4 Estimations for the Life-Spans

To estimate the life-span of the solution of the equation (2.1), we separate this
section into two parts, 1 < ¢ < 2 and ¢ = 2. Here the life-span T' of u means that u
is the solution of problem (2.1) and the existence interval of u is contained only in
[0,T) so that the problem (2.1) has the solution u € C?[0,T). We have the following

results.

Lemma 4.1 Suppose that u € C?[0,T) is a classical positive solution of problem

(2.1) and that c; > 0, up > 0, uy > 0, up > _—Cl. For1 < q <2, u(t) and u'(t)
C2

blow up simultaneously; further so does u”. For q > 2, u/(t) and u” blow up at the

same time.
Proof.

(I) For 1 < ¢ < 2, by (3.3) we have

W (B2 = (2= q)crult) + pcj (T E(0),

(1) At first, we claim that if « blows up in finite time, so does u’. According

1
to Theorem 3.7, u blows up at time ¢ = T7;. Since lim —— = 0, we have

1 1
lim ——— = lim
-1y, W(t)* -1y, (2= g)(cru(t) + Zu)Pt + E(0))

1

u(t)pi1

= lim
- c c E(0
=Ty (2 — q)(u(tl)p + pjl + u(t)(pJ)rl>
= 0.

Therefore,
. 1
lim —— =0.
1 u(t)
Thus, «’ blows up in finite time.

(2) We claim that if «" blows up in finite time, then so does u. With the help
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(I1)

of Theorem 3.11, v/ blows up at time ¢t = 7T,. Assume that u doesn’t blow up
at time t = T5. Let

lim wu(t) = M < co.

t—>T2_
Then
lim o' (t)*7 = lim (2 — q)(ciu(t) + = u(t)P* + E(0))
=Ty =Ty p+1

Co
+1

= (2—q)(clM—i-p MPT 4 E(0))

< oQ.

This result contradicts with the fact that «/(¢) blows up at time t = Ty. It
deduces that u blows up at time ¢ = Ty. Associate (1) with (2), we conclude

that u and «' blow up simultaneously.

For the case ¢ = 2, by (3.4) we have

Co
p+1

In| v (t) |= cru(t) + u(t)? + E41(0).

(3) We claim that if u blows up in finite time, then so does u'.

By Theorem 3.9 and Lemma 3.4, u blows up at time ¢t = 715 and u(t), v’ (¢) > 0.
Since that ¢o > 0 and u blows up toward positive direction, In| «’ | also blows
up toward positive direction. Thus «’ blows up at time t = T}s.

(4) To prove that u' blows up then so does u. Using Theorem 3.11 and Lemma
3.4, v’ blows up at time t = Ty and wu(t),u (t) > 0. Assume that u doesn’t

blow up at time t = T5. Let

lim u(t) = M < oc.

t—Ty
Then
lim In|'(t)| = lim (cru(t) + —2—u(t)™! + E,(0))
t—Ty Ty p+1

Co
— (92— M+ —=—MP* 1+ E, (0
(2= a)lerM + —ZEo M+ 4 (0)

< Q.

This result is contradictory to the fact that u’ blows up in finite time. It

deduces that u blows up at time ¢t = T5. Together (3) and (4), we conclude
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that v and «" blow up simultaneously. From (2.1), we have
u’(t) = /' (t)%(c; + cou(t)?).

Since that u and u' blow up toward positive direction at the same time and

¢o > 0. Thus u” blows up toward positive direction.

(III) Under ¢ > 2, according to Theorem 3.11, «’ blows up at time ¢t = T,. By
Theorem 3.10, we obtain that u is bounded in [0, 73) and by Lemma 3.4 we
have u/(t) > 0 for ¢t € [0,T3). So the following limit exists,

lim ¢; 4 cou(t)?.
t—T,

Since that ug > — and uw'(t) > 0 for t € [0,T3),
C2

lim ¢; + cou(t)? > 0.
t—T,y

By u"(t) = u/(t)%(c1 + cou(t)?), it deduces that v’ and «” blow up simultane-

ously. [J

Casel. Life-Span for 1 < ¢ <2

Theorem 4.2 Suppose that u € C?[0,T) is the classical positive solution of (2.1)
and T is life-span of u and that T is blow-up time of u. Under the same conditions

wn Theorem 3.7, T is bounded. We have the estimation

T<T = (2—q)i? / (crr + P4 B(0))7 dr.
uQ

p+1

Proof. Since that 1 < ¢ < 2, by (3.3) we know that

W/(t)7 = (2= () + 2wty + E().

Using the fact that «/(¢) > 0 for ¢t € [0,77) and «'(t) = [(Q—q)(clu(t)—l—pi 1u(t)p+1+

E(O))]flq, we have
u'(t) 1
(cru(t) + ;Zu(t)rt? + E(0))7

= (2—q)ﬁ.
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Integrate the last equation from 0 to ¢, we obtain that

[ ) - @-ge
0 (clu+ “2yptl 4+ F(0))74(r)

u(t) 1 1
/ — dr = (2 — q)2-dt. (4.1)
w (err + et 4+ E(0))2e

Let
Ty = (2—q)i? /Oo(clr + -2t B(0))7 dr.
" p+1
We claim that T} < co. By uy > (_Cl)% and
Co

2—

rP*1 + E(0) :/ (c1 + cos?) ds + 2ul
—q

cir + g)

uo

we obtain

ar+ rPt 4 E(0) > 0 for 7 > .

+1

c
And ¢r + jlrpﬂ + E(0) is continuous on [ug,a] for a > wuy. So the function
p

— is integrable and positive on [ug, a] for a > uy. We cal-
(crr + et + E(0)) 2
culate the limit

1
. pfil; ] Lt C2 —(p+1)\ 5=
lim = = lim (er 7+ g + E(0)r~ )=
(exr+ 5277+ B(0)) 774 y

+1 <1
BygT>2 wegam/ — dr < oo and
q ug T2-4

0o Cs 1
car+ rPt 4+ B(0))72 dr < oo.
e 2 )

Thus Ty < co. Since that v € C?[0,T), T < Ty. O
Case2. Life-Span for ¢ =2

Theorem 4.3 For q = 2, if u € 02[0 T) is the classical positive solution of (2.1)

and if ca > 0, ug,u; >0, uh > ——. Suppose that T is life-span and Ty is blow-up
co

time of u. Then T is bounded. We have the estimation

1

T<Tr= dr.
-1 /uo exp (e1r + pcjlrp“ + E4(0))
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Proof. For g =2 by (3.4),

C
In| ' (t) | = cru(t) + pj () + Fy(0).
Co

n 1u(t)p+1 + F1(0)), we have

By «/(t) > 0 and u'(t) = exp (ciu(t) + p

() _
exp (cru(t) + sZu(t)P+ + E1(0))

Integrate the above equation from 0 to ¢, we obtain

w(?)

t
dr=t
/0 exp (cru(t) + sZru(t)Pt + E1(0))

and then
dr =t.

u(t) 1
/uo exp (17 + . re+l + F1(0))

Let
1

L= dr.
! /uo exp (cir + P+t + Ey(0)) T
We claim that 77 < oo. Let

r) =cr + ——rPTL 4 E1(0).
1) = err + =2t 4 B0
Then f'(r) > 0 for 77 > ™ and f”(r) > 0 for r > 0. So there exists 7y > 0 and
Co
Ty > ™ Such that f(r) >0 for r > 1.

Co
We calculate

o0 1
d
/uo exp (17 + 5 e -retl 4 F1(0)) "

ro 1 & 1
— dr +/ dr
/uO exp (e + —7“1’+1 + E1(0)) re €Xp (c17 + z%rp“ + E1(0))

1
Since that is a continuous function on |ug, 7|, the first
exp (17 + it + E41(0)) [0, 7o]

integrand is bounded. Slnce that

exp (e1r + 2 rPt 4+ E1(0) > 0 for 7 > 1y,
p

L B(0)) >
+1r + E1(0)) cw—i—p

+1
we obtain

1 1
<
exp (e1r + pcjl P+ FE1(0))  (er + p—ﬁfl rr+l 4+ F1(0)

for r > rg.
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o0
1
B dr < oo, and the comparison test, the second inte-
Y / (e + 277+ B1(0) P

grand is bounded. Therefore, T} is bounded . Since that u € C?(0,T), therefore

T<T: O
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