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Abstract The observations from the process output are always
assumed independent when using a control chart to monitor
a process. However, for many processes the process observations
are autocorrelated. This autocorrelation can have a significant ef-
fect on the performance of the control chart. This paper considers
the problem of monitoring the mean of a quality characteristic
X on the first process step and the mean of a quality character-
istic Y on the second process step, in which the observations X
can be modeled as an AR(1) model and observations Y can be
modeled as a transfer function of X since the state of the second
process step is dependent on the state of the first process step. To
effectively distinguish and maintain the state of the two depen-
dent process steps, the Shewhart control chart of residual and the
cause-selecting control chart are proposed. The proposed con-
trol charts’ performance is measured by the rate of alarm on the
proposed charts. From numerical analysis, it shows that the per-
formance of the proposed control charts is much better than the
misused Hotelling T 2 control chart and the individual Shewhart
X and Y control charts.

Keywords Autocorrelated observations · Control charts ·
Process variation · Residuals

1 Introduction

Control charts are first proposed by Shewhart [1], and become ef-
fective tools for improving the process quality and productivity.

A basic assumption in applications of control charts is that
observations from the process at different times are indepen-
dent random variables. However, the independence assumption
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is often violated for processes in chemical and pharmaceuti-
cal industries. Observations from these processes are always
autocorrelated. When the control charts developed under the in-
dependence assumption, the autocorrelated process results in
decreasing the in-control average run length (ARL). For effective
monitoring the autocorrelated processes, one popular developed
approach is to constructing control charts using the residuals
from the time series model to the process data (see Abraham and
Kartha [2], Alwan [3], Alwan and Roberts [4], Berthouex [5]
Dooley, Kapoor, Dessouky and Devor [6], Delves [7], Er-
mer [8], Harris and Ross [9], Montgomery [10], Montgomery
and Mastrangelo [11], and Wardell, Moskowitz, and Plante [12,
13]). The properties of the proposed residual charts and their
performance are investigated by Harris and Ross [9], Long-
necker and Ryan [14], Yashchin [15], Kramer and Schmid [16],
Schmid [17], Lin and Adams [18], Schmid [19], Padgett,
Thombs and Padgett [20], Runger, Willemain and Prabhu [21],
Vander Weil [22], Timmer, Pignatiello and Longnecker [23],
Schmid [24], Zhang [25], Schmid and Schone [26], Alwan and
Roberts [27] and Lu and Reynolds [28].

Much of the paper on the performance of control charts
based on residuals has focused on the Shewhart control chart of
residuals.

Today, many industrial products are produced by several de-
pendent process steps not just one process step. Consequently,
it is not appropriate to monitor these process steps with a con-
trol chart for each individual process step; what is needed is an
appropriate method for controlling the process steps. Zhang [29]
proposes the simple cause-selecting chart to monitor the second
step of the two dependent process steps effectively. Wade and
Woodall [30] review the basic principles of the cause-selecting
chart for two dependent process steps and suggest a modifica-
tion to the use of simple cause-selecting chart. They also ex-
amine the relationship between the simple cause-selecting chart
and the multivariate T 2 control chart. In their opinion, the sim-
ple cause-selecting control chart has some advantages over the
T 2 control chart. Yang [31] designs economic control charts to
monitor two dependent process steps with a single assignable
cause. Yang [32] proposes an economic processes management
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method and applies it to the bank industry. Yang [33] pro-
poses economic X and cause-selecting control charts to moni-
tor two dependent process steps under a Weibull shock model.
Yang [34] proposes a Markov chain approach to controlling over-
adjusted process mean for two dependent process steps. Yang
and Chen [35] extend Yang’s model to two failure mechanisms
with increasing failure rates. However, the above papers only
consider the independent observations. The statistical process
control approach to effectively distinguish and monitor the two
dependent process steps for autocorrelated observations has not
been addressed. In this paper, Shewhart chart of residuals and
cause-selecting control chart are developed to effectively moni-
tor the large mean shift on the first step and the large mean shift
on the second step, respectively. The performance of the pro-
posed control charts for monitoring and distinguishing the two
dependent process steps is measured using the rate of false or
true alarm. Finally, a numerical example illustrates the applica-
tion of the proposed control charts, and its performance is com-
pared with a misused T 2 chart and individual X and Y charts,
respectively.

2 Autocorrelated observations
for two dependent process steps

In this paper, we consider that a product is produced from two
dependent process steps, where two types of failure mechan-
isms may occur to them. One type of the failure mechanisms
may only occur to the first step and cause the shift of mean
for the quality variable (X), while the other type occurs only
at the second step and causes the shift of mean for the qual-
ity variable (Y ). Two types statistical control charts will be de-
rived to effectively distinguish and monitor the two dependent
process steps with autocorrelated observations. Before describ-
ing how to derive the statistical control charts, the assumptions
of the behavior of the production process steps are given as
follows.

2.1 Assumptions

1. The production has two dependent process steps. They are
the first step and the second step. The first step and the second
step are dependent. Hence, the quality variable X produced
by the first step will affect the quality variable Y produced by
the second step. A pair of observations (xt , yt) can only be
sampled from the end of the second step every h time unit of
the sampling interval, t = 1, 2, 3, . . .

2. For autocorrelated observations xt at the first step, it is as-
sumed that quality variable Xt can be written as an AR(1)
model at time t with process mean ξX , that is

Xt = (1−φ)ξX +φXt−1 +at, t = 1, 2, . . . (1)

where φ is the AR parameter satisfying |φ| < 1. The at ’s are
assumed to be independent normal random variables with
mean 0 and variance σ2

a .

Since X affects Y over time, the model relating the two vari-
ables can be written as a transfer function, that is

Yt = CY + V0 Xt + V1 Xt−1 + Nt , t = 1, 2, . . . (2)

where CY is a constant and where Nt ’s are assumed to
be independent normal random variables with mean 0 and
variance σ2

N .
3. When one failure mechanism occurs only in the first step, it

will shift the mean of X. This will also cause the mean of Y
to shift, since Y is dependent on X. When the other failure
mechanism occurs only in the second step, it will shift the
mean of Y but the mean of X is unchanged.

4. Two control charts are constructed to monitor and distinguish
the two dependent steps, and the time to sampling and chart-
ing one item is very small and negligible.

3 The time series model
for autocorrelated process steps

The time series model, especially AR(1) model, has been widely
used to model many types of processes. When the first process
step is in control the minimum mean square error forecast (Box,
Jenkins, and Reinsel [36]) made at time t −1 for time t is

X̂t = (1− φ̂)ξX0 + φ̂Xt−1. (3)

The residual at time t is

eXt = Xt − X̂t . (4)

Suppose that a failure mechanism would cause a step change
from ξX0 to ξX1 in the process mean between time t = τ −1 and
τ . The expectations of the residual for various times are

E(eXt) =0 t = τ −1, τ −2, . . .

ξX1 − ξX0 t = τ,

φl(ξX1 − ξX0) t = τ + l, l = 1, 2, . . . . (5)

The residuals are uncorrelated and normally distributed with
variance σ2

a . We may find that the expectation of a residual after
the shift occurs is a decreasing function of the time after the shift.
Hence, the rate of a true alarm by a control chart of residuals in
the first step is the highest for the sample immediately after the
shift, and this rate continually decreases over time as the forecast
adapts to the shift.

In the second step, a transfer function is used to express the
relationship between quality variables Y and X. The estimate for
Eq. 2 is

Ŷt = Ĉy + V̂0 Xt + V̂1 Xt−1. (6)

The residual at time t is

eYt = Yt − Ŷt . (7)
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Suppose that another failure mechanism would cause a step
change from ξY0 to ξY1 in the process step mean between time
t = τ ′ − 1 and τ ′. The expectations of the residuals for various
times are

E(eYt) = 0 t = τ ′ −1, τ ′ −2, ...,

ξY1 − ξY0 t = τ ′,
0 t = τ ′ + l, l = 1, 2, . . . . (8)

The residuals are uncorrelated and normally distributed with
variance σ2

N . Note that the shift of mean only appears at time τ ′
after the failure mechanism occurs between time τ ′ −1 and τ ′.

4 Control charts construction

A general form of control charts is represented as follows.

µW ± kσW , (9)

where µW and σW are the mean and standard deviation of a con-
trol statistic, say Wt , when the process is in control. The constant,
k, is chosen to give a specified in control false alarm probability.
The k is frequently taken to be 3 to give a false alarm probability
0.0027 for a Shewhart type control chart.

To monitor the first step, the used control chart is thus con-
structed based on the distribution of the in-control control statis-
tic, eXt . From Eq. 5, the control limits of the Shewhart control
chart of residuals are

±3σa. (10)

The control statistic, eXt , is thus plotted on the chart to determine
if the first step is in statistical control.

Usually, the variance of the control statistic is unknown. The

σ̂a = MRX
d2

is adopted as its estimate, where MRX =
n−1∑

t=1
MRX(t−1)

n−1 ,
MRX(t−1) = |eXt − eX(t−1)|, t = 2, 3, . . . , n, and the value coef-
ficient d2 is dependent on sample size (n = 2).

To monitor the second step, it is incorrect to construct the
control chart based on the distribution of quality variable Y , since
quality variable Y is affected by quality variable X. The pro-
posed approach is to monitor the specific quality in the second
process by remove the effect of X from Y ; that is the specific
quality is presented by the cause-selecting values (eYt = Yt − Ŷt).
The cause-selecting control chart is thus constructed by the in-
control distribution of cause-selecting values. That is, from Eq. 8,
the control limits of the cause-selecting control chart are

±3σN . (11)

The control statistic, eYt , is thus plotted on the chart to determine
if the second step is in statistical control.

Similar to estimate the variance of the control statistic eYt ,

the estimate of σN is σ̂N = MRY
d2

, where MRY =
n−1∑

t=1
MRY(t−1)

n−1 , and
where MRY(t−1) = |eYt − eY(t−1)|, t = 2, 3, . . . , n.

Consequently, the Shewhart control chart and cause-selecting
control chart are derived to effectively distinguish and monitor
the process states of the first step and the second step.

Thus the control limits of the two proposed control charts can
be expressed, respectively, as

±3
MRX

d2
, (12)

and

±3
MRY

d2
. (13)

5 Performance measurement
for the proposed control charts

The performance of a control chart can be measured by the rate
of alarm on a control chart. The rate of a false alarm is the prob-
ability of a false alarm occurring on the control chart before
a failure mechanism occurs in the process, and the rate of a true
alarm is the probability of a true alarm occurring on the con-
trol chart after the failure mechanism occurs in the process and
before it is removed. When the process is out of control it is de-
sirable to have a higher rate of true alarm so that the change of
the process mean will be detected quickly, and when the pro-
cess is in control it is desirable to have a lower rate of false
alarm. The probability of alarm for the developed two control
charts will be calculated when both the two process steps are
in control and when either one of or both the process means
shift.

5.1 Calculating the probability of alarm
for the two proposed control charts

The probability of false alarm for the Shewhart chart of residuals
is 0.0027, and the same for the cause-selecting chart. To monitor
the two dependent processes, two developed charts are used sim-
ultaneously. Hence the probability of at least one false alarm for
the two charts is 0.0054, that is 1−0.9973×0.9973. To calculate
the probability of true alarm for the two proposed charts, we have
to compute the probabilities of true alarms for the Shewhart chart
of residuals and cause-selecting chart, respectively. Let the prob-
ability of true alarm for the Shewhart chart at time t be Pst , and
the probability of true alarm for the cause-selecting chart at time
t be Pct , then

Pst = Pr(eXt > 3
MRX

d2
or eXt < −3

MRX

d2
|φl(ξX1 − ξX0))

= 1−ΦS

(

3− d2φ
l(ξX1 − ξX0)

MRX

)

+ΦS

(

−3− d2φ
l(ξX1 − ξX0)

MRX

)

,

t = τ + l, l = 0, 1, 2, . . . (14)
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Pct = Pr(eYt > 3
MRY

d2
or eYt < −3

MRY

d2
|(ξY1 − ξY0))

= 1−ΦC

(

3− d2(ξY1 − ξY0)

MRY

)

+ΦC

(

−3− d2(ξY1 − ξY0)

MRY

)

,

t = τ ′ (15)

where ΦS and ΦC are the cumulative standard normal probabili-
ties, respectively.

Note that the probability of true alarm from the Shewhart
chart of residuals is decreasing over time, but not for the cause-
selecting chart. Hence the probability of true alarm from at least
one of the proposed charts will be decreasing over time, once the
first process is out of control.

There are four situations for the out-of-control processes.
The four situations associated with the probability of true alarm
from the two proposed charts are described as follows.

1. The first process step is out of control but the second process
step is in control.
The probability (Psct) of a true alarm only from the residual
control chart is

Psct = Pst, t = τ + l, l = 1, 2, 3, . . . .

2. The first process step is in control but the second process step
is out of control.
The probability (Psct ) of a true alarm only from the cause-
selecting chart is

Psct = Pct, t = τ ′.

3. The first process step is out of control after time τ −1, and
the second process step is out of control after time τ ′ − 1,
where τ < τ ′.
The probability (Psct) of at least one true alarm from the re-
sidual control chart and the cause-selecting chart is

Psct =Pst, τ ≤ t < τ ′

1− (1− Pst)• (1− Pct), t = τ ′,
Pst, τ ′ + l < t, l = 1, 2, 3, . . . .

4. The first process step is out of control after time τ ′′ −1, and
the second process step is out of control after time τ ′ − 1,
where τ ′′ > τ ′.
The probability (Psct) of at least one true alarm from the re-
sidual control chart and the cause-selecting chart is

Psct =Pct t = τ ′,
Pst t ≥ τ ′′.

6 A numerical example and some comparison results

A quality engineer found that there is a large variability for the
thickness of the thin golden films. From the quality data analy-

sis, he found that the thickness of the thin golden films (Y ) in
the second process step was primarily affected by gold concen-
tration (X) in the first process step. Two independent machines,
say machine 1 and machine 2, may fail and influence the mean of
the gold concentration and thickness respectively. Since the un-
acceptable mean of the thickness may be influenced by machine
2 or gold concentration. To effectively maintain the variability of
the gold concentration and thickness and distinguish which pro-
cess step is out of control, two control charts are constructed as
described before.

To construct the proposed control charts, 100 paired obser-
vations (Xt, Yt) are sampled from the end of the second process
step. The 100 observations for Xt , t = 1, 2, . . ., 100, are found
autocorrelated and a time series model AR(1) is fitted. The fitted
model is

X̂t = 4.0562+0.6102Xt−1. (16)

The residual (eXt ) is calculated by Xt − X̂t , and the Shewhart
chart of the residuals is constructed (Fig. 1). All plotted points
(eXt , t = 1, 2, . . ., 100) are within the control limits of the chart.
Hence, the Shewhart chart of the in-control residuals, with up-
per control limit=5.39576, lower control limit = −5.39576 and
center line = 0, can be used to monitor the future variability of
the gold concentration in the first process step. Then, the rela-
tionship between (Xt , Yt) is investigated (Fig. 2). It shows that
they are related over time or on sampling number. Hence a time
series model, transfer function, is fitted. The fitted transfer func-

Fig. 1. Shewhart chart of residual

Fig. 2. The relationship between Xt and Yt on time
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tion is

Ŷt = 3.16+1.0023Xt +0.0967Xt−1. (17)

The cause-selecting value (eYt ) is calculated by Yt − Ŷt , and the
cause-selecting control chart is constructed (Fig. 3). All plotted
points (eYt , t = 1, 2, . . ., 100) are within the control limits of the
cause-selecting control chart. Hence, the cause-selecting chart
of the in-control cause-selecting value, with upper control limit
= 2.9432, lower control limit = −2.9432, and center line = 0,
can be used to monitor the future variability of the thickness in
the second process step.

To measure the performance or detecting ability of the two
proposed control charts, 51 additional paired samples (Xt , Yt),
t = 1, 2, . . ., 51, are taken from the end of the second process
step. The 51 paired values (eXt = Xt − X̂t , eYt = Yt − Ŷt), are cal-
culated using Eqs. 16 and 17, and then plotted on the constructed
Shewhart chart of the residuals and cause-selecting control chart
respectively (Figures 4 and 5). It is found that points 21 and 22

Fig. 3. Cause-selecting chart

Fig. 4. Monitoring result of Shewhart chart of residual

fall outside of the control limits of the Shewhart chart of the
residuals and point 19 falls outside of the control limits of the
cause-selecting control chart. It indicates that the first process
step is out of control on point 21 and 22 and machine 1 has to be
adjusted, and the second process step is out of control on point 19
and machine 2 has to be adjusted.

Suppose that the quality engineer misuses Hotelling T 2 con-
trol chart or Shewhart individual X and Y control charts to
monitor the two dependent process steps, the performance of
them is worse. The performance of the two proposed control
charts can be evaluated by comparing with Hotelling T 2 con-
trol chart and Shewhart individual X and Y control charts. First,
we construct Hotelling T 2 chart (e.g., see Montgomery [10])
for the 100 paired observations (Xt, Yt ). The upper control
limit of the T 2 chart is 11.829 with false alarm probability
0.0027. The 100 values of T 2 statistic are calculated and plot-
ted on the T 2 chart (Fig. 6). All points are within the con-
trol limits, so the T 2 chart with upper control limit = 11.829,
can be used to control the future state of the second pro-
cess with bivariate quality characteristics. The additional 51
values of T 2 statistic are calculated and plotted on the con-
structed T 2 chart (Fig. 7). We found that only point 19 is out

Fig. 5. Monitoring result of cause-selecting chart

Fig. 6. Hotelling T2 chart
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of control and it cannot distinguish which process step is out
of control. It is obvious that the performance of our proposed
charts are better. Secondly, we construct Shewhart individual X
chart for the first 100 observations (Xt) and Shewhart individ-
ual Y chart for the first 100 observations (Yt ) (Figures 8 and
9). Since some points fall outside of the control limits of the
Shewhart individual X and Shewhart individual Y chart respec-
tively, hence the outliers are removed and the control limits of
the individual X and individual Y chart are re-calculated until
all points fall within the control limits. Consequently, the con-

Fig. 7. Monitoring result of Hotelling T2 chart

Fig. 8. Individual X control chart

Fig. 9. Individual Y control chart

trol limits of the individual X chart and individual Y chart are
(UCL = 14.44, CL = 10.45, LCL = 6.47) and (UCL = 19.37,
CL = 14.71, LCL = 10.05), respectively (Figures 10 and 11).
The additional 51 values of Xt and Yt are thus plotted on the
constructed individual X and individual Y chart (Figures 12
and 13). We found that many points fall outside of the con-
trol limits of the two individual charts. That is, the two in-

Fig. 10. In-control individual X control chart

Fig. 11. In-control individual Y control chart

Fig. 12. Monitoring result of individual X control chart
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Fig. 13. Monitoring result of individual Y control chart

dividual charts give many false alarms and this would lead
the quality engineer to over adjust the two dependent process
steps.

It is obvious that our proposed control charts may effec-
tively distinguish the out-of-control points on the first process
step and the second process step, respectively. The T 2 chart can
only detect the out-of-control plotted point and cannot distin-
guish which process step is out of control for the autocorrelated
observations. The individual X chart and individual Y chart show
many false alarms, respectively. Hence, they cannot effectively
detect the autocorrelated observations on the two dependent pro-
cess steps.

7 Summary

In the paper, the statistical process control approach to effec-
tively distinguish and monitor the dependent process steps with
autocorrelated observations is proposed. The Shewhart chart of
residuals is used to monitor the shift of the process mean on
the first process step and the cause-selecting control chart is de-
veloped to monitor the mean shift of the second process step.
The performance of the proposed control charts for monitoring
the two dependent process steps is measured by the probabil-
ity of true alarm when at least one of the process steps is out
of control. Finally, a numerical example illustrates the appli-
cation of the proposed control charts, and their performance is
demonstrated better than the Hotelling T 2 control chart and two
individual X and Y control chart when the observations on the
two dependent process steps are autocorrelated. Several import-
ant extensions of the developed approach can be developed. It is
straightforward to extend the proposed approach to study other
control charts for small shift of process means on the dependent
process steps, like EWMA, CUSUM, or charts for attributes. The
differences between the approaches lie in the derivation of the
probabilities of type I and type II errors. One particularly in-
teresting research area for future research involves the process
control for correlated observations with the ARMA model under
two dependent process steps and the adaptive process control for

correlated observations with the ARMA model under two depen-
dent process steps.
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