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Abstract

Three statistical models were compared with one another in terms of the
ability to recover a unidimensional latent trait from Likert-type data. They are factor
analysis based on polychoric correlations (FA-PL), the graded response model in
item response theory (IRT-GRM), and the weighted multidimensional unfolding
(WMDU). The common procedure of summing up successive integers assigned to
response categories (SSI) served as the base-line procedure. Sample size, test length,
and skewness of item response distributions were manipulated in this simulation
study. Generally speaking, IRT-GRM performed the best and was most robust against
skewness. FA-PL were competitive with IRT-GRM only when item responses were
normally distributed. It performed even worse than did SSI when item responses
were highly skewed. WMDU might be a rival alternative to SSI only when item
responses were normally distributed or moderately skewed and sample size was large
for MDU models (e.g., N=100).

Index terms: Likert-type data, latent trait, factor analysis, item response theory,
multidimensional scaling, Monte-Carlo study.
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Estimating Latent Trait

Data collected from social/psychological research typically produces ordinal
variables. For example, about one half of all recorded observations in the 1975 General
Social Survey were obtained through use of the Likert-type responsc format (Clogg,
1979). However, it is usually assumed that the ordinal manifest variab'e (Y) is obtained
through some crude classification of a continuous variable (Y*), which might have
been obtained if an interval scale were available. In addition, the continuous response
variable (Y*) is assumed to be related except for measurement error to an underlying
latent dimension (8), which is the variable of ultimate inierest in most social/
psychological researches. Therefore, the main objective of the current study is to
compare three statistical models, not in all their aspects, but (n terms of their ability to
estimate the latent variable of interest.

The Assumed Response Processes

Two kinds of disturbance processes are assumed to be involved in measuring a
latent dimension given Likert-type items: a stochastic process and a crude-classification
process. First of all, it is usually assumed that the latent dimension (8) and the
continuous quantitative response (Y*) are linearly and probabilistically related. The
basic mathematical form of this relationship is:

Y*=B0+e, (D

where B is a weight and e is the residual. The latent dimension (8) is assumed to
be stable across various replications, while the residual (e) is assumed to be specific
to replications. For estimation convenience, both 6 and e are frequently assumed to be
normally distributed in the population. In addition, because of the limitations of the
instrument, the continuous quantitative response (Y*) is unavailable and is classified
into an ordinal scale (Y). In terms of underlying psychological processes, it could be
that a person compares his/her potentially quantitative response to the implicit threshold
values on the ordinal scale and chooses one corresponding response category. Therefore,
the relationship between the manifest categorical variable (Y) and the quantitative
response variable (Y*) is an increasing step function. Supposing that five response
categories are employed, the step function can be represented in the following scheme:
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Where t; (i=1, 2, 3, 4) are the threshold values or category boundaries. These
values may be affected by the properties of the items as well as by the labels of the
response categories. They are assumed to be stable across persons. It should be
noticed that the variable of interest is 6 instead of Y*. The latent dimension, 9, is
related to the manifest variable (Y) through both a linear/stochastic function and a
step function.

Traditional Approach

When multiple Likert-type items as indicators of one latent variable are avaiiable,
researchers usually assign successive integers to the response categories and then simply
sum up the raw scores on each item to estimate the true score of each person on the
underlying dimension. This approach (SSI, Sum of Successive Integers) has been often
criticized for its assumption of equal weights for all items and of equal intervals between
ordinal response categories. Three alternative statistical procedures were proposed by the
current study. They were the factor analysis based on polychoric correlations (FA-PL)
(Olsson, 1979b), the graded response model from the item response theory (IRT-GRM)
(Samejima, 1969), and the weighted multidimensional unfolding (WMDU) (Young,
1984). They have been growing out of three distinct areas but have converged in many
aspects, which will be explicated later. Here, it is worth noting that the application of
WMDU to Likert-type data is unique to this paper.

FA-PL

Factor analysis (FA) is usually performed on the matrix of Pearsonian correlations.
Computation of Pearsonian correlations between Likert-type items assumes that
successive integers assigned to the response categories are in equal-interval scales. It
is also well known that the Pearsonian correlation is not free to range from —1 to 1
when the two correlated items are skewed highly in opposite directions (Carroll,
1961; Muthén, 1983). In a simulation study, Olsson (1979a) indeed found a substantial
lack of fit of the true model and attenuated estimates of factor loadings when the
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maximum likelihood FA was performed on the Pearsonian correlations. He suggested
that researchers perform a FA on polychoric correlations when observed variables
were obtained from a classification of some continuous latent variables. Olsson (1979b)
presented two maximum likelihood (ML) estimation procedures for the polychoric
correlations. One of the procedure was implemented in the LISREL program by
Jireskog and Sirbom (1984, 1989).

Joreskog and Sorbom (1988) showed in a simulation study that: a) polychoric
correlations were not sensitive to the marginal distributions of the observed variables;
b) compared to Spearman’s rank correlations, Kendall’s tau-b correlations, and product-
moment correlations, polychoric correlations were the best estimators of the true
latent relationships; and c) polychoric correlations appear to be the only consistent
estimators of the true latent relationships. In another simulation study, Babakus,
Ferguson and Jireskog (1987) also found that, compared to product-moment,
Spearman’s rho, and Kendall’s tau-b correlations, polychoric correlations gave the
most accurate estimates of the true latent correlations and factor loadings.

Based on the above findings, the current study decided to perform factor analysis
on polychoric correlations (FA-PL) rather than on other types of correlations when
Likert-type data were to be analyzed.

IRT-GRM

IRT typically has been developed for scaling dichotomous data onto an equal-
interval scale. For dealing with ordinal polychotomous data, there are at least three
models available: a) the partial credit model (Masters, 1982); b) the rating scale
mode! (Andrich, 1978); and c) the graded response model (Samejima, 1969). Only the
last model was considered in the current study because discrimination parameters
were assumed to vary across items.

Samejima (1969) developed a two-stage procedure to derive the probability of an
individual selecting a particular response category in an polychotomous item. In the
first stage, an item with response category 0, 1, ..., m was viewed as a combination of
m-1 dichotomous items and the two-parameter model was applied to model the
cumulative probability of an individual responding to a particdlar or higher category.
This idea is expressed by the following equation:

m CXP[ai(en - byl
ZTij= ,k=1,....m 3
=K 1 + expla(8, — by)]
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where T, is the probability of person n responding to item i with response category j,
a; is the discrimination parameter for item i, b, is the category boundary between
response category k and k-1 of item i, and 8n is the latent trait level of individual n.

In the second stage, the probability of an individual responding to a particular
response category j is given by:

m m
M= 2 M= & Ty k=0, .., m. C))
j=k j=k+1

Equation (3) is the general form for drawing the operating characteristic curves
for a graded response item.

Samejima’s graded response model allows a parameter for each item to have a
different discrimination power. In addition, it allows the category boundaries to vary
across items. This model is conceptually similar to the FA-PL model. The applicability
of the IRT-GRM to Likert-type scales has been demonstrated by several studies (e.g.,
Dodd, 1984; Dodd, Koch & DeAyala, 1988; Koch, 1983; Thissen & Steinberg, 1988).

WMDU

Traditionally, multidimensional scaling (MDS) has sometimes been applied to
proximity measures including intercorrelations or squared euclidean distances between
Likert-type items (e.g., Romney, Shepard, & Nerlove, 1972). These applications,
however, usually concentrated on the configuration of items and neglected the
estimation of subjects’ coordinates. If MDS practitioners were interested in estimating
subjects’ coordinates, they might employ Coombs’ (1964) internal unfolding or
Carroll’s (1972) external unfolding procedures. Unfortunately, the two classical
unfolding procedures may not fit the response process of Likert data very well because
they simply compress each Likert item into one geographical point and bypass the
estimation of threshold values and of discrimination parameters. Inadequate matching
between analytic models and response processes causes inappropriate estimation and/
or degenerate solutions (Chan, 1991; Koch, 1984).

Davison and Skay (1992) also discussed two MDS alternatives to FA for item
responses. The first alternative was a vector model in which subject parameters reflected
the significance of a dimension for the subject rather than the latent-trait ievel of the
subject. The second alternative was still in the tradition of Coombs’s (1964) internal
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unfolding model. Consequently, neither alternatives can adequately model the response
process of Likert-type data discussed previously.

If response categories of each Likert item were regarded as stimuli and each item
was treated as a vector of response categories rather than a point, then the correlation
between each item and the latent dimension can be modeled by WMDU (Young,
1984). WMDU can be viewed as the individual differences scaling model (Carroll &
Chang, 1970) extended to preference data. For simplicity of expression, the model is
shown with matrix algebra as follows:

6nji = fn(dnﬂ) = fn{ [(Xn - l}),wx(Xn - .).(_j)]l/z}i (5)

where d,; is the proximity between row n and column j for matrix i, f, is the
monotonic function for row n, d,; is the estimated distance corresponding to Oy, yn is
the vector for row n, x; is the vector for column j, and the diagonal W, is the weight
for matrix i. In the current situation, subscripts n, j, and i correspond to subjects,
response categories (e.g., “strongly disagree” or “moderately agree”), and items.
Therefore, 3,; is the proximity measure between subject n and response category jon
item i, d,; the estimated distance between subject n and response category jonitem i,
Y, the estimated coordinates for subject n, X; the estimated coordinates for response
category j, and W, the weight for item i. It can be seen that the weight for “individual
difference” is applied to model the differences in item discriminations or factor loadings
on the latent dimension. It should be noted that o, is a rescored proximity measure
indicating preference order in response categories, which is to be demonstrated in the
next paragraph.

A scheme of recoding raw data is required before the WMDU model could be
applied to Likert items. The following demonstration assumes 5-point scales. Let Y
represent the integer response score obtained by each subject, while C,, C,, c,, C,
and C; represents the five response categories across items. According to the following
scheme, data recoding can be made for each subject;

If  Y=I,then C,=1, C,=2, C;=3, C,=4, C,=5;
Else if Y=2, then C,=2, C,=1, C,=2, C,=3, C,=4:

L]

Else if Y=3, then C,=3, C,=2, C,=1, C,=2, C,=3: (6)

Else if Y=4, then C,=4, C,=3, C,=2, C,=1, C;=2;
Else if Y=5, then C,=5, C,=4, C,=3, C,=2, C,=1.

After the above recoding procedure was applied to every subject, a “three-way
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three-mode” data set was formed with row stimuli corresponding to subjects, column
stimuli cocresponding to response categories, and matrices corresponding to items.
The above derivation implied that Y is an interval variable. When the WMDU model
was applied, however, data in each rectangular matrix were considered to be ordinal
and row-conditional because of the existence of f, in equation (5). This is a novel
application of unfolding models to Likert-type data. With this application, however,
coordinates of subjects and of item response categories and the weight for each item
can be estimated with respect to the latent dimension. Although only one set of
coordinates of response categories is estimated for all items, this model preserves
each Likert-type item as a vector and, therefore, is able to model the relationship
between euch item and the latent dimension.

Comparative Analysis

Although FA-PL, IRT-GRM and WMDU have been growing out of three distinct
areas, they are similar in many aspects. First of all, the original data for FA-PL/IRT-
GRM and the derived data for WMDU are assumed to be ordinal but the underlying
dimension(s) is (are) assumed to be continuous. Second, they are able to estimate
threshold values of response categories for each Likert item. Third, they are able to
estimate the relationship between each item and the latent dimensions(s): FA-PL with
factor loadings, IRT-GRM with discrimination parameters, and WMDU with weights
for matrices. Finally, they all estimate the level of latent trait for each subject: FA-PL
with factor scores, IRT-GRM with subject parameters, and WMDU with subject
coordinates. Note that item parameters, including estimates of threshold values and of
relationships between items and the latent dimension, were not variables of direct
interest in the current study. They were not directly comparable because they had
different metrics in the three models of interest. It was assumed by the current study
that the inadequacy of modeling the item parameters would ultimately be reflected in
the inaccuracy of estimating the subject parameters.

The three procedures are also different in many aspects. First of all, IRT-GRM is
only applicable to unidimensional data while the other two procedure are able to deal
with multidimensional data. Thus, the current study merely investigated the
unidimensional case. Second, WMDU estimates one set of response-category
coordinates for all items while the other two procedures estimates different sets of
threshold values for different items. Therefore, WMDU is less flexible and should
perform worse than do the other two procedures when threshold values vary across
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items, which is the case assumed by the current study. Finally, FA-PL with the two-
stage maximume-likelihood estimators of polychoric correlations requires that the latent
variables are normally distributed, which in turn requires that the corresponding
observed item responses are approximately normally distributed. The more severely
the distributions of item responses depart from normal distributions, the less accurately
the latent relationships will be estimated. By contrast, there is a well known property
of “item-free person measurement” and “sample-free test calibration” in IRT if the
particular model fits the data (Wright, 1967). Therefore, the performance of FA-PL is
predicted to be as good as IRT-GRM only when item responses were normally
distributed and to be worse than it when distributions of item responses were skewed.

The effect of the distributional property of the latent dimensions on the WMDU
estimates is unknown. With the alternating least square approach (Young & Lewyckyj,
1979), MDS or MDU solutions are usually descriptive rather than inferential. Therefore,
distributional assumptions are seldom discussed except in the emerging field of
maximum likelihood MDS. However, no mention of distributional assumptions does
not imply that the estimates from WMDU will not be affected by the distribution of
the latent dimension. Gillespie (1989) have noticed that item response distributions
may affect MDS results. The current study expected that the degree of distributional
skewness should have effects on WMDU performances. In addition, since WMDU
estimates one set of response-category coordinates for all items, it should perform
worse than did FA-PL and IRT-GRM when distributions of item responses were
differentially skewed, where response categories had highly varying threshold values
across items (This condition is defined in the methodology section).

The current study was concerned about not only the practical implications of the
compared statistical procedures but also the theoretical interest in pointing out the
conceptual similarity of FA-PL, IRT-GRM, and WMDU, which were usually discussed
in isolated traditions.

Methodology

The Simulated Situation

For each item, a continuous response variable (Y*) was generated by the

RANNOR function of the SAS statistical package (SAS institute, Inc., 1985) according
to the following formula:
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Y*=B 0+ V(1 -F)E, (7

where O was the set of standardized Z-scores on the latent variable, B was a
regression weight conceptually corresponding to the relationship between the item
and the latent variable, and E was the error or residual vector. Both © and E were
generated by SAS RANNOR according to the normal distribution and had a mean of
zero and a variance of one. Therefore, Y* also had a mean of zero and a variance of
one. The values of - were systematically chosen and randomly assigned to each item
(see Table 1).

Secondly, the integer response score (Y) for each simulated subject was decided
according to equation (2). Note that the threshold values (t) in equation (2) were
systematically chosen to produce desired skewness values, which will be explicated
later.

Dependent Variables

The dependent variable of interest was the absolute value of Pearson correlations
between the recovered and the true person parameters. When necessary, the estimated
latent trait continuum was reversed to have the same direction as the true latent trait
continuum before the correlation was computed. Pearson correlations was employed
as criterion in order to eliminate artificial scaling factors in different computer programs
while keep the distributional shape of the estimated latent trait continuum unchanged.

Independent Variables

There were four independent variables: 1) Sample sizes (30 vs 100 vs 1000
subjects); 2) Test lengths (/12 vs 24 items); 3) Distributional characteristics of item
responses (normally distributed vs moderately skewed vs highly skewed vs differentially
skewed); and 4) Four statistical procedures used to recover the true parameters (FA-
PL vs. IRT-GRM vs. WMDU vs. SSI). The first three independent variables were used
to form 24 (= 4 X 3 X 2) experimental conditions, within each of which five replications
of the simulated data were generated. In each cell, five replications were among the
lowest limit of number of replications found in literature and were adopted by the
current study simply due to limitation of computer time, which is expensive for FA-
PL, IRT-GRM, and WMDU.

Because a sample size of 1000 subjects (Case I) was too large for most current
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MDU procedures, only FA-PL, IRT-GRM, and SSI procedures were compared with
each other in this case. A sample size of 100 subjects (Case II) was very special
because all four statistical procedures were applicable in this case. This size of sample
might be insufficiently large for FA and IRT but was considered very large for MDU
procedures. Given this case, a comparison of FA’s with IRT’s robustness against
small sample size was available. Finally, a sample size of 30 subjects (Case III) was
evidently too small for FA and IRT, so that only WMDU and SSI were compared
with each other. The last case was investigated because MDU models are frequently
employed to deal with small sample sizes.

The distributions of item responses are a function of item threshold values. In
terms of standardized Z-scores, the population threshold values were systematically
chosen so that each item had a distribution with desired skewness value in the
population (see Table 1). Skewness were computed through the following procedures:
1) Successive integers, 1 thru 5, were assigned to the five response categories; 2)
Population means and standard deviations of these response scores for each item were
obtained with the formulas, u = E(X) = 2P, X,, and o?= E(X?) - 12, where X; was the
set of integer scores ranging from 1 to 5 and P; was the probability of each integer
score; 3) The assigned integer scores were standardized with the obtained mean and
standard deviation; 4) Skewness was computed as the third moment of the standardized
scores.

Skewness values were deliberately chosen to produce normal, moderately skewed,
highly skewed, and differentially skewed distributions of item responses (see Table 1
and Table 2). Within each distributional condition, twelve B weights (.35, .40, 45,
.50, .55, .60, .65, .70, .75, .80, .85, .90) were randomly assigned to the 12 items. The
twelve items serve as “core items” and were duplicated in order to obtain the condition
of 24 items.

The expected proportion of subjects responding in each response category was
computed as the area between threshold values under the normal curve. An effort was
made to avoid the expected number of cases in each response Zdategory being zero
when extreme threshold values were to be selected.

Programs and Procedures for Estimation
For applying the FA-PL procedure, the LISREL VI computer program (Joreskog
& Sirbom, 1984) was employed. In general, ML estimation was adopted. However,

when the matrix of polychoric correlations was not positive definite, the unweighted
least square estimation was used. Starting values for all parameters were set at .5.
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Table 1
Population Threshold Values in Terms of Z-Scores

. Item Threshold Values
Dist. . tl G ts t, Skewness B
1. =2.076 -716 716 2.076 .000 .55
2. -2.052 =712 712 2.052 .000 .80
3. -1.836 -.676 676 1.836 011 35
4. -1.812 -.672 672 1.812 011 5
5. -1.740 -.660 660 1.740 .010 .50
M 6 _1692  -65 652 1692 000 45
7. -1.668 —-.648 648 1.668 .000 .90
8. -1.620 -.640 640 1.620 .000 .65
9. -1.596 -.636 636 1.596 .000 40
10. —-1.548 -.628 628 1.548 -.010 .85
11. -1.500 -.620 620 1.500 -.010 70
12, -1.476 -.616 616 1.476 -.010 .60
1. -1.645 -.862 -331 1.100 -.720 .50
2. -1.345 -942 -415 .900 -778 75
3. 1645 -1.002 -478 750 -.835 .80
4, -1.645 -1.062 -541 .600 -.878 .65
5. -1645 -1.122 -.604 450 -.989 45
2) 6. -1.645 -1.142  -625 400 -1.021 .90
7. —1.645 -1.162 -.646 350 -1.083 ¢
8. -1.645 -1.202 -.688 250 -1.129 40
9. -1.645 1222 -709 200 -1.172 .85
10. -1.645 -1.242 -730 150 -1.213 .35
11. -1.645 -1262  -751 100 -1.261 .55
12. -1.645 ~1.282 =772 .050 -1.307 .60
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Table 1
(continued)

Item Threshold Values

Dist. N t t, ty t, Skewness B
1. ~1.815 -1316 -.959 460  -1.753 .60
2. -1.830 -1.336 -982 -490  -1.808 35
3. ~1.845 -1.356 -1.005 ~520  -1.858 85
4. ~-1.860 -1.376 -1.028 -550  -1.916 50
5. -1.875 -1396 -1.051 -580 -1911 .80

B 6 _1890 -1416 -1074  —610 —2.035 45
7. -1.905 -1.436 -1.097 640  -2.095 70
8. ~1.920 -1.456 -1.120 ~670 2159 40
9. -1.935 -1.476 -1.143 ~700  -2.140 55
10. 1950 -1.496 -1.166 ~730 -2.282 75
11. -1.965 -1.516 -1.189 -760  -2.261 90
12. -1.980 -1.536 -1.212 790 2330 65
1. 790 1212 1.536 1.980 2.330 40
2. 610 1074 1416 1.89- 2.035 75
3. 460 959 1316 1.815 1.753 90
4. -050 772 1.282 1.645 1.307 55
5. -350 646 1.162 1.645 1.083 65

“) 6. -1.100 331 862 1.645 720 45
7. -1.645 862 -331 1.110 -720 80
8. -1.645 -1.162 —.646 350  -1.083 50
9. -1.645 -1282 -772 050 -1.307 35
10. -1.815 -1316 -.959 -460  -1.753 85
11. -1.890 -1.416 -1.074 610  -2.035 60
12. -1.980 -1.536 -1.212 =790 -2.330 70

Note: Dist. (1) = Normally distributed; Dist. (2) = Moderately skewed: Dist. (3) = Highly skewed; Dist.
(4) = Differentially skewed.
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Table 2. Range, Mean, and SD of Skewness Values of
12 Items in Each Condition of Item Response Distributions

Dist Range of Mean of SD of
’ Skewness Skewness Skewness
€3] -1.010t0 .011 .000 .007
2) - 720 to - 1.307 -1.032 187
3) -1.753 t0 - 2.330 -2.046 187
4) -2.330t0 2.330 .000 1.640

Note: Dist. (1) = Normally distributed; (2) = Moderately skewed; (3) = Highly skewed,;
(4) = Differentially skewed.

In LISREL VI, the matrix A of regression weights to compute factor scores were
obtained by the formula (Lawley & Maxwell, 1971, p.109):

A=¢g A" 2T,

where ¢ is the matrix of estimated factor correlations, A is the matrix of estimated
factor patterns, and > is the matrix of reproduced correlations.

For applying the IRT-GRM procedure, the MULTILOG computer program
(Thissen, 1986) was employed. ML estimation was used to estimate item while
conditional marginal ML was used to estimate person parameters. By default, the
starting value for discrimination parameter was 1.0, while the starting values for the
threshold parameters were —1.39, -0.405, 0.405, and 1.39 respectively.

For applying the WMDU procedure, the SAS PROC ALSCAL computer program
(Young & Lewyckyj, 1979) was employed. Before analysis, the usual item-person
data matrix was converted into k (the number of items) category-person rectangular
matrices according to equation (9). Data in each rectangular matrix were considered
to be ordinal and row-conditional. Tied data were set to be untied. Number of
dimensions was set at two, which was the minimum number required by the individual
differences MDS. The subject coordinates on the first dimension were taken as estimates
of the latent trait.

Results

Means and standard deviations (SDs) of correlations between true and recovered
person parameters were presented in Table 3 thru Table 5. Since correlations in ¢ach
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cell were rather close, their means and SDs were computed without transforming
correlations to Fisher’s Z because the transformation made negligible differences in
the resultant mean correlations (after the 2nd digit of the decimal point.)

Descriptive rather than inferential statistics were used for analysis because of the
following reasons: a) In Table 3, significance tests of mean differences would be
redundant due to extremely low variation across replicated samples; b) In Table 4 and
5, significance tests of mean differences seemed inappropriate because the homogeneity
assumption was violated; and c) Practical significance was of greater concern than
was statistical significance in the current situation. The following analyses would
focus on systematic patterns and practical significance. Practical significance was
roughly judged by the ratio of each mean difference to the standard deviation of the
combined sample. For being judged as “practical significance” a mean difference of
at least one standard deviation was considered. When the two standard deviations
involved in comparing means were highly heterogeneous, a more conservative
conclusion was drawn,

Case I: N=1000

In this case, IRT-GRM, FA-PL, and SSI were compared with one another.
Generally speaking, IRT-GRM performed best among the three procedures in terms
of recovering the latent trait parameters (Table 3). However, a few interactions between
the recovering procedures and the distributions of item responses could also be
observed. First, compared to FA-PL, IRT-GRM performed just as well as did FA-PL
when the item responses were normally distributed but it tended to outperform FA-PL
when the distributions of item responses became skewed. The advantage of IRT-
GRM was especially evident when the distributions of item responses were highly
skewed. Second, compared to the common SSI procedure, IRT-GRM performed slightly
better when the distributions of item responses were normal, moderately skewed, or
differentially skewed but much better when the distributions were highly skewed. It
seemed that IRT-GRM was more robust against skewness than the other two procedures
involved. These results were true across the conditions of test length.

FA-PL performed slightly better than SSI when item responses were normally
distributed. This advantage of FA-PL tended to disappear when distributions of item
responses were moderately or differentially skewed. Moreover, FA-PL performed
slightly worse than SSI when the distributions of item responses were highly skewed.
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It seemed that FA-PL. was more sensitive to the disturbance of skewness than was
SSI. These results were true across the conditions of test length.

It is not surprising that both test length and distributions of item responses have
a main effect. All three procedures performed better in the condition of 24 items than
in the condition of 12 items. They performed best when the distributions of item
responses were normal, next best when the distributions were moderately or
differentially skewed, and worst when the distributions were highly skewed.

All recovering procedures were pretty stable across replicated samples according

Table 3
Means and S.D.s of Correlations between True and
Recovered Person Parameters for Case 1 (N=1000)

#Items Dist.? IRT-GRM FA-PL SSI
12 (1) 95" .00y 95 (.00) .93 (.00)
2) 94 (.00) .92 (.00) .91 (.00)
3) .88 (.00) .80 (.OD) .81 (.01)
4) .93 (.00) 93 (0D 91 (.00)
24 (1) 98 (.00) .97 (.00) 96 (.00)
(2) 97 (.00) .94 (.00) .94 (.00)
3) 92 (.00) .83 (0D .85 (01
4 97 (.00) 96 (.00) 95 (.00)

a Dist.(1) = Normally distributed; (2) = Moderately skewed; (3) = Highly skewed; (4) =
Differentially skewed.

b Means over replications.

¢ The number in the parenthesis is the standard deviation of five replicated correlations.

to the fact that all standard deviations of the five correlations were less than or equal
to 0.01.

Case II: N=100

In this case, all four procedures were compared with one another. Generally
speaking, IRT-GRM performed best among the four procedures in terms of recovering
the latent trait parameters (Table 4). This conclusion depended somewhat on the
condition of item response distributions. When the item responses were normally
distributed, IRT-GRM performed just as well as did FA-PL, WMDU, and SSI
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However, it outperformed all other three procedures when the distributions of item
responses were moderately or highly skewed. When the distributions of item responses
were differentially skewed, IRT-GRM performed slightly better than did FA-PL and
SSI but much better than did WMDU. It seemed that IRT-GRM was more robust
against skewness than were the other three procedures.

FA-PL and SSI had similar performances across most conditions. However, a
slight tendency might be observed: although FA-PL performed as well as or even
slightly better than did SSI when the distributions of item responses were normal or
moderately skewed, it performed worse than did SSI when the distributions were
highly skewed. These results implied that FA-PL might be more severely disturbed by
a high degree of skewness than was SSI.

WMDU performed as well as did IRT-GRM, FA-PL, and SSI when distributions
of item responses were normal. It performed worse than IRT-GRM when distributions
of item responses were moderately or highly skewed. It performed much worse than
all other three procedures when item responses were differentially skewed.

As in Case I, all procedures performed best when item responses were normally

Table 4
Means and S.D.s of Correlations between True and
Recovered Person Parameters for Case IT (N=100)

Dist.* IRT-GRM FA-PL SSI WMDU
12 items

€8] 95° (01) 95 (0D 95 (.01 .94 (.01)

) 95 (0D 92 (01) 91 (.02) .92 (.01

3) 89 (.02) .79 (.06) .82 (.03) .81 (.04)

) 92 (.02) .92 (.02) 90 (.03) .83 (.02)
24 items

(1) 97 (.00) .97 (.00) 96 (.00) 97 (.00)

) 96 (.00) 94 (0D 94 (0D .94 (.01)

3) 90 (.01 84 (.03) .85 (.03) .81 (.05)

) 97 (0D 95 (.03) 95 (0D .89 (.03)

a Dist.(1) = Normally distributed; (2) = Moderately skewed; (3) = Highly skewed; (4) = Differentially skewed.
b Means ovur replications.
¢ The number in the parenthesis is the standard deviation of five replicated correlations.
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distributed and worst when distributions were highly skewed. Besides, increasing test
length improved estimation for all procedures regardless of conditions of item response
distributicns.

Case II1: N=30.

In this case, WMDU and SSI were compared with each other. The common SSI
procedure performed as well as or better than the WMDU procedure in all conditions
of test length and of response distributions (Table 5).

Not surprisingly, both SSI and WMDU performed best when item responses
were normally distributed and performed worst when item responses were highly
skewed. However, SSI performed better when item responses were differentially skewed
than when item responses were moderately skewed, while WMDU had the opposite
pattern of performances. The above outcomes became even clearer when number of
items became larger.

Conclusions across Cases

Table §
Means and S.D.s of Correlations between True and Recovered
Person Parameters for Case II1 (N=30)

#Items Dist.? SSI WMDU
12 (D 93 (.02 92 (.05)
(2) .89 (.05) .88 (.05)

3) 79 (.08) 76 (.04)

)] 91 (.03) 84 (.07)

24 (1) 96 (.01) 96 (.02)
(2) 94 (0D 92 (.02)

3) 87 (04) 81 (.04)

4) 94 (.02 91 (02)

a Dist.(1) = Normally distributed; (2) = Moderately skewed; (3) = Highly skewed; (4) =
Differentially skewed.

b Means over replications.

¢ "he number in the parenthesis is the standard deviation of five replicated correlations.
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1) From the best to the worst, the general performances of the four procedures
could be ordered as follows: a) IRT-GRM, b) FA-PL and SSI, and ¢) WMDU.

2) IRT-GRM was more robust against skewness than the other three procedures
even when sample size was as small as N=100.

3) FA-PL was competitive with IRT-GRM only when item responses were
normally distributed.

4) The WMDU procedure was generally not a better alternative to the common
SSI practice. It performed as well as did SSI only when item responses were normally
distributed or moderately skewed and when sample size was large for MDU (e.g.,
N=100).

Discussion

The predicted relative merits of FA-PL, IRT-GRM, and WMDU were generally
confirmed. IRT’s non-linear formulation of the relationship between responses and
latent traits seemed to have some advantages, especially when distributions of item
responses were skewed. The current study suggests that when distributions of item
responses are moderately or highly skewed, IRT-GRM is the favored choice for
estimating the latent trait. When item responses are normally distributed, IRT-GRM,
FA-PL, and WMDU are all reasonable choices, which may be decided according to
other objectives.

With small samples and “few” items (e.g., 100 subjects and 12 items), current
results seemed to suggest that the recovery for IRT-GRM was better than what
researchers have generally experienced with 2-parameter IRT models. The reason is
probably not in the particular computer program used but in the particular IRT models
used. In IRT-GRM, one Likert item with m response categories was viewed as a
combination of m-1 dichotomous items. Therefore, 12 Likert items with 5-point scales
are potentially able to provide information from 48 dichotomous items. Increasing
number of homogeneous items normally improves estimation of person parameters.

Although distributional assumptions are infrequently discussed in the MDS
tradition, the current study found that item response distributions did affect WMDU
performances. WMDU was not more robust against skewness than any other procedures
investigated. Besides, WMDU performed evidently worse than all other three
procedures when item responses were differentially skewed. It is surprising that WMDU
performed even worse than did SSI in this condition.

The common SSI practice for estimating the latent trait from Likert-type data has
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usually been criticized for its strong assumption of equal intervals in the ordinal
scales. The present study found that this strong assumption was not very harmful
given that the number of response categories for cach item was five. In the present
study, the SSI procedure might be slightly worse than the IRT-GRM but was
comparable with the sophisticated FA procedure. The SSI procedure was even more
robust against skewness than was the FA procedure. In addition, SSI was as good as
or better than the WMDU procedure. If computer time and computational simplicity
were the major consideration, the common SSI practice became morc attractive than
the other three procedures. This implication is limited in the conditions currently
investigate but is consistent with Cohen’s (1990) suggestion.

Based on the results of the current study, SSI might continue to be the procedure
of choice because of its simplicity. Then, under what conditions would a researcher
prefer an estimation based on mathematical models? The answer depends on the
objectives of the researcher. Sometimes, researchers would sacrific. simplicity for the
mathematical properties of the three models involved. IRT models have the well
known property of “item-free person measurement” and “sample-free test calibraton”
(Wright, 1967). Therefore, IRT models are very suitable for dealing with test equating
and adaptive testing. FA models are able to handle large numbers of latent variables
and, if embedded in the context of structural cquation modeling, are able to statistically
test hypotheses about latent structure, i.e., the relationships among laient variables,
Finally, MDS transforms psychological relationships to spatial relationships and can
satisfy researchers who prefer pictures to numbers for revealing the meaning of data.

Limitations

Regarding the latent space, the current study investigated only the unidimensional
case. Some of the current findings may not be generalizable to multidimensional
cases. For example, IRT-GRM which utilizes marginal ML estimation based on the
full information approach is preferable for long tests with few factors. Marginal ML
is better with few factors because it requires integration over the cntire factor space,
which implies geometric increases in computation load as the number of factors
increases. Therefore, the merit of IRT-GRM over the other procedures considered
may disappear in the multidimensional cases.

Although Likert-type items are often based on 5-point response scales, general
attitude measurements may also frequently be implemented with non 5-point scales. It
is unknown whether or not the current findings would generalize to non 5-point
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scales. Although the current study had no reason opposing this kind of generalization,
a further study is needed for providing persuasive evidences. It is possible that, due to
the increasing or decreasing number of parameters to be estimated, the relative merits
of the three models investigated may change with differing numbers of response
categories.

There are many kinds of item-response distributions that are qualitatively different
from one another. For example, U-shaped, uniform, or other irregular distributions
are occasionally encountered in practice. The current study, however, investigated
only normal and skewed distributions. It is still unknown how accurate the four
statistical procedures would be in estimating the latent trait from Likert-type data
given those response distributions which were not investigated.

Invariance of the response threshold values across subjects is a major and neglected
assumption of psychological research (Brady, 1989). It is also assumed by the current
simulation processes. The effects of violating this assumption on the performances of
the statistical procedures discussed above need to be explored in a further study. If
this assumption is violated seriously, performances of all procedures except WMDU
may be affected. WMDU may be appropriate for interpersonally incomparable data
because in the “three way three mode” data set input for WMDU, the row stimuli
which represent subjects/persons can be set to be row-conditional.

Although the current study tended to assume that the performance differences
among investigated procedures were mainly due to mathematical modeling, estimation
algorithms could be a minor confounding factor when comparisons were made across
IRT, FA, and MDU. Further studies are needed to isolate the effects of estimation
from those of modeling.

Finally, the number of replications in the current study was small though the
replicated estimations seemed to be stable. Besides, the criterion for assessing the
four procedures was insufficient because Pearson correlations can reflect only the
stability of relative positions of latent traits. Further studies were encouraged to utilize
more replications and more assessing criteria.
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