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L. (20 pointé) Evaluate the limits.
(a) (6 points) lim x(n /(i+nx)
X000
b) (6 points) i x%y?
oints im ———
erer =00 2x2 +y?

] ) x + 2)1/1 _ xl/x
c) (8 points) lim
( ) ( p ) =55 (x + 3)1/.\r — xlx

2. (32 points) Evaluate the integrals.
("3 In(tan x) J
——dx

J 4 SID X COS X

0 el/x
(b) (8 points)

(a) (8 points)

(c) (8 points)

& i cilh i
(d) (8 points) J l P vy/a? +y* + 2dzdxdy
J_2Jq

] ._\_w___tl,.__\l

3. (8 points) Find the volume of solid obtained by rotating the region bounded by the following curves about the x —axis:
= —3y7 4+ 12y =945 0.

4. (8 points) Evaluate the line integral J F.dr, where € is given by the vector function r(s);
C
F(x,y,2) = (x +yDi+ x 2§+ + 2)k and ry =131+ =21k, 0<f =2.

1
5. (10 points) If z = —[ f(x —y) # g(c + ¥)], show that
X

d ( 202) , 0%z
—x—)= s
ox 0x dy2

6. (12 points) F(x) is the absolute value function if F(x) = |x].
(a) (6 points) Prove that if f is a continuous function on an interval, then so s the absolute function} f |.
(b) (6 points) Is the converse of the statement.in.part (b) also true? In other words, if | /| is continuous, does it follow
that fis continuous? If so, prove it. If not, find a counterexample.

7. (10 points) Given any series Z a,, we define a series z a; whose terms are all the positive terms of Z a, and a

. = . - N .
series Z a, whose terms are all the negative terms of 2‘ a,,. To be specific, we let
a,+a,| __u,,—]a

n I
a, = 2

If Z a, is absolutely convergent, show that both of the series Z a} and Z a,; are convergent.
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Notations
R: the set of real numbers.
P, (F): the set of polynomials of degree at most n.
Mpxn(F): the set of m X n matrices with entries in F.
R(T): the range of T.
N(T): the kemel of T,
Aj;: the ith element of a matrix A.
Show all your works
(15%) Let V be a finite-dimensional vector space over a ficld F, and let T:V =V be lincar. If

ran k(s zankel*)
Prove that R(T) N N(T) = {0}.
(20%) Two linear operators T and U jon a finite-dimensiondl Vector space V are called simultaneous/y
diagonalizable if there exists anOrderedsbasis B for V suchthat [T]g aud. [Ug, arc diagonal matrices. Prove thal
if T and U are diagonalizablé linear operators.oti 2 finiic-dimensional vector 8pace, V such that TU = UT, then
T and U are simultaneously diagonalizable.
(15%) In R?, let L be the line ¥ = mxy where m #.0. Findranexprassion for T(x,v). where T is the reflection
of R? about L.
(15%) If A € M, (F)"and B is a matrix obtained frot" A by nierchanging any tvo rows of A, then

det(B) = —det(A)

A=(;_g)
Find the general formula of Zﬁ ;—14(; for any positive integer n.
(15%) Let T:P,(R) — P,(R) be defined by
T(F(x)) = ()t ["Ce) + 7 ()
Where f'(x) and f"”(x) denote the first and second derivatives of f(x).Is T invertible? (Examine your answer),
if it is, please find T2,

(20%) Let

]

o | — o HEERRELE RFHS
S I 3 E TR




