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ABSTRACT. We consider the entropy dimension of G-shifts of finite type for
the case where G is a nonabelian monoid. Entropy dimension tells whether a
shift space has zero topological entropy. Suppose the Cayley graph Cg of G
has a finite representation (that is, {Cyq : g € G} is a finite set up to graph
isomorphism), and relations among generators of G are determined by a matrix
A. We reveal an association between the characteristic polynomial of A and
the finite representation of the Cayley graph. After introducing an algorithm
for the computation of the entropy dimension, the set of entropy dimensions
is related to a collection of matrices in which the sum of each row of every
matrix is bounded by the number of leaves of the graph. Furthermore, the
algorithm extends to G having finitely many free-followers.

1. INTRODUCTION

Let A be a finite alphabet. Given d € N, a (d-dimensional) configuration is a

function from Z? to A, and a pattern is a function from a finite subset of Z? to
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A. A subset X ¢ AZ" is called a shift space if X, denoted by X = Xz, consists of
configurations which avoid patterns from some set F of patterns and the patterns
avoided in F are modulo translation. A shift space is called a shift of finite type
(SFT) if F is a finite set; Z¢ acts on X by translation of configurations, making
X a symbolic dynamical system. One of the many motivations in studying sym-
bolic dynamical systems is that it helps for the research of hyperbolic topological
dynamical systems. The interested reader can consult standard literature such as
[8, 22].

While almost all properties of Z-SFTs are decidable (cf. [17]), research of Z%-
SFTs for d > 2 shows that many undecidability issues have been seen in it. It is even
undecidable if a Z4-SFT is nonempty [7]. Different kinds of mixing properties have
been introduced for examining the existence and density of periodic configurations
[9]. A straightforward generalization of Z4-SFTs is considering SFTs on G which
is associated with some algebraic structure. Since the d-dimensional lattice Z% is a
finitely generated abelian group, it is natural we start with the cases where G is a
finitely generated nonabelian group or a finitely generated free monoid. Whenever
G is a free monoid, it has been demonstrated that many such issues do not arise.
For instance, the conjugacy between two irreducible G-SFTs (i.e., SFTs over G) is
decidable [1]; furthermore, nonemptiness, extensibility, and the existence of periodic
configurations are decidable for G-SFTs [2, 4]. Aside from the dynamical point of
view, the phenomena from the computational perspective are also fruitful [3, 20, 21].

For the case where G = Z, the topological entropy of a G-SFT relates to the
spectral radius of an integral matrix, and the set of entropies of G-SFT's is the set
of logarithms of Perron numbers [16, 17]. When G = Z¢ for d > 2, the entropy of a
G-SFT is a right recursively enumerable number which may not be algebraic and is
not computable in general [15, 18, 19]. However, the story is quite different when
G is a free monoid.

Suppose that G is a finitely generated free monoid. Let 3 be a finite set which
generates G. An element g € G is called an i-word provided the minimal expression
of g = g192---g; for some ¢1,...,g9; € X. For n € N, let '), denote the set of n-blocks
in a G-SF'T, where an n-block is a pattern whose support consists of all i-words in

G for i < n. Petersen and Salama developed an algorithm to estimate the tree shift
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topological entropy of hom-shifts over G [20]. A hom-shift, roughly speaking, is a
G-SFT which is isotropic and symmetric; alternatively, a hom-shift is determined
by the same rule in each direction (herein, a direction means a generator of G). For
instance, a d-dimensional golden mean shift is a hom-shift. The interested reader is
referred to [11]. In [3], the authors showed that the topological entropy of a G-SFT
is achieved by an infinite series provided |A| = d = 2.

This paper considers the entropy dimension, which is known as entropy in [5], of
G-SFTs (defined in Equation (2), see [10] for more details) for the case where G is
a finitely generated nonabelian monoid. It is known that the entropy dimension of
a G-shift space (i.e., a shift space over ) with positive topological entropy is Ind
if G is a free monoid with d generators (cf. [6, 5, 4]). In other words, the research
of entropy dimension is related to revealing zero entropy systems. Meanwhile, it
remains open for the existence of a zero topological entropy G-shift space with
full entropy dimension. In this paper, a necessary and sufficient condition for
a G-SFT having full entropy dimension is addressed, which provides a criterion
for determining whether a G-SFT has zero entropy. Zero entropy systems have
drawn a lot of attention lately; many Z%-actions with zero entropy exhibit diverse
complexities. See [10, 12, 13, 14] and the references therein for more details. This
elucidation extends the computation of entropy dimension of G-SFTs to the case
where G is a monoid with finite representation (see Definition 2.1 and Theorem
4.2). Roughly speaking, a monoid G with finite representation means that the
Cayley graph of G is spatially periodic; that is, {gG : g € G} is finite. What is
more, the algorithm extends to the case where G has finitely many free-followers
(defined in Equation (5), see Section 6).

When G is a free monoid with d generators, the set of entropy dimensions of
G-SFTs is a finite subset of the set of logarithms of Perron numbers less than or

equal to d. More explicitly, the set of entropy dimensions of G-SFT's is
{In pas : pas is the spectral radius of some matrix M € D},

where D consists of kxk nonnegative integral matrices M satisfying 2;21 M(i,j5) <d
for all ¢ and k = |A]l. The interested reader is referred to [6] for more details.
This paper extends these results to SFTs over monoids having finitely many free-

followers. Theorems 5.1 and 5.3 demonstrate that the entropy dimension of a
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G-SFT is related to the maximal spectral radius of a collection of integral matrices
which are constrained by the structure of the Cayley graph of G. To be precise, let
M be the set consisting of

Ci Cy C3 - Cy

M=10 I 0 - 0
o - 0 I O

for some [ xI matrices C;, I < k, satisfying Zflzl Ci(p,q) <& foralll<i<d, 1<p<li,
where &; represents the numbers of leaves of the Cayley graph of G. The entropy

dimension spectrum of G-SFT's is
H ={Inpys : pas is the spectral radius of M € M}.

We end this section with a summary of the remainder of the paper. Whenever
G is a monoid such that a matrix A determines the relationships among the gen-
erators of G and G has finite representation (see Section 2), the coefficients of the
characteristic polynomial of A relate to the number of leaves of the Cayley graph of
G (Theorem 3.1). After revealing an algorithm for the computation of the entropy
dimension (Theorem 4.3), the set of entropy dimensions consists of the spectral
radius of integral matrices being such that every coefficient of the characteristic
polynomial of A is an upper bound of the sum of a corresponding row (Theorems
5.1 and 5.3). Furthermore, Section 6 extends the algorithm to the case where G

has finitely many free-followers.

2. DEFINITION AND NOTATION

Let d be a positive integer. A semigroup is a set G = (X|R) together with a
binary operation which is closed and associative, where ¥ = {s1,...,54} is the set
of generators and R is a set of equivalences which describe the relations among the
generators. A monoid is a semigroup with an identity element e.

Given a finite set of generators ¥ = {s1, $2,...,54} and a dxd binary matrix 4, a
monoid G of the form G = (¥|R4) means that s;s; = s; is an equivalence relation in
R, if and only if A(4,7) = 0. Alternatively, s; is a right (resp. left) free generator if
and only if A(i,j) =1 (resp. A(j,i) =1) for 1 < j <d. For example, the generators
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of the monoid G = (X|R4) with

b

1}
= o O
—_ O =
— = =

satisfy the equivalences
2 _ _ 2 _ .
5] = 51,8251 = S2,55 = S2, and s3 is a free generator.

Let X, (resp. ¥¢) denote the set of right (resp. left) free generators of G. For
each g € G, the length |g| indicates the number of generators used in its minimal

presentation; that is,
lg| =min{j: g = g1g2---gj,9; € X for 1 <i < j}.

Hence, the length of g € G is the (minimum) number of generators used including
repetitions, and e is the only element having zero length. We call g an n-word if
lgl = n.
Suppose that C' = (V, E) is the (right) Cayley graph of G. Define a subgraph
D =(Vp,Ep) ¢ C, which is induced by Vp, as follows.
(i) g€V \Vp if and only if g = g'ag” for some a € ¥, and ¢" € V with |¢”| > 1;
(ii) (g,¢’) € Ep if and only if (g,¢9") € E and g,¢" € Vp.

Definition 2.1. Suppose G = (X|R) is a finitely generated monoid with generating
set 3. Let D be the Cayley subgraph of G defined as above. Then G is said to

have a finite representation if D is a finite graph.

For H,y, Hy € G, denote Hy ~ Hs if the Cayley graph of H; is isomorphic to the
Cayley graph of Hs. It is known that ~ is an equivalence relation. Observe that G
having a finite representation implies that {[¢G]~ : g € G} is a finite set. Roughly
speaking, G acts on G periodically. Furthermore, ¢gG ~ G if g € Vp and gs ¢ Vp
for all s € X. For the rest of this paper, G = (¥|R4) denotes a monoid with a finite

representation unless otherwise stated. See Example 2.2.

Example 2.2. Let d = 3 and ¥ = {s1,52,s3}. The relations among generators of

the monoid G = (X|R4) with

N

Il
= o O
—_ O
— ==
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(A) Part of Cayley graph of monoid G in Example 2.2.
€

(B) Finite representation of the Cayley graph C of Example 2.2.

FiGUurRE 1. The Cayley graph of monoid G in Example 2.2 has a

finite representation. The generators si, so, s3 satisfy the equiva-

lences s% =s; and s981 = s% = S9.

are
Sf = 81,8981 = 8o, and s% = S9.
It follows that s is the only free generator and {[¢G]-}gec is finite. Therefore, G

has a finite representation with
VD = {67 51,82,583,5152,5153, 5253, 515253}'

See Figure 1 for the Cayley graph of G and its finite subgraph.

Let A be a finite alphabet. A configuration (or labeled tree) is a function ¢t :
G — A. For each g € G, t, = t(g) denotes the label attached to the vertex g of the
Cayley graph of G. We call a configuration a labeled tree since all the monoids
considered in this paper can be represented as trees. The full shift A® is the set
of all labeled trees, and the (left) shift action o : G x AY - A% is defined as
(ogt)g = 0(g,t)g =tgq for g,¢' € G. For each n >0, let A, ={geG:|g|<n}. An

n-block is a function 7: A, - A and we say that 7 is a block if 7 is an n-block for
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some n € N. A labeled tree t accepts an n-block 7 if there exists g € G such that
tgq = Ty for all ¢ € A,; otherwise, ¢ avoids 7. A G-shift space is a set X ¢ AC of

all labeled trees which avoid all of a certain set of blocks. More explicitly,
X =Xz = {te A% : t avoids 7 for all 7 € F}

for some set of blocks F. A G-shift space X is called a G-shift of finite type (G-SFT)
if X = Xz for some finite F.

3. CHARACTERIZATION OF FINITE REPRESENTATION

In this section, we establish the correspondence between the coefficients of the
characteristic polynomial of A and dVp, where g € OVp if and only if g € Vp and
gs ¢ Vp for all s € 3. For each n e N, let

én=#{9eG:|g=919gn| =n,9; € X, and g, is the only right free generator}.

Theorem 3.1 reveals {&,} plays an important role in the characteristic polynomial

of A.

Theorem 3.1. Suppose G = {(X|Ra) is a monoid determined by a binary matriz A.

Then the characteristic polynomial of A is
d .
(1) FO) ==
i=1

Before proving Theorem 3.1, it is essential to characterize the structure of the

Cayley graph of G. Let
P,={geG:|gl=n+1and g1 = gn+1}
and
=2, ={g € P, : gy, is the only right free generator}
be the sets of periodic (n + 1)-words and periodic (n + 1)-words whose second to

last symbol is the unique right free generator, respectively. It follows immediately

that |P,| =tr(A™) and |E,| = &,.

Lemma 3.2. For each (n+1)-word g = g1g2-++gng1 € Pn, there exists 1 <i <n such

that g; is a Tight free generator.

Proof. Suppose not, it comes immediately that (g1:--g,)™ € G is a vertex of D for

all m € N, which contradicts that [Vp| < co. The proof is complete. O
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Lemma 3.3. For each positive integer n > d, &, =0. That is, every (n+ 1)-word

contains at least one right free generator.

Proof. Suppose there exists n > d and ¢g = g1---g,, € G such that g, is the only free
generator. The pigeonhole principle asserts that g; = g; for some 1 <i<j<d+1.
Lemma 3.2 demonstrates that there exists ¢ < £ < j such that g is a right free

generator, which is a contradiction. This derives the desired result. d

Let
T(En) = {gi=gngr-gi:i=1,....,n,9 = g192-gng1 € En}
collect the circular shifts of all elements of =,. Observe that [T(Z,)| = n&,. Let
L(P,,Zn) ={g91-"gah1 - hngast1-"Gms1 s = miin{i <m:g;€X,.},9€ Py, heZ,}.
That is, L(P,,,Z,) consists of words obtained by inserting the first n digits of

every h =hi--hpe1 € E, in a periodic (m + 1)-word g right after the first right free
generator of g. Obviously, L(P,,,Z5) € Phin-

Lemma 3.4. Suppose x = x1--xp11 € Py contains at least two right free generators.

Let x,, and x,, be the first and second free generators, respectively. Then
ro—ry =1 if and only if x€ L(Py_t,Z)).

Proof. If x € L(Py-;,Z;), then x = g1-+-gr, h1--Rigr 11 gn-1+1 for some g € P,,_;, h €
=y, where ry =min{i <n-1:g; € ¥,.}. Since h € Z;, x,,+; = h; is the second right
free generator in x. This concludes that ro —r; = (r1 +1) —r1 = 1.

For each x = x1---x,+1 € P, which contains at least two right free generators,
let g = 1@y, Ty 4141 Tns1 and let b = zp 1@y 11%r +1. Since gp, = x,, € Xy,
Ty, Ty, +1-1 1S & 2-word. Furthermore, x € P, and = = x,.1 indicate that g1 = gn_i+1-
Alternatively, g = g1---gn-1+1 € Pn—;. Similarly, h; = x,, 4 € X, shows that z,, 1z, 11
is also a 2-word. The fact of x,, = x,,4; being the second right free generator implies
that hi,...,hi_1,hie1 € 2y, hy € X, and hyyq1 = hy. Hence, h € Z;. We conclude that
x € L(P,-;,Z;). This completes the proof. O

Lemma 3.4 shows that L(P,—;,Z)) N L(Py—m,Zm) = @ if and only if I = m.

Proposition 3.5, additionally, reveals a partition of P,.

Proposition 3.5. For each n € N, {L(P,_;,Z;)}" P U{T(Z,)} forms a partition
of P,.
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Proof. Obviously, L(P,-;,Z;) NT(E,) = @ for 1 <i < n -1, since every element
of T(Z,,) has exactly one free generator, while L(P,,_;,Z;) consists of words which
contain at least two free generators. The desired result comes immediately from

observing that
n-1
P, = U1 L(P,-;,Z) UT(E,).
Indeed, the definitions of L(P,-;,Z;) and T'(Z,) indicate that
n-1
U1 L(P,-,E))UT(E,) € Pa.

For each z € P,, x € T(Z,) if  has exactly one free generator. Otherwise, x has
xy, and x,, as its first two free generators for some 1 <r9. Let [ =ry —r;. Lemma

3.4 shows that x € L(P,—;,Z;). The proof is complete. O

Example 3.6. Let us continue with Example 2.2. Recall that

0 1 1
A=10 0 1
1 1 1

and s3 is the only right free generator of G. Then =Z; = {s3s3} = T(E1) = P;. Since
=9 consists of words of the form wjs3zuy for uy # s3,
Eg = {s18351,5258352} and T(E3) = {s15351,535153,525352,535253}.

As defined above, L(P;,Z1) = {s3s3s3} collects the words obtained by inserting
the first word of Z; in each word of P; right after the first right free generator. It
follows that

Py = {s18351, $28352, 835153, $35253, 838353} = T'(Z2) U L(P1,Z1).
Similarly, Z3 = {s1525351} and T(Z3) = {s1525351, 52835152, 53515283 }-
L(P3,Z1) = {s1538351, $2535352, S3535153, $3535253, $3535353 },
L(P;,Z5) = {s3518383, 52535383 }-
Then
Py = {51528351, 51535351, 52535152, 52535352, 53515253,
53515353, 53525353, 53535153, 53535253, 33335353}
=T(E3) UL(PQ, =) UL(Pl, Eo).

Furthermore, E,, = @ for n > 4.
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For each real dxd matrix A, there is a recursive formula for the coefficients of the
characteristic polynomial of A; more explicitly, f(\) = det(A - AI) = Z?:o b,

where
o= (-1, b= (1), b= (i ¢ (1)),
by = —%(bgAl +b1 Ay + (-1)%43), ...,
by = —%(bi_lAl Fbia Ay et b Ag g+ (=1)0A0), ..

1
bd = _g(bd—lAl + bd_2A2 + -+ blAd—l + (—1)dAd),

and A; is the trace of A® for 1 <i <d (cf. [23, p.303-305]).
Proof of Theorem 3.1. Proposition 3.5 shows that, for n € N,
n—1
|Pn| = |T(En)| + Z |L(Pi»Enfi)|§
i=1

that is, Ay = & and A, = n&, + Z:»:ll A;i&,_; for n > 2. Since &, = 0 for n > d,

Equation (1) follows from

1 n—-1
§n=—(An - ZAifn—i)a 1<n<d,
n i=1

and the recursive formula of the coefficients of the characteristic polynomial of

A. O

4. ENTROPY DIMENSION OF SHIFT SPACES ON MONOIDS

Suppose that X is a G-shift space with alphabet A. Let I‘%QJ(X ) denote the set
of n-blocks of X rooted at g; that is, the support of each block of FLg](X) is gA,.
Let %[lg] denote the cardinality of F,[lg](X ). The entropy dimension of X is defined

as

(2) D¢(X) = limsup

Inln~,(X)
n—oo n
where v, (X) = %[f] (X). The rest of this paper omits X from the notation when it
causes no confusion.

For each a € A, let FE{{;L c I‘L‘f] consist of all the n-blocks rooted at g and labeled

a at the root. A symbol a is essential® if Yan = |Tan| =2 for some n € N; otherwise,

n one-dimensional symbolic dynamical systems, a graph presentation of an SFT is called
essential if there is no stranded vertex [17]. In other words, every vertex has its contribution in
the corresponding SFT. This paper extends the terminology to alphabet of a G-SF'T X since a
symbol is essential if it contributes to the complexity of X.
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a is an inessential symbol. Proposition 4.1 indicates that only the essential symbols

contribute to the entropy dimension.

Proposition 4.1 (See [6]). Suppose that X is a G-SFT. Then

3) D(X) = lim BTt 0% 0T i

n—oo0 n n—oo n

7

where £ € A denotes the set of essential symbols and k = |Al.

Theorem 4.2 shows that, whenever every symbol is essential, the entropy dimen-
sion of a G-SFT is the logarithm of the spectral radius of A (recall that G = (X|R4)

is determined by a d x d matrix A, see Section 2).

Theorem 4.2. Suppose that X is a G-SFT and every symbol is essential. Then
De(X) =1npa, where pa is the spectral radius of A.

Ban and Chang [6] developed an algorithm for computing the entropy dimension
of G-SFTs, where G is a finitely generated free monoid. The algorithm extends to
G = (X|R4) with finite representation via analogous argument. For the sake of
brevity, this section rephrases the main ideas and propositions of the algorithm in
[6] via Example 4.4.

In [4], the authors showed that every SFT over a free monoid Fy = (s1,...,54|)

is topologically conjugate to an F;-SFT defined as
(4) Xa ={ze A" : Aj(x,,145,) =1 for 1<i<d,ge Fy},

where A = {A;, Ao, ..., Aq} is a collection of binary matrices indexed by .A. In this
paper, we focus on G-SFTs defined by some A = {A;, As,..., Ag}. Since G has
a finite representation, the cardinality of n-blocks of each G-SFT is related to a

recurrence representation (or system of nonlinear recurrence equations, SNRE) of

the form
o A Jka Jie ke Jia o Jkl
Yin = ZCJ'Yl,n—1 Ve n-1"1,n-2"Vien-2""M,n-1"""Vk,n-1
for some [ € N, where ¢; €N, j = (j1,1,--,0k,1s- 105+ > Jk1), and 1 <3 < k= |A|

A subsystem of X is of the form

_ roJia Jka Jv2 o Jke2 Jil Tkl
%m‘ZCj’yl,n—l Ven-1"1,n-2""Ten-2""V1,n-1"" Vk,n-1
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such that 0 < cJ <¢j for each j and 1 <i <k, and a simple subsystem of X is of the

form
Ji,1 ]kl Ji,2 ]k2 le ]kl
Yion = V-1 Ven-1V1,n-2" Vem-2""V1,n=1"" Vi, n-1
for some j1,1,...,9k,15--+>J1,05-- > Jk, and 1 <4 < k. Take logarithm on the above

equation and let

On = (Y15 oy MYy V11, IV ety o DY i1y -+ o, DY i41)

where v’ is the transpose of v. Then there exists a ki x kl matrix M called adjacency
matriz (of the simple subsystem) such that 6,, = M#6,,_; for n>1+1. Theorem 4.3
reveals that the entropy dimension of X is related to the maximum spectral radius

among the adjacency matrices of simple subsystems of X.

Theorem 4.3 (See [6]). Suppose that X is a G-SFT. Then
D¢(X) =max{Inpys : M is the adjacency matriz of a simple subsystem of X},

where ppr denotes the spectral radius of M.

Example 4.4. Let G be the monoid defined in Example 2.2. Suppose that X is
a hom-shift on G determined by a k x k binary matrix T'; that is, for each labeled

tree t € X and g € G, a pattern (t4,t4s,) is allowable if and only if T'(tg,tgs,) = 1.
1
1

by T is a full G-shift space and D¢(X) =1Inpa. This example shows that the above

For instance, consider the case where k =2 and T = ( 1) A hom-shift defined

algorithm derives the desired result.

It follows from s3 being a free generator that, for i = 1,2, 72'[,%1] =vinif g=¢'ss3

for some g,g’ € G. Hence, for i = 1,2,

s3]
72n 1)(71n 1+72n 1)(71 '72n 1

81]

(71

51]

=(Yn- 1+72n 1)(71n 1 +’an D1+ 72,0-1)-
Combining
ki = O3 S 00 + 83D = 01 + ) (e +20-2),
71[85]1 7%52832] 7%5282] = Y1,n-2 + Y2,n-2,
with

[s182] [s1s2s3] [s1s2s3]
’an 1 _/yln 3 +'72n 3 _71,774*3""72,71—3
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derives that
Yin = (471 n-3Y1,n-2 + 4Y2,n-371,n-2 + 471 n-3V2,n-2 + 4V2,n-3V2,n-2)"
(271,02 + 272,n-2) (V1,01 + Y2,0-1)-
Let
0, = (In 1,0, 02 0, I0Y1 o1, I0Y2 o1, IN Yy pmo, N2 o2)

For every simple subsystem of X, the corresponding adjacency matrix is of the form

B, Bs Bs
M=|l1 0 o],
0 I 0

where By is a 2 x 2 matrix that satisfies Yo_y Bi(p,q) = & for all 1=1,2,3, p=1,2.
That is, 0,, = M0,,_1 for n > 3. Let

v =(p4: P2, paspa,1,1).

Observe that Mv = pav. Perron-Frobenius Theorem demonstrates that pa is also

the spectral radius of M. In other words, D¢(X) =Inpa.

Proof of Theorem 4.2. The proof focuses on the case where X is a G-SFT deter-
mined by k x k binary matrices A, ..., Ay for the sake of clarity, the proof of the
general case is analogous. In this case, for each labeled tree ¢ € X and g € G,
(tg,tgs,) is allowable if and only if A;(t4,tgs,) =1 for 1<i<d.

Write A; = (ag,,4,) for 1 <1 < d,1 < 47,49 < k. Since %—[’g;’] = 7;p for all
1<i<k,neN, and g € G provided s; is a free generator, we can derive that

k
Yin = H ( Z QSz;i7j17][ff7]z—1)

SlEZ j1=1

k k
[T (Y asinr) ) TT (Y aasnrisy)

s1¢3, j1=1 s1€3, j1=1

k k
H (Z GSz;iJ{YJ[‘ffr]z—l) H (Z Qsysi s Vinn-1)-

s1¢3, j1=1 s1€3, j1=1

Observe that f; = HSZGET(Z?Fl s,5i51 Vjim—-1) is a polynomial of degree &; over

Y,n-15-++3 Vkn-1-

Similarly, for each s; which is not a free generator,

k
[s:]  Isism]
Yjin-1~ H ( Z Aspijisge Yy m-2
s15m€G j2=1



14 JUNG-CHAO BAN, CHIH-HUNG CHANG, AND NAI-ZHU HUANG

implies that

k
Yin = fl : H ( Z asl,;i,j1aSnL§j17j2’yj['jf:LT2])'

$15m€G, 8182, j1,j2=1

Herein, we refer to gs € G as gs # g, where g € G and s € X; equivalently, g and gs

are two different vertices in the Cayley graph of G. Let

k
f>= H ( Z aslﬂvjlasm%j'l,jz’yj[':fiyfg)

3518m€G,81¢5r,8m e J1,j2=1

k
[1 (D Gupsinga sijn o Vinin—2)-

515m€G,51¢2,,8m €N, J1,j2=1

Then f5 is a polynomial of degree &;. Repeating the same process decompose
Yim = f1for-fo, where £ = max{j : §; # 0} < d, and f; is a polynomial of degree ¢;
OVET V1,m—jy- -+ Vhn—yj f0r 1 < j <L,

Let

Or = (I Y10, I Yk, Y1 o1, I Yoty - IV et s =5 I Y e )

For each simple subsystem of X, there exists

B, By Bs; - B
M=o I o0 0 [,
0 0 I 0

where B; is a k x k nonnegative integral matrix satisfies 25:1 Bj(p,q) = ¢ for all
1<j5<41<pc<k, such that M is the corresponding adjacency matrix (note
that £ = 0 for j > ¢). That is, 0,, = M6,,_; is the designated simple subsystem.
Let v = (py1+pal)’ ® 15, where ® is the Kronecker product and 1; € R¥ is the
vector consisting of 1’s. It follows immediately that Mv = psv. Perron-Frobenius
Theorem implies that p,4 is also the spectral radius of M. Hence, D¢(X) =Inp4.
This completes the proof. (Il

Remark 4.5. For the general cases, Proposition 4.1 demonstrates that Theorem
4.3 holds if the rows and columns of matrix M indexed by inessential symbols are

eliminated.
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5. ENTROPY DIMENSION SPECTRUM OF G-SFTS

Theorem 4.2 reveals that the entropy dimension of G-SFTs is Inp, whenever
every symbol is essential. This section extends to the general case and gives the
complete characterization of entropy dimension spectrum of G-SFTs.

Let Z, be the set of nonnegative integers. For m,n € Z¢, define m < n if m; < n;
for 1 <i<d,and m <n if m <n and m # n. Theorem 5.1 characterizes the
entropy dimension spectrum (i.e., the set of entropy spectrum) of G-SFTs for the

case where k = 2.

Theorem 5.1. Suppose that k = 2. Let & = (&1,...,&4). The entropy dimension
spectrum of G-SFTs is

d .
H={In\:\=max{z:z?- Zaixd_z =0} for some o€ Z¢ o0 < £}.
i=1

Proof. Obviously, if two symbols are inessential, then the entropy dimension is
0; Theorem 4.2 indicates the entropy dimension is Inps and p4 = max{z : 27 -
Zle &x9t = 0} if every symbol is essential. It suffices to consider the case where
1€ A is essential and 2 € A is inessential.

Similar to the discussion in Example 4.4, write v1 ,, = f1fo:- fq, where
2
fr= H ( Z aul;lajlr}/jlm—l)
u1€¥, j1=1
and
2
fi = H ( Z Quy31,50 a’u2§j1aj2“.a’uﬁji—l’ji’yji»n*i)

U1 Ui €GLUT ey Ui 1 5, U € J1 e, Ji=1

for 2<i<d, and f; is a polynomial of degree &;. Hence, every simple subsystem of

X is of the form

—_ A T1 72 T2 ooANd Td
Tin = V1 n-172,n-171,0-272,0-2"""V1,n-d V2,n-d>

Yom = Vot 1 W2V

where n; + 7, = §; for 1 <i <d.
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Let on = (ln Yi,n, In Y2,n5 In Y1,n-1, In Y2,n-15""" In Y1,n—-d+1> In Y2,n-d+1 ),7 and let

m T1 M2 T2 v Nd T4

0 & 0 & - 0 &

1 0 0

M = 1 : :
1 0 O

Then the simple subsystem is 6,, = M6,_1. Since 2 is inessential, the entropy

dimension of such a simple subsystem is In A, where ) is the spectral radius of

771 772 nd
vl IR 0
1 0

A straightforward examination elaborates that A = max{z : 2¢ - sz:1 niz® = 0}.

This derives

;27 = 0} for some o€ Z4, o < €}

M=~

Hc{In\:\=max{z:2%-
i=1

To show that, for each « € Z¢ satisfying o < &, there exists a G-SFT such that
DeX =In\ with A = max{z : 2% - Y%, a;2%"" = 0}, construct a one-step G-SFT as
follows. Without loss of generality, assume that & > 0 for i < d. The symbol 2 is
inessential in the following construction, thus it suffices to mention where to label
1.

For neN, let S ={e} and, for n > 2, let

Sn={9=919gn-1:9s5€G for some s€X,. g; ¢ X, for 1 <i<n-1}.

Observe that S,, = @ if and only if n > d (under the assumption that &, = 0 if and
only if n > d). Let
Sn={g95:9€S,,s€%,g5€¢G}.
Then Ulegi is the set of supports of two-blocks of X up to shift. For n =1, let
B, c AS? consists of 1-blocks ¢ which satisfy ¢4 =1 if and only if
geS1UENE, and [{geX,:¢g=1}=ay.

In other words, each pattern of By labels 1 at, except from the root and non-free

generators, arbitrary «; free generators. This makes max{p: 'yf’n,1|’71,n} =ai.
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Analogously, let Bs ¢ AS2 consists of 1-blocks ¢ which satisfy ¢4 =1 if and only
if
geSa| J{g'seS2:5¢%,} and |{g'se€Sa:seX,, ¢gs=1}=an.
Then max{p : 77, ,71.n} = aa. Repeating the same process to construct B; for
1 < d makes
max{p:7}, ;n}=a; for 1<i<d
For each subset G’ ¢ G such that G’ forms the support of a 1-block, observe that
there exists g € G ended in free generator and 1 < i < d such that G' = ¢G” for
some G" ¢ S;. Then each labeled pattern of support G’ follows the same rule as

determined in S;. Notably, such a pattern is still in B;.
Therefore, every simple subsystem of X generated by B = Uf-l:l B; is of the form

_ o B1 o B2 g Ba _d
Mn =€V n-172n-171,n-272n-2""V1,n-d V2,n-d> 120 = V2,n-1>

where ¢ is a constant, and «; + 8; = §; for all 4. A straightforward examination
indicates that DeX =In X with A = max{z : 2% - ¥, a;z%7 = 0}.

The proof is complete. O

Remark 5.2. Notably, &, =0 for n > 2 if and only if G is a free monoid. If this is
the case, then H = {0,In2,...,Ind}.

Theorem 5.3 extends Theorem 5.1 to the general case where k > 2. The proof is

similar, thus it is omitted.

Theorem 5.3. Let M be the set consisting of
Ci, Cy C3 - Oy

I 0 « - 0
M=o I 0 - 0
0 -« 0 I 0

for some 1 x| matrices C;, | < k, satisfying Zéﬂ Ci(p,q) <& for all 1 < i < d,
1<p<l. The entropy dimension spectrum of G-SFTs is

H ={lnpp : pu is the spectral radius of M € M}.

Corollary 5.4 follows from the proof of Theorem 5.1, and elaborates a necessary

and sufficient condition of a G-SFT achieved full entropy dimension.
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Corollary 5.4. Suppose that X is a G-SFT. Then D¢(X) =Inpy if and only if the
essential symbols form a subshift on right free generators; that is, for each s € 3,

and ¢ is a one-block with support supp(¢) = s3, ¢4 is essential for g € supp(®).

Proof. Tt suffices to consider the case where k = 2 since the demonstration of the
general case is analogous but more complicated. Recall that, in the proof of Theo-

rem 5.1, every simple subsystem of X is of the form
—_ A T1 712 T2 ooANd Td
Tn = V1 n-172,n-171n-272:n-2"""V1,n-dV2,n—d>
_ 0 L1 o L2 84 Ld
V2,0 = V1 n-172,n-171,0-272n-2""V1,n-dV2,n-d>

where 1; + 73 = §; + ¢, = & for 1 < i < d. In other words, D¢(X) = In )\, where )\ is

the spectral radius of one of the following matrix, which depends on the essential

symbols.

M 71 N2 T2 N4 Td

01 1 02 1o - Og g

1 0 0

M = 1 : ,

1 0 0
771 772 e nd Ll [’2 e Ld
T
1 0 1 0

It follows that A = p4 if and only if exactly one of the following three conditions

holds.

a. (Case M;) Two symbols are essential.
b. (Case Ms) Symbol 1 is essential and n; = &; for 1 <i < d.
c. (Case Mj3) Symbol 2 is essential and ¢; =§; for 1 <i < d.

This completes the proof. [

6. GROUPS WITH FINITELY MANY FREE-FOLLOWERS

Suppose that G is a monoid. For each g € G, define the free-follower set (free-

follower for short) of g as

(5) Fy={g"€G:lgg'| =gl +1g']}
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Set F' = {F,: g € G}. Then G has finitely many free-followers if F' is finite. It
is easily seen that if GG is a finitely generated free monoid or has finite represen-
tation, then G has finitely many free-followers. The investigation in Sections 4
and 5 extends to the case where G has finitely many free-followers via analogous
elaboration. This section, rather than rephrasing every result in the previous two
sections, presents an example to address how to compute the entropy dimension of
a G-SFT (G has finitely many free-followers herein) for the sake of brevity.
Suppose that d = k = 2. In this case, ¥ = {s1,s2} and A= {1,2}. Let G = (X|R)
be the monoid with R = {s952"" sy = s5}i50. It follows that G has finitely many

free-followers. Indeed, let
2
F {6 5178278133152352517527 } G
F 2 2 3 >O
{6 3175275135251a52751751527 } {51 }n>0 U{Sl $29:9 = S1351 527%]3“ }
2 2i+1 Loo_.n 2jn : -
F8261 {6 3175155152’81" } {51}n>OU{3 5299 =51,5 32717.]7”20}'

An examination indicates that, for each g € G,
FSl’ g = 871747
Fy=1{Fs,, g ends in 525 Li>0;

. 2i+1 -
F,,s,, gendsin spsy",i>0.

A straightforward examination elaborates that there is a one-to-one correspondence

between the monoid G and the set of finite words of one-dimensional even-shift.

Let X be a hom-shift on G determined by T = (1 1) Alternatively, X is a
full G-shift; it follows immediately that D¢(X) = In), where A = 155 satisfies

A2~ X—-1=0. The following shows that the algorithm in Section 4 derives the same
result.
Observe that 'yi[fg =, for i=1,2 since st =G for jeN. Fori=1,2,

[s1] [s2] [s2]

(71n 1T Yon- 1)(’)’1n 1t 72001

= (V-1 + ’Yz,n—l)(%ffl 1 Wgéfl] 1

Also, F2—F and F

S2 S287

2 = Fy, imply that

[s2] 5251] [s2s1 5282] [s2s2]
Yin-1 ('71n 2 T Y2 2)(71n 2 T2 5)

= (7192912 + 7292912 )(71 + 7, n] 2

foaoa] _ yfsas i ez - vﬁi] s+l
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Hence, the SNRE of X is

Yiyn = 2(11,0-1 + ’72,n—1)(’75fb]—2 + 7%52]—2)(%5;]—3 + 7£872L]—3)

for:=1,2. Let 0, = (ln'yg‘ffﬂln 752]’ In 7{‘2]_1,111 75721]—1), and let
m 71 T2 T2

M= 0 1 d2 L2

1 0 0 O

0O 1 0 O
Then, every simple subsystem of the invariant system In 'yg‘;i], In 72[’8721] is of the form
On = MO, with n; +7; =05 +¢; =1 for 1 <j <2. It follows that lnyl[f;f] ~ e for

1=1,2 and n large enough.

Furthermore, every simple subsystem of X is of the form

Inyp nlny por + 7Dy oy + e 4 (=X

Invygp ~0Iny poy +eInyg pog + e(m=2A 4 e(”_?’)/\,

where n+7 =0 +¢=1. A straightforward examination shows that

_ In(In vy, + I,
D(X) = lim 20070 ¥ I0%200)

n—oo n

In A.

This concludes the desired result.
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