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Abstract This article considers the statistical adaptive
process control for two dependent process steps. We
construct an adaptive sampling interval Zy control chart to
monitor the quality variable produced by the first process
step, and use the adaptive sampling interval Z, control chart
to monitor the specific quality variable produced by the
second process step. By using the proposed adaptive
sampling interval control charts, we can quickly detect and
distinguish which process step is out of control. The
performance of the proposed adaptive sampling interval
control charts is measured by the adjusted average time to
signal (AATS), which was derived by a Markov chain
approach, for an out-of-control process. An empirical
automobile braking system example shows the application
and the performance of the proposed adaptive sampling
control charts in detecting shifts in process means. Some
numerical results obtained demonstrated that the perfor-
mance of the proposed adaptive sampling cause-selecting
control charts outperforms the fixed sampling interval
cause-selecting control charts.

Keywords Adaptive sampling interval - Control charts -
Dependent process steps - Adjusted average time to signal

Introduction

Control charts are important tools in statistical quality con-
trol. They are used to effectively monitor and determine
whether a process is in control or out of control. Shewhart
[20] first developed the X control chart to monitor the
process mean. The control chart is easy to implement and,
hence, it has been widely used for industrial process control.
Usually, Shewhart X control charts monitor a process by
taking equal samples of size at a fixed sampling interval.
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Once the sample statistic falls outside of its control limits, it
indicates that the process is out of control, and that it should
be stopped and repaired. Shewhart X control charts provide
good performance in detecting large shifts in the process
mean. However, small and moderate shifts in process means
are expected in reality. There have been several alternatives
proposed to improve this problem in recent years. Some of
the alternatives include Shewhart X control charts combined
with cumulative sum (CUSUM) control charts [10], Shewhart
X control charts with run rules [9], exponentially weighted
moving average (EWMA) control charts [11], and Shewhart
X control charts with adaptive sampling interval or/and
sample size [16], [13].

The idea of adaptive sampling interval (ASI) Shewhart
X control charts is that the sampling interval should be
short if the previous sample shows some indication of a
shift in process mean, and long if there is no indication of a
shift. Reynolds et al. [16] propose Shewhart X control
charts with an adaptive sampling interval where the time
period between samples is varied, depending on the
location of the previous sample statistic on the charts.
Their paper demonstrates that dual sampling intervals are
better, and that the proposed control chart can detect small
and moderate shifts in process mean faster than a fixed
sampling interval (FSI) Shewhart X control chart. An ASI
Shewhart X control chart with run rules is introduced by
Cui and Reynolds [6]. The control chart signals not only a
sample statistic falling outside the control limits, but also a
run of a specified length occurred in a specified region. It
offers better performance than ASI Shewhart X control
charts without run rules and FSI Shewhart X control charts
with or without run rules. Reynolds et al. [15] propose the
CUSUM control chart with adaptive sampling interval to
monitor the shift in process mean by extending the
approach Reynolds et al. [16]. Their paper shows that the
ASI CUSUM control chart is substantially more efficient
than either the ASI Shewhart X control chart or the FSI
CUSUM control chart for small and moderate shifts in
process mean. Runger and Pignatiello [18] propose a one-
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sided control limit for an adaptive ASI Shewhart X control
chart, and show that the improvement in detecting the
process mean is better than a two-sided adaptive ASI
Shewhart X control chart. It also shows that both one-sided
and two-sided adaptive Shewhart X control charts detect
small and moderate shifts in the process mean faster than an
FSI Shewhart X control chart. Saccucci et al. [19] introduce
the properties and performance of a EWMA control chart
with adaptive sampling interval. Their paper demonstrates
that the ASI EWMA control chart always outperforms the
FSI EWMA control chart, as well as the ASI Shewhart X
control chart, especially in detecting small and moderate
shifts. Amin and Miller [1] propose a robust ASI X control
chart. The chart is constructed based on a non-normal
distributed quality characteristic. Reynolds [14] proposes a
varied sampling interval X control chart with sampling at
fixed times (VSIFT), and shows that the performance of the
VSIFT X control chart is better than the FSI Shewhart X
control chart and is relatively easy to set up and implement
in practice.

Similar to ASI control charts, some papers consider
adaptive sample size (ASS) control charts [2, 7, 13, 24].
Some authors combine adaptive sample size and sampling
interval (ASSI) control charts [3, 12, 17]. Costa [5] pro-
poses the adaptive parameter (AP) X control chart, and
also discusses adaptive parameter (AP) X and R control
charts [4]. Epprecht et al. [8] proposed adaptive control
charts for attributes. A survey of recent developments in the
adaptive control charts sees Tagaras [21].

All the above papers only consider a single process step.
However, most recent products are produced from several
different dependent process steps. In multiple process
steps, a Shewhart control chart is often used to monitor the
process state of each individual step. If the process steps are
independent, then, using a Shewhart control chart to
monitor each individual step is meaningful. However,
many process steps are not independent, and, thus, the
control charts are difficult to interpret the correct process
state. An alternative approach is to use a multivariate
control chart, such as a Hotelling T* control chart, to
monitor dependent process steps. The disadvantages of
using a Hotelling T? control chart are that it assumes that all
quality characteristics in the chart are multivariate normal
random variables, and there is difficulty in interpretation
for which process step is out of control when there is a
signal from the control chart. For the two dependent
process steps, a powerful and popular approach proposed
by Zhang [23] is using cause-selecting control charts. The
cause-selecting control chart is constructed for an outgoing
quality variable only after the observations have been
adjusted for the effect of an incoming quality variable. The
advantage of this approach is that, once there is a signal, it
is easy to determine if the second step of the process is out
of control. Wade and Woodall [22] review and analyze the
cause-selecting control chart and examine the relationship
between the cause-selecting control chart and the Hotelling
T* control chart. In their opinion, the cause-selecting
control chart outperforms the Hotelling 7% control chart.

Yang [25] proposed economic control charts for two
dependent process steps. Yang [26] considers a statistical
process control for two dependent process steps with a
failure mechanism. Yang and Chen [28] propose two
dependent processes control for two failure mechanisms
from an economic viewpoint. Yang [27] addresses depen-
dent processes control for over-adjusted process means.
Yang and Yang [29] study the effects of imprecise mea-
surement on controlling two dependent process steps for
autocorrelated observations. However, using adaptive
control charts to monitor and distinguish which process
step is out of control has not been addressed.

The purpose of this paper is to study the ASI Zy and Z,
control charts to monitor the process means on the
dependent first process step and the second process step,
respectively. Following Costa [3], the shifts in the process
means do not occur at the beginning, but instead at some
random time in the future, and the occurrence time of the
shift is assumed to be an exponentially distributed random
variable. The performance of the ASI Zy and Z, control
charts is measured by the Adjusted average time to signal
(AATS). An empirical example is given to illustrate the
application and performance of the proposed ASI Zyand Z,
control charts. Finally, some numerical comparison results
show that the performance of the proposed ASI charts
outperforms the FSI Zy and Z, control charts.

Process description

Throughout this article, a two-step process is assumed.
Denote X to be the quality measurement of interest for the
first step and Y to be the quality measurement of interest for
the second step. The two steps of the process are
dependent, and the second step is affected by the first
step. Suppose that the values of X cannot be observed in the
first step, but can be measured at the end of the second step.
Hence, a sample of size 1 is taken at a varied sampling
interval, and the paired observations (X;, Y;) are measured at
the end of the second step. It is assumed that the samples
are mutually independent. Figure 1 shows a two-step
process and the interested quality variables (X, Y) for the
process.

The quality variable X is assumed to follow a normal
distribution with mean gy and a constant standard devia-
tion oy when the first step is in control. The quality variable
Yis affected by X and the relationship between Y and X is
expressed as:

YilX; = f(X0) + e,

i=1,2,3,...,n (1)

(X,Y)
-

sampling

Fig. 1 A two-step process



The variable ¢; is the random error and ¢;~NID(O0, 052)
when the second step is in control. To monitor the two
dependent process steps effectively, two control charts are
constructed to control the first step and the second step
respectively. To monitor the first step, the individual X
control chart is set up based on the in control distribution of
X. To monitor the second step, the specific quality of the
second step is specified by adjusting the effect of X on ¥; that
is, the specific quality is presented by the cause-selecting

values, ¢; = Y;|X; — )7,|X, The cause-selecting control chart
is set up based on the in-control distribution of cause-
selecting values. Hence, X~N(j1y, 0¢) and e~N(0, o) when
the first step and the second step are both in control.

We assume the process is in control at the beginning, and
two assignable causes, say AC1 and AC2, may occur at the
process randomly. AC1 may only occur at the first step and
influences a shift in the distribution of X to X~N(uy +
810y, o). AC2 may only occur at the second step and
influences a shift in the distribution of e to e~N(d,0-, )
When both of AC1 and AC2 occur, the process mean of X
shifts from py to py + 010y, and the process mean of e
shifts from 0 to J,0.. The assignable cause occurs
according to an exponential distribution with parameter
A, i=1, 2. Table 1 shows possible distributions of X and e.

Principles of the ASI Zy and Z, control charts
for two dependent process steps

To control and diagnose the two dependent process steps
effectively, the adaptive sampling interval X and cause-
selecting control charts are constructed based on the in-
control X and e distributions. The sampling interval is varied
and it depends on the locations of the previous sample
statistics. Usually, there are three lines (upper control limit,
central limit, and lower control limit) for a control chart.
Here, we add a warning threshold on each of the proposed
control charts. Hence, there are two symmetric warning lines
between the control limits. Consequently, the structures of
the ASI X and cause-selecting control charts are as shown in
Fig. 2.

To monitor the two dependent process steps, a sample of
size 1 is taken at the end of the second step, the paired
observations (X;, Y;) are measured, and the relationship
between Yand X is determined. Then, the sample statistics
(X, e;) are calculated and plotted on the ASI X control chart
and cause-selecting control chart, respectively. If the
sample statistic falls between the warning lines, it is rea-

Table 1 Possible distributions of X and e

X e

Does AC1 occur? Mean of X Does AC2 occur? Mean of e
No 1% No 0

Yes y2 X+6 10x No 0

No Ihx Yes 020,

Yes ,LLX+61[TX Yes 520'5
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UCLy =y, +k,0y UCL, =k,0,
UWL, = u, +wyoy UWL, =w,o,
CLy =u, CL,=0
LWL, =u, —w,0oy LWL, =-w,0o,
LCLy =y, —k oy LCL, =—k,0,

ASI X control chart ASI cause - selecting chart

Fig. 2 The ASI X and cause-selecting control charts

sonable to wait more time to take the next sample because
there is no evidence that the process needs adjustment. If
the sample statistic falls close to the control limits but not
outside them, it is reasonable to wait less time to take the
next sample because the process can be in need of
adjustment. When at least one sample statistic falls outside
of the control limits, we stop monitoring the process and
start to repair the assignable cause.

To easily use the proposed charts for process engineers,
we standardize sample statistics X and e as follows. Let the
following:

X —
Zy ==X 2)
Ox

where Zy ~ N(0, 1) when the first step is in control. Let the
following:

Ze=—, (3)

where Z, ~ N(0, 1) when the second step is in control.

Based on the in-control distributions of Zy and Z,, the
structures of the ASI Zy and Z, control charts are as shown
in Fig. 3.

Before using the proposed ASI Zy and Z, control charts,
we determine three sampling intervals, #;, ¢, and #;, where
t:>t,>t;. If both sample statistics (Zy, Z,) fall between the
warning limits, it is reasonable to choose a longer sampling
interval, #3, to take the next sample, as no evidence that the
process needs adjustment. If both sample statistics fall
outside the warning limits but inside the control limits, it is
reasonable to choose the shorter sampling interval, #, to
take the next sample, as the process can be in need of
adjustment. If one of the sample statistics falls within the

UCL, =k, UCL, =k,
UWL, =w, UWL, =w,
CL, =0 CL, =0
LWL, =-w, LWL, =-w,
LCL, =—ky LCL, =—k,

ASI Z, chart ASI Z, chart

Fig. 3 The ASI Zy and Z, control charts
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warning limit and the other falls outside the warning limit
but inside the control limit, it is reasonable to choose a
middle sampling interval, #,. Once one sample statistic falls
outside of its control limits, then the sampling stops and the
process restarts. The first sampling interval is randomly
chosen from ¢, t,, and #, and the following sampling
interval is dependent upon the locations of the previous
sample statistics.

To express the relationship between the sampling
interval, ¢, and the location of the sample statistics on the
proposed charts, the ASI Zy and Z, control charts are
divided into the following four regions:

[Xl = [_WX, WX] el = [ We, We]
Ixy = (—kx, —wx) = (—ke, —we)
U(W)(, kX) U (We, k)
Ixs = (—kx, k) I3z = (—ke, k)
Iyy = (—o0, —kx] Iy = (—o00, —k]
U [ky, o0) U ke, 00)

According to the adaptive scheme, if the previous
sample statistics Zy falls in region Iy, and Z, falls in region
1,1, then we choose the longer sampling interval ;. If one of
the previous sample statistics falls in region Iy, or /,;, and
the other falls in region Iy, or I, then we choose the
sampling interval #,. If both of the previous sample
statistics fall in region [y, and [, then we choose the
shorter sampling interval ¢;. If at least one of the sample
statistics falls outside of the control limits, then we stop
sampling. Their relationship is formulated as in Eq. 4:

13 if Zy €elyyNZ, €1,
1% if Zy €elyyNZ, €lyp P
b = 1) ifZXEIXz NZ, €l ’ o

h leX elioNZ, €1,

1,2,3,... 4)

No matter if the signal is a true or a false on the proposed
Zy control chart, it indicates that AC1 may have occurred
at the first step. Then, the process is stopped for repairs
until the process is back in control, similar to the proposed
Z, control chart.

Determination of the warning limits
on the ASI Zy and Z, control charts

The design parameters of the proposed ASI Zy and Z, control
charts are the sampling intervals (¢, t,, #3), the control limits
(kx, k.), and the warning limits (wy, w,). The three sampling
intervals are always determined by the process engineers,
and the control limits are always fixed. This leaves the
warning limits to be determined. In order to compare the
performance of the proposed ASI Zy and Z, control charts
and the FSI Zy and Z, control charts after the process shifts,
we should let the ASI Zy and Z, control charts and FSI Zy

=tyP(plotted points within control limits|§; =

and Z, control charts have the same expected in-control
process time. Hence, under the in-control process, we let the
expected sampling time interval E(z;) of the proposed ASI
control charts be equal to the sampling time interval of the
FSI Zy and Z, control charts.

That is:

E[l‘k|(51 =0, (52 = 0]
0,6,=0),
(5)

where #; is the sampling time interval of the FSI Zy and Z,
control charts. We have to note that the only difference
between the FSI and ASI Zy-and Z, control charts is that the
former has no warning limits. Using the constraint in Eq. 5,
we can derive the warning limits of the proposed ASI Zy
and Z, control charts. We assume that, once false alarm
occurs, then the process stops sampling and restarts. Hence,
the constraint can be expressed as follows:

tXP(Zy € Ix1|0, =0, 0, =0)

X P(Z, € I,1|6; =0, 6, =0)+

th X P(Zy € Ix1|06, =0, 6, =0)

X P(Z, € In|61 =0, 6, =0)+

th X P(Zy € Ix3[0, =0, 6, =0)

X P(Z, € L1101 =0, 6, =0)

t X P(Zy € Ix2]|6; =0, 6, =0)

X P(Z, € 1n]01 =0, 6, =0)

x P(at least one false alarm)

=ty X P(—ky <Zx i1 <kl =0, 6§, =0)

P(—ke < Z, < k|61 =0, 6, =0)

x P(at least one false alarm).

(6)

Simplifying Eq. 6 gives:

4<I)(Wx)q)<we>[tg — 26 + 11]
+2®(wy)[—t3 + 26P (k) + t2 — 26, D (k. )]
+2®(w,)[—t3 + 26P(kx) + t2 — 261D (ky)]
=102P(ky) — 1)2®(k,) — 1) — 15 + 26, P (ke)
—|—212q)<k)() — 4f1(I)(k)() (ke>

(7

where ®(-) denotes the standard normal cumulative function.
Let kx=k.=k, Eq. 7 is simplified as:

4D (wy)P(we)[ts — 2t + 1] + 2[P(wyx) + P(w,)]
X [—t5 +26,P(k) + t, — 26, P (k)]

= 12®(k) — 1)° — 5 + 46®(k) — 41, (®(k))*  (8)

We can solve Eq. 8 by letting wy=w,=w, and it reduces

the complication of implementing the proposed ASI Zy and
Z, control charts.



Consequently:

4®(W)2[l‘3 -2t + l‘1]
+AD(W) [t + 260(K) + f — 26,5(K)]

= 128 (k) — 1)* — 1 + 4,8 (k) — 41, (D(k))*.  (9)
It follows that:
—4B + /168> — 164
W q>—1< or ol C>, (10)

where:

A=t -2t +1
B=—-1+ 21‘2‘1’(/() + 1t — 2t1q)(k)

C=—|1 (2@(@ - 1)2 — b3+ 46D (k) — 41 (@(k))zl

Performance measurement for the ASI Zy and Z,
control charts

The statistical efficiency of a control chart is measured by
the speed of detecting process mean shifts. The average run
length (ARL) is often used to measure the speed of any FSI
control charts. However, the sampling interval of the
proposed Zy and Z, control charts in this article is variable,
not fixed, so the detecting speed cannot be measured by
ARL. Instead, the adjusted average time to signal (AATS)
is used to measure the performance of the proposed ASI Zy
and Z, control charts. The AATS is the average time from
any one of the two process steps’ means shift until a signal
and all occurred assignable causes are removed. A smaller
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AATS is desirable to detect the out-of-control process
faster and avoid the losses of defective products.

The average time of a process cycle (ATC) is the average
time from the start of production until the signal after the
process is checked and adjusted.

Denote 7; to be the occurrence time of ACi, which
follows an exponential distribution with parameter \;, i=1,
2, where T and 7, are independent.

Denote T to be the occurrence time of the first assignable
cause, that is:

T:min(Tl, Tz),

where T~exp(A;+)\,). Hence, the relationship among the
AATS, ATC, and the expected T is expressed as:

AATS = ATC — E(T) = ATC — ———— 11
(1) Dy

Before obtaining the AATS of the proposed ASI Zy and
Z, control charts, we have to derive the ATC. The Markov
chain approach is used to compute the ATC, due to the no-
memory property of the exponential distribution. Accord-
ing to the locations of the sample statistics, 17 possible
process states are defined. Table 2 shows the 17 process
states. When at least one chart signals, we stop monitoring
the process no matter whether the signal is true or false.
Hence, the 17 states can be classified into absorbing and
transient states. The absorbing states are reached when at
least one sample statistic falls out of the control limits; that
is, in region Iy or /4. The transient states are reached when
both sample statistics fall within the control limits. The
states from 1 to 16 are defined as the transient states, and
state 17 is defined as the absorbing state.

Table 2 The 17 process states

State Does  The location of Is an alarm Does The location of Is an alarm in Transient state
ACI sample statistic in the first AC2 sample statistic the second or absorbing
occur? Zy step? occur? Z, step? state?

1 No Iy No alarm No I, No alarm Transient state

2 No I Yes 1

3 Yes I X1 No Iz 1

4 Yes I Yes 1

5 No I X2 No Izl

6 No I Yes I

7 Yes Iy No 1.

8 Yes Iy Yes I

9 No I No 1,

10 No I X1 Yes 152

11 Yes I No 1

12 Yes Iy Yes I,

13 No I No 1

14 No Iy Yes I,

15 Yes Ix> No 1o

16  Yes I Yes 1

17 At least one False signal

or True signal Absorbing state




1174

Denote P to be the transition probability matrix, and P is
a square matrix of order 17. Denote P; ;(#) to be the
transition probability from prior state 7 to current state j
with sampling interval #;, where ¢, is determined by the
prior state i, i=1, 2,..., 17, and k=1, 2, 3. For example, the
transition probability from state 1 to state 4 with sampling
interval 3 is calculated as:

p1.4(t3) = Pl|Zx| < wx[01] x P[|Ze| < we|d2]
L—eM8) x (1—e")
(I)(WX — (51) — CI)(—WX — 51))
(®(We — 62) — @(—we — 62))
(1—e™B) x (1—e™n)

The calculation of all transition probabilities is shown in
the Appendix.

Since we consider that the shift in the process mean does
not occur at the beginning, hence, the in-control process
state would be on 1, 5, 9, or 13. The states 1, 5, 9, and 13
are transient states, but state 17 is an absorbing state. Based
on the definition of ATC, the ATC is calculated as the sum
of (the expected time to reach an absorbing state from the
transient state 7)*(the corresponding starting probability for
the transient state 7), i=1, 5, 9, 13; that is:

X

—~

x X

ATC = byMy + bsMs + bgMy + b13 M3, (12)
where b; is the starting probability for the transient state i,
i=1, 5, 9, 13 and M, is the expected time to reach any
absorbing state from the transient state i, i=1, 5, 9, 13.

The M,;, =1, 2, 3,..., 16, can be derived using the
property of Markov chain; that is:

(My, My, Ms, ..., Mig) =(I—Q)'t, (13)
where I is the identity matrix of order 16; Q is the transition
probability matrix, where each element represents the
transition probability, P; ;(#), from transient state i to
transient state j, i=1,..., 16, j=1,..., 16; and t'=(t3, t5, t5, t5, 2,
b, b, b, b, b, b, 1, 1y, 11, 17, 1) 1S the vector of the sampling
intervals from state 1 to state 16.
Consequently, the AATS is obtained using Eq. 11.

An example

In this section, we illustrate how to construct and use the
proposed ASI Zy and Z, control charts through an empirical
automobile braking system example. The data of this
example are the measurements of a component part from
the automobile braking system. The variables X=ROLLWT
was measured for the first step and Y=BAKEWT was
measured for the second step. For every sampling, a sample
of'size 1 is taken at the end of the second step, and a pair of
observations (X, Y) is measured. Two machines are

operated in the two dependent process steps. The time
(7)) until machine 1 is out of control follows an exponen-
tial distribution with parameter A;=0.03, and the time (75)
until machine 2 is out of control follows an exponential
distribution with parameter A\,=0.04. The variables 7' and
T, are independent. From the process history, the means of
the process may be shifted when two machines are out of
control. The out-of-control machine 1 only influences the
mean of X on the first process step and the standard
deviation is unaffected. The out-of-control machine 2 only
influences the mean of Y on the second process step and the
standard deviation is unaffected. We collect 45 pairs of
observations (X, Y), from the in-control process, to
establish their statistical relationship.

From the results of data analysis, both variables X and Y
follow bivariate normal distributions. Variable Y is affected
by variable X, and their relationship is expressed by a simple
linear regression model. Using the least square method for
the 45 observations, the fitted regression model is:

Y|X =93.2+40.513X . (14)
From the model assumptions checking, the fitted regres-
sion model is appropriated. So, we use Eq. 14 to calculate the

estimated values (IA/|X ) and the residuals (e). The estimated

means and standard deviations of variables X and e are
iy = 210.25, 5% = 1.19, 1, = 0, and 0, = 0.88. Hence,
when both steps are in control, X~N(210.25, 1.19%) and e~N
(0, 0.88%). According to the historical data, the shift scale of
the process mean caused by the out-of-control machine 1 is
010, where 6;=0.5, and the shift scale of the process mean
caused by the out-of-control machine 2 is d,o, , where
0,=0.75. Hence, the distribution of X becomes X~N(210.25
+0.5%1.19, 1.192) for the out-of-control first process steg,
and the distribution of e becomes e~N(0.75x%0.88, 0.88)
for the out-of-control second process step.

For three different adaptive sampling intervals, the pro-
cess engineers determine #,=0.01 h, £,=0.5 h, and #;=1.15 h;
thus, the warning limit is calculated to be 1.58 by using
Eq. 10. Consequently, the structures of the proposed ASI
Zy and Z, control charts are as follows:

UCLy, =3 UCLy, =3 (15)
UWLy, =1.58 UWL; = 1.58
CL;, =0 CLy =0
LWLy, = —158 LWLy = —1.58
LCLy, = -3 LCL; = -3

To detect the changes in the process means faster, the
constructed ASI Zy and Z, control charts are used. The first
sampling interval is randomly chosen to be 0.5 h. After 0.5
h, the first sample is taken from the end of the second
process step, and the paired observation of (X, Y) is (209,
201). Hence, the calculated values of (X, e) is (209, 0.583)



by using Eqgs. 2 and 14. Using Egs. 2 and 3, the values of Zy
and Z, are as follows:

209 —210.25
v =g =105 (16)

0.583
Z,=—2=0.66 17
0.88 a7

Both sample statistics (—1.05, 0.66) are within the warning
limits, so we adopt the longer sample interval #=1.15 h.
After 1.15 h, the second sample is taken, and the paired
observation of (X, Y) is (208, 202). Hence, the sample
statistics (Zy, Z,.) of the second sample are (—1.89, 2.38).
Both of these statistics fall outside the warning limits, but
inside the control limits, so the shorter sampling interval
t;=0.01 h is adopted; that is, the next sample is taken 0.01 h
after the second sample. Once at least one of the sample
statistics falls outside the control limits, then the process is
stopped and the out-of-control machine 1 or/and machine 2
needs to be repaired.

The AATS is used to measure the performance of the
proposed ASI Zy and Z, control charts. There are 17
possible process states for the empirical example, which
are the same as the process states presented in Table 2. The
ATC is calculated to be 62.80 h by using Eq. 12. Hence, the
AATS is 52.51 h by using Eq. 11. It means that the average
time to detect the out-of-control process is 52.51 h.

For comparing the AATS of the ASI Zy and Z, control
charts with that of the FSI Zy and Z, control charts, we also
calculate the AATS of the FSI Zy and Z, control charts. The
approach to obtain the ATC and AATS of the FSI Zy and Z,
control charts is similar to that of the ASI Zy and Z, control
charts, except that there are no warning limits on the FSI Zy
and Z, control charts. After calculation, the AATS of the FSI
Zxand Z, control charts is 54.91 h. It shows that the proposed
ASI Zy and Z, control charts can detect the shift of the
process means faster than the FSI Zy and Z, control charts by
about 2 h. Hence, the proposed ASI Zy and Z, control charts
offer better performance than the FSI Zy and Z, control
charts.

Comparisons with FSI Zy and Z, control charts

Following the example in Sect. 6, we survey the per-
formance of the proposed charts and the FSI charts for
various combinations of shift scales (d;, d,) of the process
means and parameters (A;, \»). According to the historical
data, the shift scales (J;, d») of the process means caused by
the out-of-control machines 1 and 2 range from 0.5 to 1.5,
and the parameters (\;, A;) range from 0.03 to 0.05,
respectively. The AATS under various combinations of
(61, 95) and (Aq, \») are calculated and illustrated in Table 3
and Table 4, respectively.
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The numerical results in Tables 3 and 4 show that, when
detecting small and moderate shifts in process means, the
performance of the proposed ASI Zy and Z, control charts
is much better than the FSI Zy and Z, control charts. Using
ASI Zy and Z, control charts instead of FSI Zy and Z,
control charts can reduce the AATS to about 0.5 hto 5.5 h.
In addition, the proposed ASI Zy and Z, control charts have
better performance in detecting small shifts (§;<1 and 0,<1)
than moderate shifts (1<§;<1.5 or 1<§,<1.5). Under small
shifts (§;<1 and §,<1) in the process means, the ASI Zy-and
Z, control charts can decrease the AATS to about 3.5 h to
5.5 h, compared to the FSI Zy and Z, control charts. Under
moderate shifts (1<§,<1.5 or 1<§,<1.5) in process means,
the ASI Zy and Z, control charts can decrease the AATS to
about 0.3 h to 3.8 h, compared to the FSI Zy and Z, control
charts. Furthermore, the large values of A; and A, lead to a
smaller AATS than the small values of A\; and \,.

One of the advantages of Shewhart control charts is their
speed in detecting large shifts in the process mean.
However, it is not efficient to use Shewhart control charts
when detecting small and moderate shifts in process means.
The proposed ASI Zy and Z, control charts may improve
this problem for two dependent process steps. Based on the
numerical results, the performance of the proposed ASI Zy
and Z, control charts always outperform the FSI Zy and Z,
control charts.

Conclusions

In this article, the adaptive sampling interval (ASI) Zy and
Z, cause-selecting control charts are proposed to effectively
detect and distinguish which one of two dependent process
steps is out of control.

The adjusted average time to signal (AATS) is calculated
to measure the performance of the proposed ASI Zy and Z,
control charts by the Markov chain approach. An empirical
automobile braking system example illustrates the applica-
tion of the proposed ASI Zy and Z, control charts and
shows that the performance of the ASI Zy and Z, control
charts is better than the FSI Zy and Z, control charts.
From some numerical results, it is demonstrated that the
proposed ASI Zy and Z, control charts outperform the FSI
Zx and Z, control charts. It implicates that a process
engineer can identify an out-of-control process step quickly
when using the proposed ASI Zy and Z, control charts, and
it also leads a reduction in the losses of defective products.

Several important extensions of the developed model can
be expanded. It is straightforward to extend the proposed
model to study adaptive sample size (ASS), adaptive sample
size and sampling interval (ASSI) cause-selecting control
charts, or other control charts, like adaptive cause-selecting
control charts in the presence of correlation, exponentially
weighted moving average (EWMA), or cumulative sum
(CUSUM) cause-selecting control charts. One particularly
interesting research area for future research involves the



1176

HEYD [01jU0D [SV JO SIVV "UII-MEYD [0NU0D [S JO SIVV=C 90Ul
HEYD [01UOD [SV JO SIVV "XeW-}EYd [01jU00 [SJ JO SIVV=] USRI

80 8I'l LET 07’1 SE'T 8I'1 08°1 9II'T ¥t we LET 9II'T 34 0Lt 99T 0T ¥t (/x4 06'T LLT SE'l we 99T LLT LET T 20Uyl
107 L4 0r'7 6¥'T 1$'7 L4 167 Sh'e pL'e £8°¢ 0T Sh'e 1434 88y w'e 6r'T pL'E 88’y LSS 9¢°¢ 1$'T £8'¢ w's 9¢'¢ 66'% | 2ouIYI
EYSI'0T  T16S°TI PLTTST 8909°LT  T19€'61 116S°TI TBO8'ST €SIL'61 9EESET ¥TO6YIT CIPOYI  L86Y'61  SO0I'9T 6EIL'EE SE69°0F TIS691 8686'CC 06V0°TE CTITOPY 8089 SOIL'8I L88L'ST I89E€LE S806VS €TECLL SHEBYD [01U0d IS
PTEE6  OLOV'IT  69$8°Cl  6¥0T91  $900°81 0LOY'IT 6L60FI 8PTSLI TO60'1T 1S90VT 69S8'El 8YTS'LI 8YTLTT E68'8T 8989%€ 6FOTII T660'IT +E€68'8T €069°'6€ 198915 S900°81 1590°vT 8989VE 1989°1S  8OLEYL 810I'T ST S0 600
YLy’ 0S6¥°01  €106°C1  €981°ST 01691 0S6¥°01 1¥80°€l  ¥91¥'91  €S88'61 1EPLTT ¥106TL ¥9IP91 IpLY1T 9LOSLT SERI'EE €981°ST €S88°'61 9LOS'LT 16L1°8E OEI1°0S ¥016'91 CTEPL'TT SE8I'EE 0OEI1°0S ¥068TL 8L8TT ST 10 600
TEST6  SEICTTT ToSL'El 8TIT9T 9STO'LT 8CIETT 8I86'Cl  9S6¢'L1  8IL60T 80S6'ET TOSL'El 9S6€'LI TTLSTT SSEL'8T ¥ThSHE 8TIT9L 8IL60T SSEL'8T S61S'6E 8TSIS 9STO'LL 80S6'ET ¥THSHE +8TSIS 98TTYHL S60I'l ST S0 100
PLOF'8  TOTK'Ol  LETRTI BEII'ST SLP&'9T TOTY'Ol 1€66°CI 89IE€91 L88L'61 T8SOTT LETRTI 8IIE9L 68SEIT LOGELT 06L0°€E 8EIT'ST L88L'6I LO6E'LT €SSO'8E 600005 SLY8'9T T8SOTT 06L0°EE 60000S STOLTL LTt ST 10 100
619L'8 L966°01 LLES'ET 6606'ST TO69'LT L96601 +T96°€l 0F09'LT  €I16T1T TLLTYT LLES'ET OVO9'LT YTLI'ET 98LS'6T 9FEV'SE 6606'ST €16T1T 98LS'6T 60TLOY 9L8L'TS TOO9'L1 TLLTYT 9vEY'SE 9L8LTS OLIY'SL 8ILST SI'T S0 600
T991'8  6ELE0O  €L88TI 161TST 919691 6ELE0 YIOTEl LL889T 1TTSOT €TSH'ET €L88'TI LL8Y'9L TIOP'TT 19SL'8T 0F9SHE 061TSI 1TTSOT 19SL'8T TELY'6E ILEO'IS 919691 €TSH'ET 0¥ISHE 1LE6'IS LISIPL PL8L'T ST'T 10 600
90TL'8 60S6'01 TTOY'El S698'ST 1999°LT 605601 TO606'El S8YS'LL vOVT1T 1SETYT TTov'el S8PS'LI  FIIIET 00TS6T €S8E°SE S698°ST ¥OVTIT 66156T 6199°0F TLELTS 1999°L1 1SETHT €S8E'SE TLELTS 8PLESL PSLST ST'T 60 100
80FI'8  TOPE0Ol 1098TI SS61'ST  6Tv6'91 TOVE0l LOSTEL TSS9 0E6F0T TOTH'ET 1098°TI TSS8'9I  €99€°TT YETLRT 9LESHE SS61°ST 0€6v'0T +ETL'8T 11486 LOIOIS 6THO91 TOTH'ET 9LESHE LOIO'TS 0SE9PL L88L'T SI'T 10 100
Sl STl I SLO S0 Sl STl I SL0 S0 ¢l STl I SLO S0 ¢l STl I SLO S0 Sl STl I SLO S0 % “ g 9 b
¢l STl I SLO §o e
S0°0=CY Pue GO'0="Y UdYM SLEYD [01)UOD 77 puk X7 [S] PUE [SV 2} JO SIVV 9y} Jo uostiedwo) ¢ d[qeL
HBYD [0[U0D [SV JO SIVV UIW-JBYD [0NU0D [S] JO SIVV=C 0USIA
Heyd [oNuod [SVY JO SIVV ‘Xew-—-Meyd [0Nuod [SH JO SIVV=] 20ualdjjiq
000  LEO 1§70 24} w0 1€°0 160 6Tl 6t'l 1¢°1 950 8Tl ¥6'T STT 81T 950 'l 67T 't 67T 170 l4A! LTT ST £6'1 T 20Uyl
LT 661 S0°T 10T L6'T L6'T (3% Ps'T L9'T 99°7 90T 95T 1e'e we Ie 80°7 9IL'T 08¢ LEY 8Ty L0'T ¥8'7 $6'€ 144 6Lt | 20Ul
SRy
0SL6'6  ¥080°€1 88LL'9T €OLY'OT CTOPP'ET OELI'TI TTOO91 1T6L'0T SLOZ'ST L1000E ¥LTTST €S9L'61 600L'ST TSLTTE $960°8€ 8909'LI 9E€SE€T TSLTTE 9079ty ¥TISSS 11961 ¥T6¥'9T $960°'8€ +TISSS 6E8L'LL [01U03 IS
IPL6'6  TLOL'TI  €89T'91 8LTOOT 6FTI'ET €E98°TT +S60°ST 990561 €TTY'YT 1769°8T 9S8I%1  SOIT8I  TLSI'PT ELSYIE €69¥8E TS6V'9I T8YSIT E€SEL'6T ¥EVT1Y 8LEI'YS LITEST 9TSEVT +L00'SE LOPITS  €090°SL 810I'T ST S0 600
¥Te0'6  LTIL'TL  STOTST 680061 8190°CT ILL3OL 6010%1 OI9€81 9ITTET LLIY'LT OTLI'El 19S0°L1 8¥88TT 0960°0€ 0¥COLE 8THY'SI 1LOEOT OSPEST 1€9L°6E 1€79TS €E0TLI 8YTO'ET TTIS'EE GS6S0S 8TTIEL 8L8TT ST 10 600
9TI6'6  ¥IE9TI 188191 LESO'6]  STOO'ET €O6L'IT S000'ST TOOE61  LITEPT 68658 L8OI'FI  +0O11'81 T6TOPT OPTEIE €8FEBE 8TTYII 0EPY'IT 9109°6T 9L60'TY 0v00'FS S8PT8I  6LSTHYT TH88'PE 1S00TS  LOEOHL S60I'l ST S0 100
S6L6S  L6VO'TT 9961°ST  18v6'81 SOI0TT 191801 LE6'El ¥ILT8I POEI'ET TOPE'LT 980I'E€l 9TL69T S98L'TT 6S66'6T 9PE69E PESEST 9STTOT LYPT8T 6SS9'6E ¥9TSTS OISILL  ¥TS6'TT SITHEE 9L6V0S S8ESEL L16TT  §T 10 100
1€68'8  LI9L'TT 0TOF'ST EPI'61  0881'CCT SO88°01 6L8EYI 146681 1T86'€T 0LET8T LSLTED SI69LT 1TLOET 689F 1€ 0CI1S8E  SS6S'ST ISITIT TEIL'6T OLLSTY +IISHS 9L6E'LT  9FE6'ET €860°SE  €9SS°TS  6T0F'SL 8ILST SI'T S0 600
9TTTy  ITIUTL ¥8PL'YL SILY'8T  $68F'1T +8TTOI SS69°€l  TOLT8I 1IVTET TISK'LT €909°TI 0€96'91 €LOTET SILI0E 6L8Y'LE 0668°F1 ISPEOT €TSOT 88SL'OY  690L'ES 19991  SRII'ET 0€vTHE YOTLIS TTLIVL pL8L'T SI'T 10 600
O818'8  9TTL'Il TTIEST 6LOI'61 TOSI'TT TTHOI STPEYl 8SHOI  TLE6'ET 000T8T VLET'El OFPY'LL 6816°€T ILIFIE ¥69F'8E O019S°ST OILOTT O9IIL'6T €STSIy SILYYS 6V9ELl  SL68'ET ¥¥SOSE OI1STS ¥S9E°SL YSLST ST'T S0 100
PI0T8  €880°T1 9¥TLYl 9SSH'81  8TLY'IT TSOTOI S899°€l 60ST81 +SITET 9SEY'LT bE8STI TSE6'91 8ILI'ET SLYI0E €F99'LE LBLEPI 661€0T SETORT 10EL0F 1€89°€S 6vF991  0860°€T €61THE 9SOLIS LTSIVL L88L'T SI'T 10 100
Sl STl I SLO S0 Sl STl I SL0 S0 Sl STl I SL0 0] Sl STl I SLO 0] Sl STl I SL0 0 % " 9 9 ]
Sl STl I SLO §o e

¥0°0=°Y pue £0'0="

Y UoyM SMEYD [0JJU0D

°Z pue X7 [Sd Pue ISV oyl Jo SIVV 2y jo uosiiedwio) ¢ dqeL,



1177

adaptive economic statistical modeling of dependent process ~ Appendix
steps subject to multiple assignable causes.

The calculation of the transition probabilities are as
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by the National Science Council of the Republic of China, grant no.
NSC 92-2118-M-004-006.

Pi(t) i=1,...,17,j=1,...,17, k=123

|Zx| < wx] X P[|Zs| < we] x e M8 x e

(53) = P[
(t3) [1Zx| < wx] X P[|Z| < we|62] x e™M5 x (1 — e h)
(13) [1Zx| < wx|01] x P[|Ze | <we] x (1 —e™™5) x e ™8
(t3) [|Zx| < wx|01] X P[|Ze] < we|da] x (1 — e7A1’3) X (1 — ef)‘m)
Pis(t3) = Pl—ky < Zy < —wy Uwy < Zx < kx| X P[|Zs| < we] x e ™M x
(53) =P| <
() = Pl—ky < Zy < —wy Uwy < Zy < ky|61] x P[|Z.| < we] x (1
(3) [—ky < Zy < —wy Uwyx < Zx < ky|61] x P[|Z.| < we|62) x (1
(53) = P|

<
< —wy Uwy < Zy < ky|di]

X Pl—ke < Z, < —w,Uw, < Z, < ke|02] X (1 — ef}“&) X (l -
16

Pri(t) =1— ZPl’j(g)
=

Jj=

Pyi(5) =0
P, (13) = P[|Zx| < wx] X P[|Z| < w,|8,] x e 15
Py3(t3) =0
Py4(t3) = P[|Zx| < wx|81] X P||Ze| < we|82] x (1 — e_’\‘”)
Pys(t3) =0
Prs(ty) = Pl—ky < Zy < —wy Uwy < Zy < ky| X P[|Z.| < w,|85] x e ™15
Py7(t) =0
(13)

.

P[—kX < ZX < —wy Uwy < ZX < kX|81} X P[|Ze| < We|82} X (1

e*7\zls

—kxy < Zy < —wy Uwy < Zy < kx| X P[|Z,| < w,|d2] e MB % (1 — e_)\m)

_ 6*7\16) % e*?\zl3

— M) x (1

|Zx| < wx] X Pl~ke < Ze < —We Uw, < Z, < ko] x e M8 x e7h8

—wy Uwy < Zy < kyl|d1] X Pl—ke < Z, < W, Uw, < Z, < k] X (1

e*}\ﬂ})

_ e*)»lfs)

_ 8*7\2&)

_ e—)\zts)
—kX <Zy < —wyUwy <Zy < kX] X P[—ke <Ze<—-w.Uw,<Z, < ke] X 67A1t3 X efhm

[
[
[
Pi1a(ts) = Pl—ky < Zy < —wy Uwy < Zy < ky| x P[~ke < Z, < =W, Uw, < Z, < kee| 03] x e M x (1 — ™M)
[
[

_ e_)\]tS) % e—7\213
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P279(I3) =0

P2’|6 B3 ZP[—k)( <Zy < —wyUwy <Zy < kx|5]] X P[—ke < Ze < —w.,Uw, < Ze < ke|82] X (1 — 67)”&)

P31(t3) =0

P35(t3) =0

Ps33(t3) = P[|Zx| < wx|81] X P[|Z]| < w,] x e

P34(t3) = P[|Zx| < wx|81] X P[|Z.| < we|82] x (1 —e ")

P35(65) =0

Ps36(t3) =0

P37(t3) = Pl—ky < Zy < —wy Uwy < Zy < ky|81] x P[|Z] < we] x e

P3s(t3) = Pl—kx < Zy < —wxy Uwy < Zy < ky|81] X P||Ze| < we|82] x (1 e_’\m)

P39(t3) =0

P310(t3) =0

P311(t3) = P[|Zx| < wy|81] X P[~ke < Zo < —weUw, < Z, < k| x e "2

P315(t3) = P[|Zy| < wx|81] X P[—ke < Ze < —we Uwe < Z, < ke85] x (1 — ")

P313(t3) =0

P314(t3) =0

P3.15(3) = Pl~ky < Zy < —wy Uwy < Zy < ky|8)] x P[~ke < Z, < —w,Uw, < Z, < k] x e 25
P316(t3) = Pl—ky < Zy < —wy Uwy < Zy < ky|81] X Pl—ke < Zo < —we Uw, < Z, < ke|85] x (1 — e_“@)

16

Py17() =1~ ZPS,j(t3)
1

Jj=




(53)

(t3) = P(|Zx| < wx|é1) X P(Z, < we|62)
Py5(t3) = Pag(t3) = Paq(t3) = 0

(53)

(53)
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:P(—kX < ZX <wyUwy < ZX < kx|51) X P(Ze < We|82)

P4’12 t3) = P(|Zx| < WX|51) X P(—ke <Z, <w.,Uw,<Z, < ke|82>

Py 16
16
Pyip(ts) = 1= Py (1)
=

(
P413(t3) = Pa1a(tz) = Pa5(3) =0
([3) ZP(—k)( <Zy <wyUwy <Zy < k){‘(sl) X P(—ke <Ze <w,Uw, < Z, < ke|82)

The transition probabilities for Ps (%), Ps ;(t2), P7,;(t2),

Py j(t2), Po (), Pio(t2), P11 ;(t2), and Py, ;(%,) are cal-
culated by replacing #, on #3 for Py ;(13), P>, ;j(t3), P3, ;(t3),

and Py_/(13), j=1, 2,..., 17:

P5’j(l‘2) = Pl’j(lz) j =1, 2,..
P@j(fg) = Pz’j(l‘z) =1, 2,..
Py i) =P (n) j=1 2,..
Py j(h) =Py () j=1 2,..
P9’j(t2) = Pl,j(t2) ] =1, 2,..
Py j() =P () j=1, 2,
Py () =P i(n) j=1,2,
P j(h) =Py () j=1,2

The transition probabilities for Py3 ;(1,), P4 (1), Pis (1),
and Py ;(#) are calculated by replacing #; on # for Py ;(t3),
P2,j(t3)9 P3,j(t3)9 and P4,j(t3)’j:17 29-": 17:

17
17
17
17
17
17
17
17

P13’j(l1):P1’j(l1) ]: 1, 2,.. 17
Py j(ti) =Py () j=1,2,..., 17
PlS,j(tl):PS,j(tl) ]: 1, 2, 17
Pig j(t1) = Paj(1) j=1,2, 17
Py ;=0 j#17

P77 =1
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