baseline data are calculated 
with the static processing of the entire 1-h observation peri-
ods because the baseline data are collected in static mode. 
Table 4 summarizes the strategies of handling measurement 
errors over these baseline data.

Figures 7, 8, 9, and 10 illustrate the DD ionospheric 
delays and the root mean square (RMS) over these base-
lines. Baseline 1 (13 m) is a case in which the influence of 
DD ionospheric delays is negligible. Figure 7 shows that 
all DD ionospheric delays are significantly smaller than 
5 cm during the observation period. Baselines 2, 3, and 4 
are cases in which the influences of DD ionospheric delays 
are not negligible. Figures 8, 9, and 10 show that the DD 
ionospheric delays larger than 10 cm are present during 

Fig. 6   Procedure of the GEOCAR method (s I/M satellites are 
assumed). The method is implemented with several loops (up to s 
loop). In each loop, the ionosphere-fixed model produces its respec-
tive subset of ⌣� , to be used as an additional constraint by the iono-
sphere-weighting model

Table 3   Information of test baselines

Baseline 
name

Length Observation 
period (local 
time)

VTEC values 
over test 
baseline

Sampling 
rate (Hz)

Baseline 1 13 m 15:00–16:00,
Oct. 20, 2015

≈ 70 1

Baseline 2 4.0 km 13:00–14:00,
Mar. 25, 2014

≈ 100 1

Baseline 3 9.4 km 14:00–15:00,
Apr. 9, 2015

≈ 95 1

Baseline 4 9.4 km 14:40–15:40,
Apr. 6, 2015

≈ 95 1
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the observation periods. Figure 11 illustrates the relative 
zenith tropospheric delays over Baselines 1–4. The abso-
lute value of the maximum delay is about 2 cm, which is 
small enough to be neglected in ambiguity resolution (Li 
et al. 2014).

We define the success percentage to quantify the per-
formance of instantaneous AR as follows:

where Nall is the number of total epochs during the obser-
vation period and Ncorrect is the number of epochs whose 
ratio test values are larger than or equal to a threshold of 
2 on the premise that the integer ambiguities are correctly 
fixed. Two cases, namely stand-alone BDS and com-
bined BDS/GPS, are compared to understand the influ-
ence of satellite geometry. In addition, we compare the 
performances of the conventional AR and the GEOCAR 
methods to understand the improvement of the GEOCAR 
method.

Figure 12 shows the success percentages over Baseline 
1 (13 m). The graph shows the success percentages of 
the conventional AR method and indicates that the suc-
cess percentages using �Δ∇I = 0 m (i.e., ionosphere-fixed 
model) reach 100%. However, the success percentages 
significantly decrease when �Δ∇I  becomes large (i.e., 
ionosphere-weighting model) because the strength of the 
ionosphere-weighting model is weaker than that of the ion-
osphere-fixed model. In contrast to the conventional AR 
method, the success percentages of the GEOCAR method 
reach 100% for BDS and BDS/GPS when �Δ∇I is 0.2, 0.3, 
and 0.4 m. This result is caused by all the BDS DD iono-
spheric delays over Baseline 1 being sufficiently small, 
and the trade-off design is able to effectively improve the 
strength of the ionosphere-weighting model.

Figure 13 shows the success percentages over Baseline 
2 (4 km). The top graph shows the success percentages 
of the conventional AR method and indicates that the 
method fails to resolve the integer ambiguities when �Δ∇I 

(10)Success percentage =
Ncorrect

Nall

× 100%

is 0 m because the influence of DD ionospheric delays is 
non-negligible. In this case, the best success percentages 
are produced when �Δ∇I is 0.2 m. However, the best suc-
cess percentages are only 17.39% for BDS and 62.06% 
for BDS/GPS. The results imply that the conventional AR 
method does not work reliably for such a short baseline in 
mid–low-latitude regions. In contrast to the top graph, the 
bottom graph shows that the GEOCAR method produces 
success percentages of 98.44% for BDS and 99.00% for 
BDS/GPS when �Δ∇I is 0.2 m. The improvements in suc-
cess percentage are 81.05% (98.44–17.39%) for BDS, and 
36.94% (99.00–62.06%) for BDS/GPS.

On the other hand, many BDS DD pairs with sufficiently 
small ionospheric delays exist over this baseline. As shown 
in the top and center graphs of Fig. 8, the G–G, I/M1st–G, I/
M2nd–G, and I/M3rd–G DD ionospheric delays are smaller 
than 5 cm during the entire observation period. As a result, 
the trade-off design is able to adequately improve the 
strength of the ionosphere-weighting model. This condition 
explains that BDS and BDS/GPS have the similarly high 
success percentages at each �Δ∇I , as shown in the bottom 
graph of Fig. 13.

Figure 14 shows the success percentages over Baseline 
3 (9.4 km). The top graph shows that the conventional AR 
method produces the best success percentages when �Δ∇I is 
0.3 m, that is, 12.19% for BDS and 42.61% for BDS/GPS. 
In contrast to the top graph, the bottom graph shows that the 
success percentages of the GEOCAR method reach 96.20% 
for BDS and 96.39% for BDS/GPS when the same �Δ∇I is 
used. The improvements of the GEOCAR method in suc-
cess percentage are 84.01% (96.20–12.19%) for BDS, and 
53.78% (96.39–42.61%) for BDS/GPS.

Similar to Baseline 2, Baseline 3 has many BDS DD pairs 
with sufficiently small ionospheric delays. As shown in the 
top and medium graphs of Fig. 9, the G–G, I/M1st–G, I/
M2nd–G, and I/M3rd–G DD ionospheric delays are smaller 
than 5 cm during the entire observation period. Therefore, 
both BDS and BDS/GPS can produce the similarly high 

Table 4   Processing strategies for handling measurement errors

Measurement errors Processing strategy

Orbital errors Reduced with DD technique (broadcast ephemeris)
Satellite and receiver clock errors Eliminated with DD technique
GNSS time offset Eliminated with DD technique
Ionospheric delays Additional ionospheric parameters with a priori DD ionospheric delays
Tropospheric delays Corrected by using modified Hopfield model (Goad and Goodman 1974) and residual 

delays assumed negligible with DD technique
Inter-satellite-type bias (Nadarajah et al. 2015) Homogeneous receivers (Trimble R9)
Elevation cutoff angle 15°
Observation weighting �Δ∇P = 60 cm , �Δ∇Φ = 6 mm (given with typical level) (Hofmann-Wellenhof et al. 2008)
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success percentages at each �Δ∇I , as shown in the bottom 
graph of Fig. 14.

Figure 15 shows the success percentages over Baseline 
4 (9.4 km). The success percentages of the conventional 
AR method are shown in the top graph, where the best suc-
cess percentages are 9.97% for BDS and 36.75% for BDS/
GPS when �Δ∇I is 0.3 m. The bottom graph shows that 
the GEOCAR method using the same �Δ∇I produces suc-
cess percentages of 50.78% for BDS and 76.44% for BDS/

GPS. The improvements in success percentage are 40.81% 
(50.78–9.97%) for BDS and 36.96% (75.44–36.75%) 
for BDS/GPS. Through Figs. 13, 14, and 15, the average 
improvements are 68.62% ( 81.05%+84.01%+40.81%

3
 ) for BDS and 

42.55% ( 36.94%+53.78%+36.96%
3

 ) for BDS/GPS when the influ-
ence of DD ionospheric delays is non-negligible.

Meanwhile, Baselines 3 and 4 have the same satellite 
availability (three BDS G–G, five BDS I/M–G, and seven 
GPS DD pairs). In addition, Figs. 9 and 10 show that the 

Fig. 7   DD ionospheric delays over Baseline 3 (13  m); (top) BDS 
G–G DD ionospheric delays, (medium) BDS I/M–G DD ionospheric 
delays, (bottom) GPS DD ionospheric delays

Fig. 8   DD ionospheric delays over Baseline 3 (4  km); (top) BDS 
G–G DD ionospheric delays, (medium) BDS I/M–G DD ionospheric 
delays, (bottom) GPS DD ionospheric delays
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RMS values of BDS G–G, BDS I/M–G, and GPS DD iono-
spheric delays over Baselines 3 are similar to those over 
Baseline 4. However, a comparison of the bottom graphs of 
Figs. 14 and 15 indicates that the success percentages of the 
GEOCAR method over Baseline 4 are significantly lower 
than those over Baseline 3. This result is caused by the few 
BDS DD pairs with sufficiently small ionospheric delays 
over Baseline 4, which causes the trade-off design to fail 
to improve the strength of the ionosphere-weighting model 

for BDS and BDS/GPS adequately. As shown in the top and 
medium graphs of Fig. 10, only the G–G and I/M1st–G DD 
ionospheric delays are sufficiently small during the entire 
observation period.

Table 5 shows the RMS of single-epoch 3D positioning 
errors. The fixed positioning solutions are adopted for the 
epochs whose ratio test values are larger than or equal to a 
given threshold of 2, whereas the float positioning solutions 
are adopted for the epochs whose ratio test values are smaller 
than the threshold. The results in Table 5 are computed 

Fig. 9   DD ionospheric delays over Baseline 3 (9.4  km); (top) BDS 
G–G DD ionospheric delays, (medium) BDS I/M–G DD ionospheric 
delays, (bottom) GPS DD ionospheric delays

Fig. 10   DD ionospheric delays over Baseline 4 (9.4 km); (top) BDS 
G–G DD ionospheric delays, (medium) BDS I/M–G DD ionospheric 
delays, (bottom) GPS DD ionospheric delays
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according to the best success percentages, i.e., �Δ∇I= 0 m 
for Baseline 1, �Δ∇I= 0.2 m for Baseline 2, �Δ∇I= 0.3 m for 
Baseline 3, and �Δ∇I= 0.3 m for Baseline 4. Table 5 shows 
that the GEOCAR method provides more accurate posi-
tioning solutions than the conventional AR method when 
the influence of DD ionospheric delays is non-negligible 
(Baselines 2–4), as a result of the higher success percentages 
produced by the GEOCAR method.

Conclusions

Instantaneous AR can be achieved if the influence of DD 
ionospheric delays is negligible. In mid–low-latitude 
regions, the VTEC values have significant latitudinal 

gradients near noon and/or afternoon, causing the influence 
of DD ionospheric delays to become non-negligible even 
over short baselines. Therefore, a shorter separation between 
the pivot and secondary satellites in the latitudinal direc-
tion indicates smaller resulting DD ionospheric delays. This 
study demonstrates that if a DD pair is pivoted on one GEO 
satellite that is nearly motionless over the equator, then the 
ionospheric delay can become small when the secondary 
satellite is near the equator. We propose a new method called 
GEOCAR to improve instantaneous AR over short base-
lines in mid–low-latitude regions. The method pivots BDS 
DD measurements on GEO satellites and uses a trade-off 
design between the ionosphere-fixed and -weighting models 
to resolve integer ambiguities of dual-frequency phases.

The GEOCAR and conventional AR method are used to 
evaluate the performance of instantaneous AR. Experimen-
tal baselines shorter than 10 km are collected in a mid-low-
latitude region, near noon and afternoon (VTEC up to 100 

Fig. 11   Relative zenith tropospheric delays over Baselines 1–4

Fig. 12   Success percentages of the conventional AR method over 
Baseline 1 (13 m)

Fig. 13   Success percentages over Baseline 2 (4  km); (top) conven-
tional AR and (bottom) GEOCAR methods
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TECU). The test results indicate that the GEOCAR and con-
ventional AR methods can similarly produce high success 
percentages when the influence of DD ionospheric delays is 
negligible. However, when the influence of DD ionospheric 
delays is non-negligible, the GEOCAR method generally 
provides higher success percentages than the conventional 
AR method; the average improvements obtained from Base-
lines 2–4 are 68.62% for BDS and 42.55% for BDS/GPS.

This study uses the GEOCAR method to improve the AR 
performance of single-epoch RTK positioning over a single 
baseline in an open-sky environment. However, one should 
note that the multi-path biases associated with BDS GEO 
satellites, including receiver multi-path and satellite multi-
path, could be large enough to affect the AR performance in 
some constrained environments.

At present, the proposed method is mainly designed 
for BDS in the Asia-Pacific because BDS has deployed 
GEO satellites in this region. That is to say; stand-alone 

GPS cannot utilize the method because GPS does not have 
GEO satellites. However, in the future, the incoming dual-
frequency satellite-based augmentation system (SBAS), 
e.g., wide area augmentation system (WASS), European 
geostationary navigation overlay service (EGNOS), Quasi-
Zenith satellite system (QZSS), and GPS-aided geo-aug-
mented navigation (GAGAN), will provide worldwide 
GEO satellites for transmitting GPS-compatible L1 and 

Fig. 14   Success percentages over Baseline 3 (9.4 km); (top) conven-
tional AR and (bottom) GEOCAR methods

Fig. 15   Success percentages over Baseline 4 (9.4 km); (top) conven-
tional AR and (bottom) GEOCAR methods

Table 5   RMS of single-epoch 3D positioning errors. Unit is meter

Baseline Conventional AR GEOCAR​

BDS BDS/GPS BDS BDS/GPS

1 0.015 0.008 0.015 0.008
2 0.161 0.117 0.045 0.024
3 0.481 0.426 0.138 0.101
4 0.529 0.412 0.354 0.271
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L5 frequencies. By then, the method can be updated for 
worldwide usage.
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