
Int J Adv Manuf Technol (2007) 31: 1169–1180
DOI 10.1007/s00170-005-0288-2

ORIGINAL ARTICLE

Su-Fen Yang . Hui-Chun Su

Adaptive sampling interval cause-selecting control charts

Received: 30 November 2004 / Accepted: 22 June 2005 / Published online: 12 July 2006
# Springer-Verlag London Limited 2006

Abstract This article considers the statistical adaptive
process control for two dependent process steps. We
construct an adaptive sampling interval ZX control chart to
monitor the quality variable produced by the first process
step, and use the adaptive sampling interval Ze control chart
to monitor the specific quality variable produced by the
second process step. By using the proposed adaptive
sampling interval control charts, we can quickly detect and
distinguish which process step is out of control. The
performance of the proposed adaptive sampling interval
control charts is measured by the adjusted average time to
signal (AATS), which was derived by a Markov chain
approach, for an out-of-control process. An empirical
automobile braking system example shows the application
and the performance of the proposed adaptive sampling
control charts in detecting shifts in process means. Some
numerical results obtained demonstrated that the perfor-
mance of the proposed adaptive sampling cause-selecting
control charts outperforms the fixed sampling interval
cause-selecting control charts.

Keywords Adaptive sampling interval . Control charts .
Dependent process steps . Adjusted average time to signal

Introduction

Control charts are important tools in statistical quality con-
trol. They are used to effectively monitor and determine
whether a process is in control or out of control. Shewhart
[20] first developed the X control chart to monitor the
process mean. The control chart is easy to implement and,
hence, it has been widely used for industrial process control.
Usually, Shewhart X control charts monitor a process by
taking equal samples of size at a fixed sampling interval.

Once the sample statistic falls outside of its control limits, it
indicates that the process is out of control, and that it should
be stopped and repaired. Shewhart X control charts provide
good performance in detecting large shifts in the process
mean. However, small and moderate shifts in process means
are expected in reality. There have been several alternatives
proposed to improve this problem in recent years. Some of
the alternatives include Shewhart X control charts combined
with cumulative sum (CUSUM) control charts [10], Shewhart
X control charts with run rules [9], exponentially weighted
moving average (EWMA) control charts [11], and Shewhart
X control charts with adaptive sampling interval or/and
sample size [16], [13].

The idea of adaptive sampling interval (ASI) Shewhart
X control charts is that the sampling interval should be
short if the previous sample shows some indication of a
shift in process mean, and long if there is no indication of a
shift. Reynolds et al. [16] propose Shewhart X control
charts with an adaptive sampling interval where the time
period between samples is varied, depending on the
location of the previous sample statistic on the charts.
Their paper demonstrates that dual sampling intervals are
better, and that the proposed control chart can detect small
and moderate shifts in process mean faster than a fixed
sampling interval (FSI) Shewhart X control chart. An ASI
Shewhart X control chart with run rules is introduced by
Cui and Reynolds [6]. The control chart signals not only a
sample statistic falling outside the control limits, but also a
run of a specified length occurred in a specified region. It
offers better performance than ASI Shewhart X control
charts without run rules and FSI Shewhart X control charts
with or without run rules. Reynolds et al. [15] propose the
CUSUM control chart with adaptive sampling interval to
monitor the shift in process mean by extending the
approach Reynolds et al. [16]. Their paper shows that the
ASI CUSUM control chart is substantially more efficient
than either the ASI Shewhart X control chart or the FSI
CUSUM control chart for small and moderate shifts in
process mean. Runger and Pignatiello [18] propose a one-
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sided control limit for an adaptive ASI Shewhart X control
chart, and show that the improvement in detecting the
process mean is better than a two-sided adaptive ASI
Shewhart X control chart. It also shows that both one-sided
and two-sided adaptive Shewhart X control charts detect
small and moderate shifts in the process mean faster than an
FSI Shewhart X control chart. Saccucci et al. [19] introduce
the properties and performance of a EWMA control chart
with adaptive sampling interval. Their paper demonstrates
that the ASI EWMA control chart always outperforms the
FSI EWMA control chart, as well as the ASI Shewhart X
control chart, especially in detecting small and moderate
shifts. Amin and Miller [1] propose a robust ASI X control
chart. The chart is constructed based on a non-normal
distributed quality characteristic. Reynolds [14] proposes a
varied sampling interval X control chart with sampling at
fixed times (VSIFT), and shows that the performance of the
VSIFT X control chart is better than the FSI Shewhart X
control chart and is relatively easy to set up and implement
in practice.

Similar to ASI control charts, some papers consider
adaptive sample size (ASS) control charts [2, 7, 13, 24].
Some authors combine adaptive sample size and sampling
interval (ASSI) control charts [3, 12, 17]. Costa [5] pro-
poses the adaptive parameter (AP) X control chart, and
also discusses adaptive parameter (AP) X and R control
charts [4]. Epprecht et al. [8] proposed adaptive control
charts for attributes. A survey of recent developments in the
adaptive control charts sees Tagaras [21].

All the above papers only consider a single process step.
However, most recent products are produced from several
different dependent process steps. In multiple process
steps, a Shewhart control chart is often used to monitor the
process state of each individual step. If the process steps are
independent, then, using a Shewhart control chart to
monitor each individual step is meaningful. However,
many process steps are not independent, and, thus, the
control charts are difficult to interpret the correct process
state. An alternative approach is to use a multivariate
control chart, such as a Hotelling T2 control chart, to
monitor dependent process steps. The disadvantages of
using a Hotelling T2 control chart are that it assumes that all
quality characteristics in the chart are multivariate normal
random variables, and there is difficulty in interpretation
for which process step is out of control when there is a
signal from the control chart. For the two dependent
process steps, a powerful and popular approach proposed
by Zhang [23] is using cause-selecting control charts. The
cause-selecting control chart is constructed for an outgoing
quality variable only after the observations have been
adjusted for the effect of an incoming quality variable. The
advantage of this approach is that, once there is a signal, it
is easy to determine if the second step of the process is out
of control. Wade and Woodall [22] review and analyze the
cause-selecting control chart and examine the relationship
between the cause-selecting control chart and the Hotelling
T2 control chart. In their opinion, the cause-selecting
control chart outperforms the Hotelling T2 control chart.

Yang [25] proposed economic control charts for two
dependent process steps. Yang [26] considers a statistical
process control for two dependent process steps with a
failure mechanism. Yang and Chen [28] propose two
dependent processes control for two failure mechanisms
from an economic viewpoint. Yang [27] addresses depen-
dent processes control for over-adjusted process means.
Yang and Yang [29] study the effects of imprecise mea-
surement on controlling two dependent process steps for
autocorrelated observations. However, using adaptive
control charts to monitor and distinguish which process
step is out of control has not been addressed.

The purpose of this paper is to study the ASI ZX and Ze
control charts to monitor the process means on the
dependent first process step and the second process step,
respectively. Following Costa [3], the shifts in the process
means do not occur at the beginning, but instead at some
random time in the future, and the occurrence time of the
shift is assumed to be an exponentially distributed random
variable. The performance of the ASI ZX and Ze control
charts is measured by the Adjusted average time to signal
(AATS). An empirical example is given to illustrate the
application and performance of the proposed ASI ZX and Ze
control charts. Finally, some numerical comparison results
show that the performance of the proposed ASI charts
outperforms the FSI ZX and Ze control charts.

Process description

Throughout this article, a two-step process is assumed.
Denote X to be the quality measurement of interest for the
first step and Y to be the quality measurement of interest for
the second step. The two steps of the process are
dependent, and the second step is affected by the first
step. Suppose that the values of X cannot be observed in the
first step, but can be measured at the end of the second step.
Hence, a sample of size 1 is taken at a varied sampling
interval, and the paired observations (Xi, Yi) are measured at
the end of the second step. It is assumed that the samples
are mutually independent. Figure 1 shows a two-step
process and the interested quality variables (X, Y) for the
process.

The quality variable X is assumed to follow a normal
distribution with mean μX and a constant standard devia-
tion σXwhen the first step is in control. The quality variable
Y is affected by X and the relationship between Y and X is
expressed as:

YijXi ¼ f Xið Þ þ "i; i ¼ 1; 2; 3; . . . ; n: (1)

Fig. 1 A two-step process
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The variable εi is the random error and εi~NID(0, σε
2)

when the second step is in control. To monitor the two
dependent process steps effectively, two control charts are
constructed to control the first step and the second step
respectively. To monitor the first step, the individual X
control chart is set up based on the in control distribution of
X. To monitor the second step, the specific quality of the
second step is specified by adjusting the effect of X on Y; that
is, the specific quality is presented by the cause-selecting
values, ei ¼ YijXi � bYijXi: The cause-selecting control chart
is set up based on the in-control distribution of cause-
selecting values. Hence, X∼N(μX, σX2) and e∼N(0, σε2) when
the first step and the second step are both in control.

We assume the process is in control at the beginning, and
two assignable causes, say AC1 and AC2, may occur at the
process randomly. AC1 may only occur at the first step and
influences a shift in the distribution of X to X∼N(μX +
δ1σX, σX

2). AC2 may only occur at the second step and
influences a shift in the distribution of e to e∼N(δ2σε, σε2).
When both of AC1 and AC2 occur, the process mean of X
shifts from μX to μX + δ1σX, and the process mean of e
shifts from 0 to δ2σε. The assignable cause occurs
according to an exponential distribution with parameter
λi, i=1, 2. Table 1 shows possible distributions of X and e.

Principles of the ASI ZX and Ze control charts
for two dependent process steps

To control and diagnose the two dependent process steps
effectively, the adaptive sampling interval X and cause-
selecting control charts are constructed based on the in-
control X and e distributions. The sampling interval is varied
and it depends on the locations of the previous sample
statistics. Usually, there are three lines (upper control limit,
central limit, and lower control limit) for a control chart.
Here, we add a warning threshold on each of the proposed
control charts. Hence, there are two symmetric warning lines
between the control limits. Consequently, the structures of
the ASI X and cause-selecting control charts are as shown in
Fig. 2.

To monitor the two dependent process steps, a sample of
size 1 is taken at the end of the second step, the paired
observations (Xi, Yi) are measured, and the relationship
between Y and X is determined. Then, the sample statistics
(Xi, ei) are calculated and plotted on the ASI X control chart
and cause-selecting control chart, respectively. If the
sample statistic falls between the warning lines, it is rea-

sonable to wait more time to take the next sample because
there is no evidence that the process needs adjustment. If
the sample statistic falls close to the control limits but not
outside them, it is reasonable to wait less time to take the
next sample because the process can be in need of
adjustment. When at least one sample statistic falls outside
of the control limits, we stop monitoring the process and
start to repair the assignable cause.

To easily use the proposed charts for process engineers,
we standardize sample statistics X and e as follows. Let the
following:

ZX ¼ X � μX

σX
; (2)

where ZX ∼ N(0, 1) when the first step is in control. Let the
following:

Ze ¼ e

σ"
; (3)

where Ze ∼ N(0, 1) when the second step is in control.
Based on the in-control distributions of ZX and Ze, the

structures of the ASI ZX and Ze control charts are as shown
in Fig. 3.

Before using the proposed ASI ZX and Ze control charts,
we determine three sampling intervals, t1, t2, and t3, where
t3>t2>t1. If both sample statistics (ZX, Ze) fall between the
warning limits, it is reasonable to choose a longer sampling
interval, t3, to take the next sample, as no evidence that the
process needs adjustment. If both sample statistics fall
outside the warning limits but inside the control limits, it is
reasonable to choose the shorter sampling interval, t1, to
take the next sample, as the process can be in need of
adjustment. If one of the sample statistics falls within the

Table 1 Possible distributions of X and e

X e

Does AC1 occur? Mean of X Does AC2 occur? Mean of e

No μX No 0
Yes μX+δ1σX No 0
No μX Yes δ2σε
Yes μX+δ1σX Yes δ2σε

Fig. 2 The ASI X and cause-selecting control charts

Fig. 3 The ASI ZX and Ze control charts
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warning limit and the other falls outside the warning limit
but inside the control limit, it is reasonable to choose a
middle sampling interval, t2. Once one sample statistic falls
outside of its control limits, then the sampling stops and the
process restarts. The first sampling interval is randomly
chosen from t1, t2, and t3, and the following sampling
interval is dependent upon the locations of the previous
sample statistics.

To express the relationship between the sampling
interval, ti, and the location of the sample statistics on the
proposed charts, the ASI ZX and Ze control charts are
divided into the following four regions:

IX1 ¼ �wX ; wX½ � Ie1 ¼ �we; we½ �
IX2 ¼ �kX ; �wXð Þ

[ wX ; kXð Þ
Ie2 ¼ �ke; �weð Þ

[ we; keð Þ
IX3 ¼ �kX ; kXð Þ Ie3 ¼ �ke; keð Þ
IX4 ¼ �1; �kXð �

[ kX ; 1½ Þ
Ie4 ¼ �1; �keð �

[ ke; 1½ Þ

According to the adaptive scheme, if the previous
sample statistics ZX falls in region IX1 and Ze falls in region
Ie1, then we choose the longer sampling interval t3. If one of
the previous sample statistics falls in region IX1 or Ie1, and
the other falls in region IX2 or Ie2, then we choose the
sampling interval t2. If both of the previous sample
statistics fall in region IX2 and Ie2, then we choose the
shorter sampling interval t1. If at least one of the sample
statistics falls outside of the control limits, then we stop
sampling. Their relationship is formulated as in Eq. 4:

tk ¼
t3 if ZX 2 IX1 \ Ze 2 Ie1
t2 if ZX 2 IX1 \ Ze 2 Ie2
t2 if ZX 2 IX2 \ Ze 2 Ie1
t1 if ZX 2 IX2 \ Ze 2 Ie2

; k¼1; 2; 3; . . . :

8>><>>: (4)

No matter if the signal is a true or a false on the proposed
ZX control chart, it indicates that AC1 may have occurred
at the first step. Then, the process is stopped for repairs
until the process is back in control, similar to the proposed
Ze control chart.

Determination of the warning limits
on the ASI ZX and Ze control charts

The design parameters of the proposedASI ZX and Ze control
charts are the sampling intervals (t1, t2, t3), the control limits
(kX, ke), and the warning limits (wX, we). The three sampling
intervals are always determined by the process engineers,
and the control limits are always fixed. This leaves the
warning limits to be determined. In order to compare the
performance of the proposed ASI ZX and Ze control charts
and the FSI ZX and Ze control charts after the process shifts,
we should let the ASI ZX and Ze control charts and FSI ZX

and Ze control charts have the same expected in-control
process time. Hence, under the in-control process, we let the
expected sampling time interval E(ti) of the proposed ASI
control charts be equal to the sampling time interval of the
FSI ZX and Ze control charts.

That is:

E tk jδ1 ¼ 0; δ2 ¼ 0½ �
¼ t0P plotted points within control limitsjδ1¼ 0;δ2¼0ð Þ;

(5)

where t0 is the sampling time interval of the FSI ZX and Ze
control charts. We have to note that the only difference
between the FSI and ASI ZX and Ze control charts is that the
former has no warning limits. Using the constraint in Eq. 5,
we can derive the warning limits of the proposed ASI ZX
and Ze control charts. We assume that, once false alarm
occurs, then the process stops sampling and restarts. Hence,
the constraint can be expressed as follows:

t3�P ZX 2 IX1jδ1 ¼ 0; δ2 ¼ 0ð Þ
� P Ze 2 Ie1jδ1 ¼ 0; δ2 ¼ 0ð Þþ
t2 � P ZX 2 IX1jδ1 ¼ 0; δ2 ¼ 0ð Þ
� P Ze 2 Ie2jδ1 ¼ 0; δ2 ¼ 0ð Þþ
t2 � P ZX 2 IX2jδ1 ¼ 0; δ2 ¼ 0ð Þ
� P Ze 2 Ie1jδ1 ¼ 0; δ2 ¼ 0ð Þ
t1 � P ZX 2 IX2jδ1 ¼ 0; δ2 ¼ 0ð Þ
� P Ze 2 Ie2jδ1 ¼ 0; δ2 ¼ 0ð Þ
� P at least one false alarmð Þ
¼ t0 � P �kx < ZX ; i�1 < kxjδ1 ¼ 0; δ2 ¼ 0ð Þ
� P �ke < Ze < kejδ1 ¼ 0; δ2 ¼ 0ð Þ
� P at least one false alarmð Þ:

(6)

Simplifying Eq. 6 gives:

4ΦðwX ÞΦðweÞ½t3 � 2t2 þ t1�
þ2ΦðwX Þ½�t3 þ 2t2ΦðkeÞ þ t2 � 2t1ΦðkeÞ�
þ2ΦðweÞ½�t3 þ 2t2ΦðkX Þ þ t2 � 2t1ΦðkX Þ�

¼ t0ð2ΦðkX Þ � 1Þð2ΦðkeÞ � 1Þ � t3 þ 2t2ΦðkeÞ
þ2t2ΦðkX Þ � 4t1ΦðkX ÞΦðkeÞ

(7)

whereΦ(·) denotes the standard normal cumulative function.
Let kX = ke= k, Eq. 7 is simplified as:

4Φ wXð ÞΦ weð Þ t3 � 2t2 þ t1½ � þ 2 Φ wXð Þ þ Φ weð Þ½ �
� �t3 þ 2t2Φ kð Þ þ t2 � 2t1Φ kð Þ½ �

¼ t0 2Φ kð Þ � 1ð Þ2 � t3 þ 4t2Φ kð Þ � 4t1 Φ kð Þð Þ2 (8)

We can solve Eq. 8 by letting wX =we =w, and it reduces
the complication of implementing the proposed ASI ZX and
Ze control charts.
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Consequently:

4Φ wð Þ2 t3 � 2t2 þ t1½ �
þ 4Φ wð Þ �t3 þ 2t2Φ kð Þ þ t2 � 2t1Φ kð Þ½ �

¼ t0 2Φ kð Þ � 1ð Þ2 � t3 þ 4t2Φ kð Þ � 4t1 Φ kð Þð Þ2: (9)

It follows that:

w ¼ Φ�1 �4B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16B2 � 16AC

p

8A

 !
; (10)

where:

A ¼ t3 � 2t2 þ t1
B ¼ �t3 þ 2t2ΦðkÞ þ t2 � 2t1ΦðkÞ
C ¼ �

"
t0

�
2ΦðkÞ � 1

�2

� t3 þ 4t2ΦðkÞ � 4t1

�
ΦðkÞ

�2
#

Performance measurement for the ASI ZX and Ze
control charts

The statistical efficiency of a control chart is measured by
the speed of detecting process mean shifts. The average run
length (ARL) is often used to measure the speed of any FSI
control charts. However, the sampling interval of the
proposed ZX and Ze control charts in this article is variable,
not fixed, so the detecting speed cannot be measured by
ARL. Instead, the adjusted average time to signal (AATS)
is used to measure the performance of the proposed ASI ZX
and Ze control charts. The AATS is the average time from
any one of the two process steps’ means shift until a signal
and all occurred assignable causes are removed. A smaller

AATS is desirable to detect the out-of-control process
faster and avoid the losses of defective products.

The average time of a process cycle (ATC) is the average
time from the start of production until the signal after the
process is checked and adjusted.

Denote Ti to be the occurrence time of ACi, which
follows an exponential distribution with parameter λi, i=1,
2, where T1 and T2 are independent.

Denote T to be the occurrence time of the first assignable
cause, that is:

T ¼ min T1; T2ð Þ;

where T∼exp(λ1+λ2). Hence, the relationship among the
AATS, ATC, and the expected T is expressed as:

AATS ¼ ATC � E Tð Þ ¼ ATC � 1

λ1 þ λ2
(11)

Before obtaining the AATS of the proposed ASI ZX and
Ze control charts, we have to derive the ATC. The Markov
chain approach is used to compute the ATC, due to the no-
memory property of the exponential distribution. Accord-
ing to the locations of the sample statistics, 17 possible
process states are defined. Table 2 shows the 17 process
states. When at least one chart signals, we stop monitoring
the process no matter whether the signal is true or false.
Hence, the 17 states can be classified into absorbing and
transient states. The absorbing states are reached when at
least one sample statistic falls out of the control limits; that
is, in region IX4 or Ie4. The transient states are reached when
both sample statistics fall within the control limits. The
states from 1 to 16 are defined as the transient states, and
state 17 is defined as the absorbing state.

Table 2 The 17 process states State Does
AC1
occur?

The location of
sample statistic
ZX

Is an alarm
in the first
step?

Does
AC2
occur?

The location of
sample statistic
Ze

Is an alarm in
the second
step?

Transient state
or absorbing
state?

1 No IX1 No alarm No Ie1 No alarm Transient state
2 No IX1 Yes Ie1
3 Yes IX1 No Ie1
4 Yes IX1 Yes Ie1
5 No IX2 No Ie1
6 No IX2 Yes Ie1
7 Yes IX2 No Ie1
8 Yes IX2 Yes Ie1
9 No IX1 No Ie2
10 No IX1 Yes Ie2
11 Yes IX1 No Ie2
12 Yes IX1 Yes Ie2
13 No IX2 No Ie2
14 No IX2 Yes Ie2
15 Yes IX2 No Ie2
16 Yes IX2 Yes Ie2
17 At least one False signal or True signal Absorbing state
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Denote P to be the transition probability matrix, and P is
a square matrix of order 17. Denote Pi, j(tk) to be the
transition probability from prior state i to current state j
with sampling interval tk, where tk is determined by the
prior state i, i=1, 2,..., 17, and k=1, 2, 3. For example, the
transition probability from state 1 to state 4 with sampling
interval t3 is calculated as:

p1; 4 t3ð Þ ¼ P ZXj j < wX jδ1½ � � P Zej j < wejδ2½ �
� 1� e�λ1t3
� �� 1� e�λ2t3

� �
¼ Φ wX � δ1ð Þ � Φ �wX � δ1ð Þð Þ

� Φ we � δ2ð Þ � Φ �we � δ2ð Þð Þ
� 1� e�λ1t3
� �� 1� e�λ2t3

� �
The calculation of all transition probabilities is shown in

the Appendix.
Since we consider that the shift in the process mean does

not occur at the beginning, hence, the in-control process
state would be on 1, 5, 9, or 13. The states 1, 5, 9, and 13
are transient states, but state 17 is an absorbing state. Based
on the definition of ATC, the ATC is calculated as the sum
of (the expected time to reach an absorbing state from the
transient state i)×(the corresponding starting probability for
the transient state i), i=1, 5, 9, 13; that is:

ATC ¼ b1M1 þ b5M5 þ b9M9 þ b13M13; (12)

where bi is the starting probability for the transient state i,
i=1, 5, 9, 13 and Mi is the expected time to reach any
absorbing state from the transient state i, i=1, 5, 9, 13.

The Mi, i=1, 2, 3,..., 16, can be derived using the
property of Markov chain; that is:

M1; M2; M3; . . . ; M16ð Þ0 ¼ I�Qð Þ�1t; (13)

where I is the identity matrix of order 16;Q is the transition
probability matrix, where each element represents the
transition probability, Pi, j(tk), from transient state i to
transient state j, i=1,..., 16, j=1,..., 16; and t′=(t3, t3, t3, t3, t2,
t2, t2, t2, t2, t2, t2, t2, t1, t1, t1, t1) is the vector of the sampling
intervals from state 1 to state 16.

Consequently, the AATS is obtained using Eq. 11.

An example

In this section, we illustrate how to construct and use the
proposed ASI ZX and Ze control charts through an empirical
automobile braking system example. The data of this
example are the measurements of a component part from
the automobile braking system. The variables X=ROLLWT
was measured for the first step and Y=BAKEWT was
measured for the second step. For every sampling, a sample
of size 1 is taken at the end of the second step, and a pair of
observations (X, Y) is measured. Two machines are

operated in the two dependent process steps. The time
(T1) until machine 1 is out of control follows an exponen-
tial distribution with parameter λ1=0.03, and the time (T2)
until machine 2 is out of control follows an exponential
distribution with parameter λ2=0.04. The variables T1 and
T2 are independent. From the process history, the means of
the process may be shifted when two machines are out of
control. The out-of-control machine 1 only influences the
mean of X on the first process step and the standard
deviation is unaffected. The out-of-control machine 2 only
influences the mean of Yon the second process step and the
standard deviation is unaffected. We collect 45 pairs of
observations (X, Y), from the in-control process, to
establish their statistical relationship.

From the results of data analysis, both variables X and Y
follow bivariate normal distributions. Variable Y is affected
by variable X, and their relationship is expressed by a simple
linear regression model. Using the least square method for
the 45 observations, the fitted regression model is:

bY jX ¼ 93:2þ 0:513X : (14)

From the model assumptions checking, the fitted regres-
sion model is appropriated. So, we use Eq. 14 to calculate the

estimated values bY jX� �
and the residuals (e). The estimated

means and standard deviations of variables X and e arebμX ¼ 210:25; bσX ¼ 1:19; bμe ¼ 0; and bσe ¼ 0:88: Hence,
when both steps are in control, X∼N(210.25, 1.192) and e∼N
(0, 0.882). According to the historical data, the shift scale of
the process mean caused by the out-of-control machine 1 is
δ1σX, where δ1=0.5, and the shift scale of the process mean
caused by the out-of-control machine 2 is δ2σe , where
δ2=0.75. Hence, the distribution of X becomes X∼N(210.25
+0.5×1.19, 1.192) for the out-of-control first process step,
and the distribution of e becomes e∼N(0.75×0.88, 0.882)
for the out-of-control second process step.

For three different adaptive sampling intervals, the pro-
cess engineers determine t1=0.01 h, t2=0.5 h, and t3=1.15 h;
thus, the warning limit is calculated to be 1.58 by using
Eq. 10. Consequently, the structures of the proposed ASI
ZX and Ze control charts are as follows:

UCLZX ¼ 3 UCLZe ¼ 3
UWLZX ¼ 1:58 UWLZe ¼ 1:58
CLZX ¼ 0 CLZe ¼ 0

LWLZX ¼ �1:58 LWLZe ¼ �1:58
LCLZX ¼ �3 LCLZe ¼ �3

(15)

To detect the changes in the process means faster, the
constructed ASI ZX and Ze control charts are used. The first
sampling interval is randomly chosen to be 0.5 h. After 0.5
h, the first sample is taken from the end of the second
process step, and the paired observation of (X, Y) is (209,
201). Hence, the calculated values of (X, e) is (209, 0.583)
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by using Eqs. 2 and 14. Using Eqs. 2 and 3, the values of ZX
and Ze are as follows:

ZX ¼ 209� 210:25

1:19
¼ �1:05 (16)

Ze ¼ 0:583

0:88
¼ 0:66 (17)

Both sample statistics (−1.05, 0.66) are within the warning
limits, so we adopt the longer sample interval t3=1.15 h.
After 1.15 h, the second sample is taken, and the paired
observation of (X, Y) is (208, 202). Hence, the sample
statistics (ZX, Ze) of the second sample are (−1.89, 2.38).
Both of these statistics fall outside the warning limits, but
inside the control limits, so the shorter sampling interval
t1=0.01 h is adopted; that is, the next sample is taken 0.01 h
after the second sample. Once at least one of the sample
statistics falls outside the control limits, then the process is
stopped and the out-of-control machine 1 or/and machine 2
needs to be repaired.

The AATS is used to measure the performance of the
proposed ASI ZX and Ze control charts. There are 17
possible process states for the empirical example, which
are the same as the process states presented in Table 2. The
ATC is calculated to be 62.80 h by using Eq. 12. Hence, the
AATS is 52.51 h by using Eq. 11. It means that the average
time to detect the out-of-control process is 52.51 h.

For comparing the AATS of the ASI ZX and Ze control
charts with that of the FSI ZX and Ze control charts, we also
calculate the AATS of the FSI ZX and Ze control charts. The
approach to obtain the ATC and AATS of the FSI ZX and Ze
control charts is similar to that of the ASI ZX and Ze control
charts, except that there are no warning limits on the FSI ZX
and Ze control charts. After calculation, the AATS of the FSI
ZX and Ze control charts is 54.91 h. It shows that the proposed
ASI ZX and Ze control charts can detect the shift of the
process means faster than the FSI ZX and Ze control charts by
about 2 h. Hence, the proposed ASI ZX and Ze control charts
offer better performance than the FSI ZX and Ze control
charts.

Comparisons with FSI ZX and Ze control charts

Following the example in Sect. 6, we survey the per-
formance of the proposed charts and the FSI charts for
various combinations of shift scales (δ1, δ2) of the process
means and parameters (λ1, λ2). According to the historical
data, the shift scales (δ1, δ2) of the process means caused by
the out-of-control machines 1 and 2 range from 0.5 to 1.5,
and the parameters (λ1, λ2) range from 0.03 to 0.05,
respectively. The AATS under various combinations of
(δ1, δ2) and (λ1, λ2) are calculated and illustrated in Table 3
and Table 4, respectively.

The numerical results in Tables 3 and 4 show that, when
detecting small and moderate shifts in process means, the
performance of the proposed ASI ZX and Ze control charts
is much better than the FSI ZX and Ze control charts. Using
ASI ZX and Ze control charts instead of FSI ZX and Ze
control charts can reduce the AATS to about 0.5 h to 5.5 h.
In addition, the proposed ASI ZX and Ze control charts have
better performance in detecting small shifts (δ1≤1 and δ2≤1)
than moderate shifts (1<δ1≤1.5 or 1<δ2≤1.5). Under small
shifts (δ1≤1 and δ2≤1) in the process means, the ASI ZX and
Ze control charts can decrease the AATS to about 3.5 h to
5.5 h, compared to the FSI ZX and Ze control charts. Under
moderate shifts (1<δ1≤1.5 or 1<δ2≤1.5) in process means,
the ASI ZX and Ze control charts can decrease the AATS to
about 0.3 h to 3.8 h, compared to the FSI ZX and Ze control
charts. Furthermore, the large values of λ1 and λ2 lead to a
smaller AATS than the small values of λ1 and λ2.

One of the advantages of Shewhart control charts is their
speed in detecting large shifts in the process mean.
However, it is not efficient to use Shewhart control charts
when detecting small and moderate shifts in process means.
The proposed ASI ZX and Ze control charts may improve
this problem for two dependent process steps. Based on the
numerical results, the performance of the proposed ASI ZX
and Ze control charts always outperform the FSI ZX and Ze
control charts.

Conclusions

In this article, the adaptive sampling interval (ASI) ZX and
Ze cause-selecting control charts are proposed to effectively
detect and distinguish which one of two dependent process
steps is out of control.

The adjusted average time to signal (AATS) is calculated
to measure the performance of the proposed ASI ZX and Ze
control charts by the Markov chain approach. An empirical
automobile braking system example illustrates the applica-
tion of the proposed ASI ZX and Ze control charts and
shows that the performance of the ASI ZX and Ze control
charts is better than the FSI ZX and Ze control charts.
From some numerical results, it is demonstrated that the
proposed ASI ZX and Ze control charts outperform the FSI
ZX and Ze control charts. It implicates that a process
engineer can identify an out-of-control process step quickly
when using the proposed ASI ZX and Ze control charts, and
it also leads a reduction in the losses of defective products.

Several important extensions of the developed model can
be expanded. It is straightforward to extend the proposed
model to study adaptive sample size (ASS), adaptive sample
size and sampling interval (ASSI) cause-selecting control
charts, or other control charts, like adaptive cause-selecting
control charts in the presence of correlation, exponentially
weighted moving average (EWMA), or cumulative sum
(CUSUM) cause-selecting control charts. One particularly
interesting research area for future research involves the
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adaptive economic statistical modeling of dependent process
steps subject to multiple assignable causes.

Acknowledgement Support for this research was provided in part
by the National Science Council of the Republic of China, grant no.
NSC 92-2118-M-004-006.

Appendix

The calculation of the transition probabilities are as
follows:

Pij tkð Þ i ¼ 1; . . . ; 17; j ¼ 1; . . . ; 17; k ¼ 1; 2; 3

P1;1ðt3Þ ¼ P½jZX j < wX � � P½jZej < we� � e�λ1t3 � e�λ2t3

P1;2ðt3Þ ¼ P½jZX j < wX � � P½jZej < wejδ2� � e�λ1t3 � ð1� e�λ2t3Þ
P1;3ðt3Þ ¼ P½jZX j < wX jδ1� � P½jZe j < we� � 1� e�λ1t3

� �� e�λ2t3

P1;4 t3ð Þ ¼ P ZXj j < wX jδ1½ � � P Zej j < wejδ2½ � � 1� e�λ1t3
� �� 1� e�λ2t3

� �
P1;5 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P Zej j < we½ � � e�λ1t3 � e�λ2t3

P1;6 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P Zej j < wejδ2½ � � e�λ1t3 � 1� e�λ2t3
� �

P1;7 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX jδ1½ � � P Zej j < we½ � � 1� e�λ1t3
� �� e�λ2t3

P1;8 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX jδ1½ � � P Zej j < wejδ2½ � � 1� e�λ1t3
� �� 1� e�λ2t3

� �
P1;9 t3ð Þ ¼ P ZXj j < wX½ � � P �ke < Ze � �we [ we � Ze < ke½ � � e�λ1t3 � e�λ2t3

P1;10 t3ð Þ ¼ P ZXj j < wX½ � � P �ke < Ze � �we [ we � Ze < kejδ2½ � � e�λ1t3 � 1� e�λ2t3
� �

P1;11 t3ð Þ ¼ P ZXj j < wX jδ1½ � � P �ke < Ze � �we [ we � Ze < ke½ � � 1� e�λ1t3
� �� e�λ2t3

P1;12 t3ð Þ ¼ P ZXj j < wX jδ1½ � � P �ke < Ze � �we [ we � Ze < kejδ2½ � � 1� e�λ1t3
� �� 1� e�λ2t3

� �
P1;13 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P �ke < Ze � �we [ we � Ze < ke½ � � e�λ1t3 � e�λ2t3

P1;14 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P �ke < Ze � �we [ we � Ze < keejδ2½ � � e�λ1t1 � 1� e�λ2t1
� �

P1;15 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX jδ1½ � � P �ke < Ze � �we [ we � Ze < ke½ � � 1� e�λ1t3
� �� e�λ2t3

P1;16 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX jδ1½ �
� P �ke < Ze � �we [ we � Ze < kejδ2½ � � 1� e�λ1t3

� �� 1� e�λ2t3
� �

P1;17 t3ð Þ ¼ 1�
X16
j¼1

P1; j t3ð Þ

P2;1 t3ð Þ ¼ 0

P2;2 t3ð Þ ¼ P ZXj j < wX½ � � P Zej j < wej�2½ � � e��1t3

P2;3 t3ð Þ ¼ 0

P2;4 t3ð Þ ¼ P ZXj j < wX j�1½ � � P Zej j < wej�2½ � � 1� e��1t3
� �

P2;5 t3ð Þ ¼ 0

P2;6 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P Zej j < wej�2½ � � e��1t3

P2;7 t3ð Þ ¼ 0

P2;8 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P Zej j < wej�2½ � � 1� e��1t3
� �
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P2;9 t3ð Þ ¼ 0

P2;10 t3ð Þ ¼ P ZXj j < wX½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � e��1t3

P2;11 t3ð Þ ¼ 0

P2;12 t3ð Þ ¼ P ZXj j < wX j�1½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � 1� e��1t3
� �

P2;13 t3ð Þ ¼ 0

P2;14 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � e��1t3

P2;15 t3ð Þ ¼ 0

P2;16 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � 1� e��1t3
� �

P2;17 t3ð Þ ¼ 1�
X16
j¼1

P2; j t3ð Þ

P3;1 t3ð Þ ¼ 0

P3;2 t3ð Þ ¼ 0

P3;3 t3ð Þ ¼ P ZXj j < wX j�1½ � � P Zej j < we½ � � e��2t3

P3;4 t3ð Þ ¼ P ZXj j < wX j�1½ � � P Zej j < wej�2½ � � 1� e��2t3
� �

P3;5 t3ð Þ ¼ 0

P3;6 t3ð Þ ¼ 0

P3;7 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P Zej j < we½ � � e��2t3

P3;8 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P Zej j < wej�2½ � � 1� e��2t3
� �

P3;9 t3ð Þ ¼ 0

P3;10 t3ð Þ ¼ 0

P3;11 t3ð Þ ¼ P ZXj j < wX j�1½ � � P �ke < Ze � �we [ we � Ze < ke½ � � e��2t3

P3;12 t3ð Þ ¼ P ZXj j < wX j�1½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � 1� e��2t3
� �

P3;13 t3ð Þ ¼ 0

P3;14 t3ð Þ ¼ 0

P3;15 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P �ke < Ze � �we [ we � Ze < ke½ � � e��2t3

P3;16 t3ð Þ ¼ P �kX < ZX � �wX [ wX � ZX < kX j�1½ � � P �ke < Ze � �we [ we � Ze < kej�2½ � � 1� e��2t3
� �

P3;17 t3ð Þ ¼ 1�
X16
j¼1

P3; j t3ð Þ
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P4;1 t3ð Þ ¼ P4;2 t3ð Þ ¼ P4;3 t3ð Þ ¼ 0

P4;4 t3ð Þ ¼ P ZXj j < wX j�1ð Þ � P Ze < wej�2ð Þ
P4;5 t3ð Þ ¼ P4;6 t3ð Þ ¼ P4;7 t3ð Þ ¼ 0

P4;8 t3ð Þ ¼ P �kX < ZX � wX [ wX � ZX < kX j�1ð Þ � P Ze < wej�2ð Þ
P4;9 t3ð Þ ¼ P4;10 t3ð Þ ¼ P4;11 t3ð Þ ¼ 0

P4;12 t3ð Þ ¼ P ZXj j < wX j�1ð Þ � P �ke < Ze � we [ we � Ze < kej�2ð Þ
P4;13 t3ð Þ ¼ P4;14 t3ð Þ ¼ P4;15 t3ð Þ ¼ 0

P4;16 t3ð Þ ¼ P �kX < ZX � wX [ wX � ZX < kX j�1ð Þ � P �ke < Ze � we [ we � Ze < kej�2ð Þ

P4;17 t3ð Þ ¼ 1�
X16
j¼1

P4; j t3ð Þ

The transition probabilities for P5, j(t2), P6, j(t2), P7, j(t2),
P8, j(t2), P9, j(t2), P10, j(t2), P11, j(t2), and P12, j(t2) are cal-
culated by replacing t2 on t3 for P1, j(t3), P2, j(t3), P3, j(t3),
and P4, j(t3), j=1, 2,..., 17:

P5; j t2ð Þ ¼ P1; j t2ð Þ j ¼ 1; 2; . . . ; 17
P6; j t2ð Þ ¼ P2; j t2ð Þ j ¼ 1; 2; . . . ; 17
P7; j t2ð Þ ¼ P3; j t2ð Þ j ¼ 1; 2; . . . ; 17
P8; j t2ð Þ ¼ P4; j t2ð Þ j ¼ 1; 2; . . . ; 17
P9; j t2ð Þ ¼ P1; j t2ð Þ j ¼ 1; 2; . . . ; 17
P10; j t2ð Þ ¼ P2; j t2ð Þ j ¼ 1; 2; . . . ; 17
P11; j t2ð Þ ¼ P3; j t2ð Þ j ¼ 1; 2; . . . ; 17
P12; j t2ð Þ ¼ P4; j t2ð Þ j ¼ 1; 2; . . . ; 17

The transition probabilities for P13, j(t1), P14, j(t1), P15, j(t1),
and P16, j(t1) are calculated by replacing t1 on t3 for P1, j(t3),
P2, j(t3), P3, j(t3), and P4, j(t3), j=1, 2,..., 17:

P13; j t1ð Þ ¼ P1; j t1ð Þ j ¼ 1; 2; . . . ; 17
P14; j t1ð Þ ¼ P2; j t1ð Þ j ¼ 1; 2; . . . ; 17
P15; j t1ð Þ ¼ P3; j t1ð Þ j ¼ 1; 2; . . . ; 17
P16; j t1ð Þ ¼ P4; j t1ð Þ j ¼ 1; 2; . . . ; 17
P17; j ¼ 0 j 6¼ 17
P17;17 ¼ 1
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