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ABSTRACT

A familiar problem is to test whether two samples have come from
identical populations. A frequently considered alternative is that the populations
differ only in dispersion. If the observations are univariate, several parametric
or nonparametric tests have been proposed in the literature. However, the
bivariate case seems to have been studied far less fully. In this paper, the
likelihood ratio test is derived and its distribution is studied if the underlying
distributions are bivariate normal. The asymptotic relative efficiencies of the
nonparametric tests R and R* suggested in Liu (1982) with respect to the
parametric competitors are also investigated for bivariate normal and bivariate
uniform distributions.

Introduction

Consider a bivariate two-sample problem: Suppose that (X;;, X4;), - .
1 Xim, Xom) and (Y4, Ya21), - - ., (Yyn, Y3,) are two independent bivariate
1 random samples from populations with continuous distribution functions Fx ,x,
; : (x1,%;) and Gy, (¥:,Y,) respectively such that

Gz-y(}’x, ¥2)=Fx.p (6.1y1, 82y2) for all (4, y2)
and for some 6, >0,60, >0,
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where X = (X,, X;), Y=(Y;, Y,) and » = (v, ;) is the common median. We
would like to detect differences in variability or dispersion for the two populations.
Two nonparametric tests R and R* are suggested in Liu (1982).
If the common mediany = (v;,v,) is known, we define Ry, 5 to be the Mann-
Whitney (1947) test statistic for the two independent random samples

U‘,U2,...,UmandVI,Vz,...,Vn

M=

D..

m
ie, Ryn= X s
R = N

1

j
where Dy =1if Ui >Vjforalli=1,2,...m,
= (0 otherwise ji=1,2,...n
U = [(Kger)? + Kagva)21? fori=1,2,....m,and
V] = [(Ylj—vl)z +(Y2j—V2)2] forJ= 17 29 BERIPS ¢ N

If the common median y = (v,, ¥,) is unknown, we define Rj 5 to be the
Mann-Whitney test statistic for the two samples,

Udn, USN, ..., Umn and ViN, V3N, ..., VAN
m n
ie., Run= Z ZDf,
S =1 j=1
where Dﬁ =1 ifU{'fq >V]~*N forali=1,2,...,m,
=0 j=1,2,...,n
%
Uin = [(X1i-M1n)? + X2i-M2n)*17,
= ; %
ViN=[(Y1;-M1n)* + (Y2;-Man)?17,

N=m+n, and

MN = (M1 N, MaN) is the combined sample median.

In this paper, we would like to seek appropriate parametric tests for bivariate
normal and bivariate uniform distributions and investigate the asymptotic relative
efficiencies (ARE) of the nonparametric tests R and R* with respect to the
parametric competitors.
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The Test Statistic F",'n ,n Under Normal Theory

In the univariate case, the general distribution model of the scale problem
for two independent random samples

Xy,...,Xmand Y,..., Yq
is Gy_pu (t) = Fx_py (8t) where u is the-common location. The null hypothesis

of identical distribution then is H: 6 = 1 against either one- or two-sided alter-
natives. Under normal theory, the parametric test for the scale problem is the

X; — X)?/(m — 1
statistic Fry, o —_i ( ) )

/-\

~Y)?/(n - 1)

'_li"M:a || M3

o

We are now interested in seeking an appropriate parametric test for a bivariate
normal two-sample scale-model so that later we can compare the efficiency of the
nonparametric tests with it. .

Let us consider the bivariate normal two-sample scale-model as follows:

- Suppose (Xi1,X21), .- ., Xim, Xom) and (Y11, Y21), ..., (Y1n, Y2p) are
two independent random samples from Na((1y, py), ( 21' p;a)) and N (11, 12),
( pgb P %b)) respectively, where p1 and p, are the known correlation coefficients,
B= (uy, My) and n= “(my, mz) are unknown means, a and b are unknown scale
parameters. Then Q= [(a,b,uy,uy,m,m) 1 0<a,b<eoo, —oo <y iy mymy <o),
The hypothesis H': a = b, K’ and n unspecified, is to be tested against A’: a#Db,
4 and 1 unspecified. Then w = [(a,b,uy,1y, MmN 0 <a=b <oo, —0 iy uy,
n1.My < o). We are going to derive the hkehhood ratio test and study its
distribution. The likelihood functions are

1 ‘B
(Zﬂ)m+nambn(1_p12)m/2(1_p22)n/2 . *

L(Q)=

m - .
& [(x1=11)? — 20 Goyi=p Mkgi—#2) + (k-7

2a(1-p;%)
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n E
'zl [(YIj“TH )2 - 209()’1]-—7)1)()'2]-—122) + (ij—nz)z] L The
]=

2b(1-p,%)

, 0
] If —
1 1
and L(w) = "
(21.-)m+nam+n(1—p12)m/2(1—p2“)n/2
1 then
= 2 2 1
'El ((Xli_”l) —2p1(xli-“l)(x2i““2)+(x2i_”2) )
1=
© exps ——I|
U (1-0,%)
2 (31,2000 1 XY 3-p) + G g1 ))
1 1i PASSUIRUTAS STV} 2i™ M
+ ]}
2
(1-92 ) .
AlogL(£2) dlogL(f?) dlogL(f2) dlogl(f2) dlogl(R dlogL(Q2 - .
¢ gL()’ 8()’ og(), SL()’ g()and g()areequatedto - maxi
2 ab w, A, an, an,
) m - . m - . n _
zero, then u; ) = _El Xpifm = Xy, 1y = .El Xyim = Xy, myq = .Zl Yy/n =Y,
n /'; : Hence

1729 = j__E_l Yzj/n = Y29 ?

m - - - —
.21[( X;i=Xp)? = 2, (X ;X XXpi—Kp) + (Kp-X,)?]
1=

aQ = 5
2m(1-p; %)

> T 2 3 v Ry

._1[(Y1j_Y1) =20, (Y 15=Y (Y=Y 5) + (Y- Y )]

and b = J 5 - maximize L(§2).

2"(1“P2 )
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; - 1
[ The maximum is 1(2) = exp(—m-—n).

| @OTGG ) (1-p, 10,2

dlogl(w) oogl(w) dlog(w) dlog(w) dlog(w)
If , — , , are equated to zero,
% oy Wy Oy o,y |

Fothen  pyg = Xppbpe = X9l = Yy = Y3 and

m - — — -
: ‘21 [(;5-X,)? — 20, (X=X XKy Kp) + (Kp-X5)]
- R ¢t

% " (mtn) ¢

l—pl2

n —— ’ — — —
2 1007 = 2050y Y0~ T) + ()]

i

lk—p22
maximize L(w). The maximum is

L(w) = ! exp(—m-—n)

(2,,)m+n(5w)m+n(l —P 2)m/2(1 _p22)n/ 2
L) G o)

Hence A —

L) @ ™

m — — — —
Z [(X;-X)? - 20, (XX )Xo X,) + (Xp—Xo)*]

{ i=1

2m(1-p,?)

m _ — _ _
Z (X=X = 20, (X=X K- X5) + (Kp-X,))

{ 1 [Fl
2(m+n) 1-p, 2
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n ~r ~; 5 hmgd .
T [(Y Y1) = 20,(Y 357 YY) + (V)71 °

1= }

2n(1-p,%)

m+n

VL]

(V=Y )% = 20,(Y ;T MY 5-Fp) + (¥Y55-Y)P)

+Jl ]}

1—p22

m — ¢ — —_— —
'El (X=X )% = 203 (X=X XKy Xp) + Ky -X,) ]
1= .

{

2
_ (m+n)™ 1-p,

mmnn m =2 _ _ . =
'21 [(Xq;=X )" = 20, (X=X HXg;=X5) + (X33—X3)7]
1=

{

1—;:)12

n — — — —
jfl [(Ylj_Y1)2 - 2p2(Y1j——Y1)(Y2j—Y2) + (Yzj_Y2)2]

}

1—;)22

j
! 15,

n — — — —
z [0 3;-Y1)% = 205(Y ;=¥ )Y -Y,) + €YY )2

2

m —_ — —_ —
2 10X)? = 20, (X=X )X Xy) + (X=X’ /(1 Xm-1)

i n — — — —
2 (0V3y=Y,)" = 20500 1y=¥ ¥ ¥p) + (V5 ) ) 10—, o)
| F
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@™ moymeeyt  Fpg”

gD [(m-—l)i?;"n +(n—1)jm*n

. Thus, the critical region A < A is equivalent to F* nScyorFo * n = C,. Finally,
¢ the likelihood ratio test for testing H': a=b, H and n unspeC1f1ed agamst A’ a¥Fb,
’ H and n unspecified, can be based on F

In this normal-theory model, we can show that for every 6 = (a/b)!/2
€ = (0,0), the distribution of F;';l,n/ﬂ2 is F with 2(m—1) and 2(n—1) degrees

of freedom. We first need the following lemmas.*

Lemma 2.1: If a p-dimensional random vector X = (X,, . . ., Xp) is distributed
according to Np O, %) (nonsingular), then )~(E 1X’ is distributed according to
the X* distribution with p degrees of freedom.

Proof: See { Anderson (1958), p. 54}.

Lemma 2.2: Suppose X,, . . ., Xy are independent, where X, is distributed

according to N (pa, Z). letC-= (CaB) be an orthogonal matrix. Then Y,
N

6=1

Y,,..., Yy are independent.

N
Caﬁxﬁ is distributed according to N (va,E), where ”a 6‘2—‘:1 Caplg and

Proof: See { Anderson (1958), p. 52 }.

Theorem 2.1: In the previous normal-theory model, for every 8 = (a/b)l/ 2 ¢
Q= (o,oo) we obtain
(€)) F /62 has an F distribution w1th 2(m-1) and 2(n— 1) degrees of freedom,

@ EFay )= =D 62, and

(n—1)?(m+n—3)
(m—1)(n—2)2(n—3)

(3) Var(Fp, )=

Proof: (1) Fix 0 = (a/b)!/? € Q= (0,%0).
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m — — — —
.21 [(Xy—X,)? — 205 (Xy;=X ) )Xp;-K5) + (K= X,p)]
l=

n — — — —
z [0 3;-Y )% = 20, (Y=Y WY -Y,) + (Y- Y,)]
J= .

/1(1-p, H)(m-1)]
1(1-p, H(n-1)]

m —_ — — —_—
.21 [(X3=Xy)? = 20 (X=X, XXpi—X,) + (Xp;-X5)]
i=

=
b
2 [(Y5-Y 1) = 205(Y ;=Y XYY, )+wzj—vz)21

]—
/{a(1—p  2)2(m-1)}

/[b(1—p,2)2(n—-1)]

6> Bz~ 'x,-%)/2am—1)
- g2 12!
n

Z (YD2y Yy m-1)
1

X; = (XX, Y, = (YY),
X = (X;.X,), Y = (Y.Y,),

a pa b p2b

z, = = ¢ .

X pa a ZX (pzb b )

We may proceed to prove that i’é‘l %~X)Zy "' (X~ has a X distribution |
with 2(m—1) degrees of freedom. Since (X1:X51)s 0 o s XXy, ) isa random £
sample from a bivariate normal population with mean g = (u,,u1,) and covanan 1
matrix E = ( a pa ) there exists an m X m orthogonal matrix C = (c, ;) with the A
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last row (1A/ m, ...,

m . : ;
18/ m). LetZ, = ,Z CxiX;- Then, by Lemma 2.2, Z,_ is

l= m ~
distributed according to N W, Z ) where vk izl Cy;#, and %1’ c e, Z...m are

independent.
m m —
Inparticular Z, = X ¢ . X = T (1/\/1_11))(i =+mX.
i=1 i=1 ~ ~
m -1
Consider X Z, T, Z,'
y k=1 =
=2 (2 a5 '(Z o
= c cri )
el F1 9
m _1.,
=2 E (E cklckJ)XlZ XJ
i=1 ] =1
-1, ° P
= E E SIJXIE Xj, where aij= 1, if i=j
i=l j=1 :
and 8ij=0, if i#
m 1
=X XZy X
=1 ~
—_ m 1. _ 1=
Thus, z (xl-x»:x '%X = T Xz X -mXz, X
e PafiEY b b QR
m 1 : 1. ¢
= 2 ZkEx Zk —ZmEX Zm
k=1~ ~eo 2
mz—l E -1 ’
Z Z
k= X Rk
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m
Wenote E(Z)) = v, = El/ckig
. . =

2 o /) Vg
1=

v
2
g
2

=(, for k#m.

m-1 m - - < e
By Lemma 2.1, = Zkzx—lzk’ =T (X-X)Z 1(Xi—X)' has a X* distribution
k=1~C% ~ = P ATS gy
with 2(m—1) degrees of freedom. Similarly, we can show that jEI (Xj__Y)Ey-l
(Xj-—Y)' has a X* distribution with 2(n—1) degrees of freedom. By the fact that

Ky Xy ) -+ - s KypoXy ) and (YY), oo, (Y

1n»Y2q) are two independent

m _ _ n - —
random samples, 2. (X;—X)Zy " '(X-X) and z (4-Dzy 1YY are
independent. Therefore, F:‘n’nlﬂ2 has an F distribution with 2(m—1) and 2(n—1)
degrees of freedom..

(2) and (3) are immediate consequences of (1) and the result in [ Cramér (1946),
p.242].

This completes the proof.

3. Evaluating the ARE(R,F*) for Bivariate Normal Distributions

The purpose of this section is to obtain the asymptotic relative efficiency of 4

the nonparametric test R (or R*),suggested in Liu (1982) with respect to the
parametric test F* for the normal-theory model. .

Let us first define the asymptotic relative efficiency of test T with respect, |

v
LIRC

to test T".
Suppose we have two test statistics T, and T;: for a hypothesis testmg
problem, H: 6 € w against A: 0 € Q-w. Let [6,,0,.9,

— 122 —

, ... ] be asequence 0

constants .
Q-w and

of the sam
Also let {1
such that

with the t
must be th

efficiency ¢

We ar
Theorem 3

ie., (analog

1. dE(Tn)‘
2. Theree

t 3. There ¢

d>0,v
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constants such that 6, specifies a value in w and the remaining 6,,6,, . . . are in
Q-w and that lim 6 =6, Let{®,}and {Q;}‘ be two sequences of tests all
n —> o
. . e * .
of the same size o, which are based on the test statistics T, and T, respectively.

Also let {n;} and { “i* } be two monotonic increasing sequences of positive integers
such that

ij—>oo

lim Py (0.) = lim Pg*, (6.,
d)ni i i>oo d)ni* i

with the two limits existing nat egual to 0 or 1 (the limiting power of ‘I’ni at Hi
must be the same as the limiting power of @;3“ at 6;). Then the asymptotic relative
i

efficiency of test T with respect to test T" is defined to be

n.
ARE(T,T") = lim —I;I’r if this limit exists.

i—>oo

We are going to apply the following theorem in evaluating the ARE(R,F*).
Theorem 3.1: If T and T are two tests satisfying the four regular conditions,
i.e., (analogous ones for T;)

dE(Tn)/ dé exists and is nonzero for 8 =6 o» and is continuous at 6 o
There exists a positive constant c such that
dE(T,,)/d6 16=0,

lim
‘n>ooy/ nVar(T;;.il 6.=6,

=c’

There exists a sequence of alternatives [Bh] such that for some constant
d >0, we have
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lim [dE(Tp)/d6] 16=06, _ 1 for the
"7 B, e0] 10=0, ! : : ] alternati
’ [ ( n)/ ] = 0 . :‘ |

, , 1 i Nov

i ully) 1976 i | E conditio;
" ' - b -
VVa(Ty) 16=6, ;

E

[T,~E(T)] 16 =06,

lim 0‘ =0.)=® Yi - :
4, 1 =00 P( Var(T) 10=0, <zl n) (z), where &(z) is the stan 3
normal d.f., .. i E
then the ARE of T with respect to T" is ‘ | v
ARE(T. T*)— lim T ‘where e(T,) = (o) /0119 00)2'
’ n->eo , n [Var(Ty)] 16=6,
n
it
» Proof: See { Fraser (1957), p, 273}. where S(a
Suppose (X;;,Xy); - - -, X Xy ) and (Y,1,Y9) oo (Y, Y,,) are and the I
; two independent random samples from bivariate normal populations with p.d.f.’s
' ‘ ‘ In|
) 1 { Ty =#)? — 2008, =1 )Xy —t,) + (—15)*] }
{ f(xl,xz = e—Xp § — ,
g ’ e/ 1-p2 ' 2a(1-p?)
1 — ey, Xy <,
«
1 2 2
! 1 [(yl—ul) = 2p(y—# XY, —Hp) + (V—H,) ]
! and 8(vysY,) = -——-——2—exp {— } , 4 ] Let u:
2aby/ 1—p 2b(1-p?) 2 f of X, and:
z — o<y, Yy <=,
f(x,

respectively, where p is the known common correlation coefficient, u = (u;,H,) 3

is the known (or unknown) common mean, a and b are unknown scale parameters. .
= 1/2 et * . :
Set 6 = (a/b)!1/2, Thus, we have two test statistics Rm,n (or Ry, ) and Fmn 1

—124—
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“for the hypothesis testing problem H’: 6 = 1 against either one- or two-sided
alternatives.

Now, it is easy to check that the tests F* and R satisfy the four regular T
conditions stated in Theorem 3.1, and for every 0= (a/b)” 2eQ= (0.90), we have

(@-1)*(m+n-3)
(m—-1)n-2)*(n-3)

E(Rpy, ) = mN [ Dy S() + 1-ASE]4SE) ] ~m(m+1)/ 2, !

I ) DT RN

E(Fm,n) ( 2) m, n)

04

Var(Rm o) = 2m*N(1-Ny) { JI S(8u) [1-S(8v)] dS@)S(¥)

o<u<v<ee Rl

+

(1-Ay)
S S@)[1-S(v)] dS(Bu)dS(6v) } , il

AN o<u<v<e

where S(u) is the d.f. of U, and U= [(X, —,)? +(X,—#,)?1!/%, by Theorem 2.1
and the Chernoff-Savage theorem (see { Chernoff and Savage (1958)}).

In particular, [dE(Rm,n /d6] | g=4

[mn, j: us(9u)s(u)dﬁ] lg=1, where s(u) is the p.d.f. of U,

A
i}

3 _ ‘ mnf‘: u[s(u)] 2du, and
‘ ‘ [Var(Rm,n)] Vo=1

= mn(m+n+1)/12.

Let us derive the p.d.f. of U= [(X; —#,)? + (X,~#,)?1/2 if the joint p.d.f.
of X, and X, is '

1 Gy =P = 200x, —# XXy —115) + (Xy—H15)?]
f(xl,xz) = Y exp [ — -
2may/ 1—p 2a(1—p?)

.

—°°<x1,x2<°° .
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If we set x,—p; = ucos t and X, —, = usin t, then the joint a4.f of Uand

Tis
1 uz(l—psin 2t) . 0<u<oo,
g(u,t) = ———F——=exp [—————2-—— ; 0<t <2
2ma/ 1-p2 2a(1—p*) t<2m.
Thus the p.d.f. of Uis
1 " u?(1—psin 2t :
s(u)=———————g"exp[—-—,(——p———i]dt,0<u<°°. F
27 I—p2 2a(1—p2)
In or
Hence j: uls(u)] 24u
Lemma 3.
2 o \
1 u“(1—psin 2t
= (———2H v 2 exp [————————( psin 2) ] dt}2udu
‘.wi 2may/ 1—p? 2a(1-p?)
i r(1—psin 2t)
= -—2—2———2—_1?1' {fg" exp [ —————-_'2—-] dt}2dl', 1
8n“a*(1-p*°) 2a(1—p*) ; ; : . ‘ Proof: Se
' where we set 1 =u? ‘
1 q(1—psin 2t) b Th
‘ = ————— [T aq{ [ exp [~ ————] dt}adq, {
8n%a%(1-p?) 2(1-p%)
! r 3
‘ where we set ¢ =— 3 9
a R
1 q(1—psin 2t) 3
= [T qtf2Mexp [- L] dy%dq .
8n(1-p”) 2(1-p%)
= ——-—z'f: q{f&" exp [————7—'] dt,} 4 3
8n2(1—p?) 2(1—p%) The
q(1-psin 2t,) v '(
S g (2m _ "} dt,}dq 4 3 -
ex —_ 2 i i z, =
3 the
_ ! 2 (2 @2-psin 2, ~psin 2t5) ) gt at ) a1y
= J$" 5" aexp [— 3 %% 1
81[2(1—-[)2) 2(1—p ) i E

- 126 —
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AR

1

or 2 q(2-psin 2t —psin 2t,)
foﬂfqﬂ.’;oqexp [_ '

] dqdt,dt,
8r2(1-p?) 2(1-p%) |

s 1 R R

1 4(1-p2)?
27 (2n

8r2(1—p%) - (2—psin 2t;—psin 2t,)>

_(-» 2) o (2n 1
- Y fo 'fo -
202 (2—psin 2t —psin 2t2)2

dt,dt,

In order to simplify this integral, we need the following lemma.

Lemma 3.1: Foraand breal,a>1|bl, we have

f21r deé _ 2ma
(atbsin 0)2  (a2-b2)3/2

Proof: Setting z = exp(if), we see that dz = iexp(if)df = izdf.

dé - d;/iz
@tbsin 82 [atbz—1/z)/ (20)]%

Thus, [ g"

since sin 8 = [exp(i0)—exp(—if)] / (2i)= (z—1/z) / (2i), and
where C is the unit circle,

4i zdz

p2 © [z2+(2ai/b)e—1]1% .

The function f(z) = z has poles of order 2 at

[22+(2ai/b)z—1]2
_ (—ah/ a2—b2 )i _ (—a—/a2-02 )i
b b

z, , and z, with z, being inside

the unit circle and z, outside. The residue of f(z) at z; (see {Silverman
(1975), p. 254})is : : .

L N
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2-
o lim —dz—:[(z—z )Zf(z)] = lim .i[(z_z )2 -—--—-—z—-——]
22 dz . 222y dz -2, @-2,)

d z
lim — [———]
z-1z; dz (Z—Z2)2

(z,%2,) ab?

@2,  42@2-b?pI2
By the Residue Theorem (see {Silverman (1975), p. 253 }),

zdz

€ [22ai/b)e—1]

S @)z

2@iRes(z 1 )

R ab?
2 e ———MmM8M8

mab?

2i@@?-b2)3/2

de 4i zdz
Hence fg" —_—

(a+bsing)? b2 C[z2+(2ai/b)z—1]2

4i mab?

= .

b2 2i(a2_b2)3/2

_ 2ma

(2—b2)3/2 '

This éompleteé the proof.

Usir

There

Theore

be twe
p.d.f’s
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Using Lemma 3.1, we obtain

1

- 1—p2)
3 uls@) 2du = i%)fg"fg" dtdt,

2m (2—psin 2t, —psin 2t,)?

02 gr 2m(2—psin 2t,)

o dt, .
22 [(2—psin 2tl)2—p2] 312

Therefore, [dE(Rm,n) /o) 16=1

= mnf:u [s()] 24y

) (1_p2) o 21r(2—-psm 2t1)

C
2 [(2—psint)®—p?] 3/2

_ mn(1-p%) o (2—psin t)
(o]
. [(2—psin 2t )*—p?]3/
We now summarize the results in the following theorem.

Theorem 3.2: Let (X;,X5): - - . » Xy, Xpn) and (Y;1,Y,0), . .., (Yy,,Y50)

be two independent random samples from bivariate normal populations with
p.d.f’s

£ , 1 { [(Xl-ﬂl)z—zl’(xl‘—#l )(xz—u2)+(x2—#2)2]
X,X,) = ————=exp { —
2 2nma/ l—p2 2a(l -—p2)

—°°<xi,x2<°°,

1 [0, —#1)? 2007 ) 1) J 3~ Y )]
and g(y,.y,) = T exp {— 1 }

210\ 1—p 2b(1—p2)

3

— <Y, ¥y <%=,

e e, =mo

|
d




ARER,F") = ARER" F") =

Proof: Sincee(F, ) =

then ARE(R,F") lim
m,n > gF
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respectively, where p is the known common correlation’ coefficient, pu = (1y,05)
is the common mean (either known or unknown), a and b are unknown scale

parameters. Set § = (a/b)1/2. For the hypothesis testing problem H': 6
against either one- or two-sided alternatives, we have '

3(1—p%)? (2—psint)

[f2m-

> ® [@-psin ty2—p? 32

Particularly, if p = O then ARE(R,F*) = ARE(R* F*) = 3/4.

([dE(F;l,n) /d6] 16 =1)2

[Var(F;:l,n)] 19=1

) 20-1)/ @-2)]°
(n-1)2(m+n-3) / [(m—1)n-2)*@-3)]

_ 4m-1)n-3)
- m+n—3

([dER, ) /d6] 16=1)?

:aer e(Rm,n) - [Var(Rm’n)] l6=1

mn(1 —p2) f2” (2—psin t)
T [@epsin )23
mn(m+n+1) /12

[

_ 12(1—p2)2mn [f27' (2—psin t)

1r2(m+n+1) ° [(2—psin t)z—pz] 3/2

e(Rpy )

*
m,n)

by Th

Apply:
have t]
tions 2

respect

4. FEvj

‘We

nonparsz
underly:

Fir

a disc w
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_30-p? ”2',, (2—psin t)
2 o a2 213/2
n [(2—psin t)*—p°]

| by Theorem 3.1.

T Applying the technique used in Liu (1981), we can prove that Rpy,n and R;, n
have the same limiting distribution under both H’ and A’ if the underlying popula-
i tions are bivariate normal. Hence the tests R and R” have the same ARE with
¥ respect to the test F ", which concludes the proof.

4, Evaluating the ARE(R,F**) for Bivariate Uniform Distributions

.We are now interested in evaluating the asymptotic relative efficiency of the
nonparametric test R (or R*) with respect to an appropriate parametric test if the
underlying populations have bivariate uniform distributions.

First we note that if a random vector (X,,X,) is uniformly distributed over
a disc with p.d.f.

f(xy%,) = 1ne®), 0< (xy—y)? + (xy—p)* < 2,

then E(X )= By, E(X )= By, Var(Xl) = Var(Xz) = 02/4, p = 0, and the random
variables X, and X, are dependent.

Con31der the bivariate uniform two-sample scale-model as follows

Suppose (Xu,le), ey Xy s Xy ) and (YH,Y21 ), ..., (Y

independent random samples from bivariate uniform populations with p.d.f.’s

In ,an) are two

Im?
f(x;.xp) = 1/(1rc12), 0< (xl_“1)2 + (x2—1.42)2 <cl2,
and  g0,y,) = Mmey?), 0L -u) +,-u,)7 <),

where M= (“1’“2) is the known common mean, ¢ and c, are unknown scale
parameters. Set 0 = cl/cz.» Then the problem is to test the hypothesis H': 8§ = 1

against either one- or two-sided alternatives. Since E((Xl‘”1)2 + (Xy—n,y )2) =

¢ 2/2, and E((Y,—u 2 + (Y,—1,)%) = c,2/2, we would like to compare the
1 17 %1 272 2
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nonparametric test statistic R, , with the test statistic

.z [(X; =4, )* + (Xy—#,)*1/m

* kK i=1
Frn~ - if the common mean (u, ,u,) is known.
z [(Yy—#,)% + (Yy—#,)*1/n
J=
For i=1,...,mandj=1,...,n,let ~
X; = [(xh u)? +(X21—n2) 1e,?,
Yj = (0w + O ley b
Then X, ..., X’ and Y{, ..., Y, are two independent random samples from '

the same population and

m 2 2
'E] [(xli—“l) + (X2i—"2) 1/m
l=

> 2 2
.21 [(Ylj—“l) ""(Yzj—llz) 1/n
= ‘

m
2 X (X =#)% + Kp—15)%1 | (64 %m)
1=

—
“2 Z 10y + 0] /")

02—3(.; )
Yl

By the fact that 2?’-—1)—»1 the Central Limit Theorem, and the result in.

{ Cramer (1946), p. 254 } it is easy to see that Fm n, appropnately normed is
asymptotically normal for every 6 = ¢ /c2 € £ = (0,0). ‘

The following lemma w111 give us the approximate values of E(F n) and:
Var(F ) to order m~! and n~

b
.4

Lemma4.1: Let X;, ..., X  and Y,,..., Y, betwo independent random

- 132 -
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variance o
(1)

2

which are :
Proof: ¢
T
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samples from the same population which has finite moments with mean u and

variance 62. Then

) E(i)'1+02 d
_) = an

Y n“‘2

) \YZ E. —.0_2._-1_..;.__1_.)
)] ar(?) 2(m >

M

which are approximate values to order m~! and n~!.

X X X (Y- N-u? T-p?
Proof: Consider-:Y:--=—————=-—--[1_(Y #)+ (Y—w) _( #) .

ptY-p)  u n u? wd

X2 2 -w) 30w 4Y-w)’
=—11 - + - +..

Thus, (—:—)2 = [ -]
“2 ] uz “3
X ERX EY-u) E[(Y-p)?]  E[T-w)?
Accordingly, E(?)= (X) [1- (Y—u) . [( -u) ] ' [(Y-w)°]
u u w2 u3
+...]
a? m,
=1[1-0+—— +...],wherem3isthe
n 2 2,3
ITal T
third central moment,
0.2
= 1+—— and
nu?
v (i> E[(i)zl [E(sz)]z
ar(—) = r—n - e
Y Y Y
R N I (Ve s B (Ve
#2 u #2 “3
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res

un
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AT
Prc
when both m and n are so large that terms in m and n of order less than —1 are
regarded as negligible. This completes the proof. _ )

Next let us derive the p.d.f. of U= [(X;—#,)? + (X, —#,)?11/? if the joint

p.d.f of X, and X, is
f(x;.x,) = l/(ncz), 0<(x1—u1)2 + (X2—I12)2 <c?.
If we set x, — p; =ucos tand x, — u = usin t, then the joint p.d.f. of Uand
T is
g(u,t) = u/(nc?), O0<u<cand 0<t<2m .
Thus the p.d.f. of Uis
s(u) = fg"u/(ﬂcz)dt = /2, o<u<ec.

We are ready to evaluate the ARE(R,F**) for bivariate uniform distributions. By us
Theorem 4.1: Let (X,;,X,), . . ., (X,X,) and (Y,;,Y,)), . . ., (Y, Yo = K([
be two independent random samples from bivariate uniform populations with
p.d.f’s ” = Va

f(x.x,) = 1/(1rc12), 0 <(x1—u1)2 + (xl—;,tz)2 <clz
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and g(y,,y,) = U(me,®), 0@y —m))? +(y,—1,)* <c,?

respectively, where 4 = (ul,yz)vis the kﬁown common mean, ¢, abd Cy are
unknown scale parameters. Set 8 = ¢, /02. " For the hypothesis testing problem
H': 6=1 against either one- or two-sided alternatives, we have ARE(R,F **) =
ARER"F*™) =1.

Proof:  Since [dE(Rm’n)/dG] 10=1
mn J, :’ u[s(u)]zdu

mn fg‘ u(2u/c 12)2du

= mn, and
[Var(Rm,n)] 10=1
mn(m+n+1)/12, it implies that

([dE(R, ,)/d6] 16 = 1)?
- VarRp, ) 16=1

(mn)?

mn(m+n+1)/12

= 12mn/(m+n+1).

By using the fact that E([(Xl—ul)2 + (X2—~ﬂ2)2] / clz)

= E([(Y;=1)? + (Yo=11)*] [ ¢ = 1/2, Var({(X;—;)* + Xy—#5)*1 [ ¢, %)

= Var([(Yl—u1 )2 + (Yz—uz)z] / c22) = 1/12, and Lemma 4.1, we obtain
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m B
z [(Xy5=1))? + (Kp=#p)"] | (¢, m)
B(F ) = 02 — )
z (Y j—#)% + (Vo511  (c,°n)
= | |

1/12
_in2

02(1 + .
n(1/2)?

e

(i

5 1
6°(1 +—-—3 ), and
n

m
Z X, )2+ (Xy15)?] /(e %m)

k% I
[Var(Fm’n)] g=1=Var ( "

z (Y 4% + (Ya—1,)*] / (c5%n)
J=

/12 1 1

= s o

(1/2)2 m n

_1(1+1)
3'm n

*k 12
(OB )/a8) lp—)?  ** 50

Hence e(F, )= "
> *

VarFo)l o= L il

3

m n

= 12mn(1 +]—)2 / (m+n).
3n

e(Rm,n)

% %k
m,n)

12mn/(m#n+1)

Therefore ARE(R,F ) lim
m,n —>o° C(F

lim

oo -1
m,n= 12mn(1 + —3—-)2/ (m+n)
n
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Applying the technique used in Liu (1981), we can prove that Ry and R:n n

have the same limiting distribution under both H' and A’ if the underlying popula-
¢ tions are bivariate uniform. Hence the tests R and R" have the same ARE with

:’t respect to the test F **, which concludes the proof.
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