Appendices
Proposition 5.2 The sequence {u,(t)} defined by (2.3), {u,} C Xy for alln € N.

Proof. By mathematical induction
Stepl. Let ug(t) = ug, so ug(t) € C*[0,T) and we can choose two positive numbers

M =|uy | +1 and N =| ug | +1 such that
| uo(t) |=[ uo |< NV,

| ul(t) |= 0 < M.

1
Step2. i (t) = ug + ust, so uy(t) € C0,T). For t € [0,T) since that T < Tl
U

| ur(t) |=| uo + wit |[<Jug |+ ] w |t <N,
| uy(t) |=| w |[< M.

Step3. Suppose u,_1(t) € C*[0,T) and

| un-1(t) [< N,
| un 1 () [S M Vie[0,T).

By Fundamental Theorem of Calculus, we have u,, € C'[0,T) and

| un(t) |
t T
= |ug+ ust —|—/ / ul_1(8)(c1 + catn—1(s)P) dsdr |
0 Jo

t r
< ug |+ | urt | —I—/ / | up,_1(8)%(c1 + caun_1(s)P) | dsdr
o Jo

t r
< |u0|+|u1t|+//|01]Mq+|02|MqN”dsdr
0 Jo

T2
< Jug |+ ur | T+ (] clqu+|c2]Mqu)7 for all t € [0,7)

SO
T2
Ftn ool wo [+ [ua | T+ ([ ex [ MO+ | e | MANP)=-.
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Similarly

|, (t) | t
= |wu —|—/ ul,_1(8)%(c1 + coun_1(8)P) ds |

0
t
| + / iy (3)%(er + caunr (5)°) | ds
0
t

<
< |u1|—|—/ | e1 | M9+ | ey | MINP ds
0
< Ju | +(| e | M9+ | eo | MINP)T  for all t € [0,7)
SO
|ty lloo<ur | +(] 1 | M+ | co | MINP)T.
Because
T < min{ 1 | —]ul|+\/u%+2(|c1\M‘1+|02\M‘1NP)}.
’01|Mq+|CQ|Mqu ’01|Mq+|CQ|Mqu

we have || u, [|< N and || u), ||o< M. O

Proposition 5.3 Ifu and v are real value function, then

[u?(t) — v (t)] < pmaa{ " (O], [v"7 (O]} ut) —v(t)] ¥p > 1.

Proof. Let f(k,t) = (ku(t)+ (1 —k)v(t))P, then f(0,t) = v(¢t)?, f(1,t) = u(t)? and
[uP(t) = ()] = f(1,1) = f(0,8)| = \/O fir,t)dr],

where f; = afé:’ ) = p(ru(t) + (1 — r)v(t))P H(u(t) — v(t)).

Therefore, for all p > 1, we conclude that

u?(t) —oP(t)] = I/O plru(t) + (1 =)o) (u(t) — v(t))dr]

< / rut) + (1 — o) P tdr|ju(t) — o(b)
< / (rlu(®)] + (1 = P)o(t) )P dr|u(t) — v(2)]
< pmax{ @ @), [ (O]} Jult) — o(t)] Vp> 1.0
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