
2 A Class of Prime Rational Functions

In this section, we will prove a new class of prime functions given by rational

functions. First, we recall the definitions about prime and pseudo-prime functions:

Definition 2.1 A meromorphic function of the form h(z) = f ◦g(z) is said to have

f(z) and g(z) as left and right factors, respectively, provided that either f(z) is non-

bilinear and meromorphic and g(z) is non-bilinear and entire, or f(z) is rational

and g(z) is meromorphic. In particular, we say that f ◦ g(z) is a factorization of

h(z).

Definition 2.2 A meromorphic function h(z) is said to be pseudo-prime if every

factorization h(z) = f ◦ g(z) implies that either f(z) is rational or g(z) is a poly-

nomial.

Definition 2.3 A meromorphic function h(z) is said to be prime if every factor-

ization h(z) = f ◦ g(z) implies that either f(z) is bilinear or g(z) is bilinear.

Definition 2.4 A transcendental meromorphic function is a meromorphic function

other than a rational function, a transcendental entire function is an entire function

other than a polynomial.

Now, we begin our main work with the following Proposition:

Proposition 2.5 Every rational function Q(z) is pseudo-prime.

Proof . If not, write Q(z) = f ◦g(z), where f(z) and g(z) are both transcendental.

By Picard’s Theorem, we can find z0 ∈ C such that the equation g(z) = g(z0) has

infinity many number of roots. So the equation Q(z) = Q(z0) also has infinity many

number of roots which is impossible. Hence, Q(z) is pseudo-prime. ❑
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Proposition 2.6 The factors of a rational function Q(z) are both rational func-

tions.

Proof . Let Q(z) = f ◦ g(z). Since Q(z) is pseudo-prime, we have either f(z) is a

rational function or g(z) is a polynomial. If g(z) is a polynomial, suppose f(z) is

a transcendental meromorphic function, we can find z1 ∈ C such that the equation

Q(z) = Q(z1) has infinity many number of roots, which is impossible. Hence, f(z)

must be a rational function.

If f(z) is a rational function, suppose g(z) is a transcendental meromorphic

function, then we can find z2 ∈ C such that the equation Q(z) = Q(z2) has infinity

many number of roots, which is also impossible. Hence, g(z) must be a rational

function. ❑

Now, we come to our main work. We are interested in the rational functions

of the form

Q(z) =
(z − a1)

p1(z − a2)
p2 · · · (z − an)pn

(z − b1)q1(z − b2)q2 · · · (z − bm)qm
,

where a1, a2, . . ., an, b1, b2, . . ., bm are distinct complex numbers and p1, p2, . . .,

pn, q1, q2, . . ., qm are distinct prime integers. One may ask the following question:

Is Q(z) prime? The answer is yes. In order to prove this general result, we first

prove some special cases, so that the general case can be followed. For simplicity,

we only consider monic rational functions.

Theorem 2.7 If Q(z) =
(z − a)p

(z − b)q
, where a, b are distinct complex numbers and p,

q are distinct prime integers. Then Q(z) is prime.

Proof . If not, by Proposition 2.6, we may assume Q(z) = f ◦ g(z), where f(z),

g(z) are both non-bilinear rational functions. Write

f(z) =
(z − c1)

l1(z − c2)
l2 · · · (z − cn)ln

(z − d1)k1(z − d2)k2 · · · (z − dm)km
,
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where c1, c2, . . . , cn are distinct zeros of f(z) with multiplicity l1, l2, . . . , ln, respec-

tively, and d1, d2, . . . , dm are distinct poles of f(z) with multiplicity k1, k2, . . . , km,

respectively. So

(z − a)p

(z − b)q
= Q(z) = f ◦ g(z) =

(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln

(g(z)− d1)k1(g(z)− d2)k2 · · · (g(z)− dm)km
,

i.e.,

(z − a)p(g(z)− d1)
k1(g(z)− d2)

k2 · · · (g(z)− dm)km

= (z − b)q(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln .

Note that the zeros of (g(z)− dj)
kj and (g(z)− ci)

li are all distinct for 1 ≤ j ≤ m,

1 ≤ i ≤ n. Hence, we can immediately get n = m = 1. i.e.,

(z − a)p(g(z)− d1)
k1 = (z − b)q(g(z)− c1)

l1 .

Moreover, we may assume

g(z)− c1 =
(z − a)r1

β(z)

g(z)− d1 =
(z − b)r2

β(z)
,

where β(z) is a nonzero polynomial and non-vanishing at a, b. Then

(g(z)− c1)
l1 =

(z − a)r1l1

βl1(z)

(g(z)− d1)
k1 =

(z − b)r2k1

βk1(z)
.

Therefore, we will get r1l1 = p, r2k1 = q, and l1 = k1. Since p, q are distinct prime

integers, we have l1 = k1 = 1, this implies

f(z) =
z − c1

z − d1

,

which contradicts to our hypothesis. Hence, Q(z) is prime. ❑

We immediately get:

Corollary 2.8 If Q(z) =
(z − a)p

(z − b)q
, where a, b are distinct complex numbers and p,

q are relative prime integers. Then Q(z) is prime.
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Theorem 2.9 If Q(z) =
(z − a)p(z − b)q

(z − c)r
, where a, b, c are distinct complex num-

bers and p, q, r are distinct prime integers. Then Q(z) is prime.

Proof . If not, by Proposition 2.6, we may assume Q(z) = f ◦ g(z), where f(z),

g(z) are both non-bilinear rational functions. Write

f(z) =
(z − c1)

l1(z − c2)
l2 · · · (z − cn)ln

(z − d1)k1(z − d2)k2 · · · (z − dm)km
,

where c1, c2, . . . , cn are distinct zeros of f(z) with multiplicity l1, l2, . . . , ln, respec-

tively, and d1, d2, . . . , dm are distinct poles of f(z) with multiplicity k1, k2, . . . , km,

respectively. So

(z − a)p(z − b)q

(z − c)r
= Q(z) = f ◦ g(z) =

(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln

(g(z)− d1)k1(g(z)− d2)k2 · · · (g(z)− dm)km
,

i.e.,

(z − a)p(z − b)q(g(z)− d1)
k1(g(z)− d2)

k2 · · · (g(z)− dm)km

= (z − c)r(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln .

Note that the zeros of (g(z)− dj)
kj and (g(z)− ci)

li are all distinct for 1 ≤ j ≤ m,

1 ≤ i ≤ n. Hence, we have two cases:

Case 1: n=2, m=1.

In this case,

(z − a)p(z − b)q(g(z)− d1)
k1 = (z − c)r(g(z)− c1)

l1(g(z)− c2)
l2 .

We may assume

g(z)− c1 =
(z − a)s1

β(z)

g(z)− c2 =
(z − b)s2

β(z)

g(z)− d1 =
(z − c)s3

β(z)
,

where β(z) is a nonzero polynomial and non-vanishing at a, b, and c. Then

(g(z)− c1)
l1 =

(z − a)s1l1

βl1(z)
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(g(z)− c2)
l2 =

(z − b)s2l2

βl2(z)

(g(z)− d1)
k1 =

(z − c)s3k1

βk1(z)
.

Therefore, we will get s1l1 = p, s2l2 = q, s3k1 = r and l1 + l2 = k1. Clearly,

k1 = r, s3 = 1. Moreover, if s1 = 1, then

g(z)− c1 =
z − a

β(z)

g(z)− d1 =
z − c

β(z)
,

this implies β(z) is a constant function, so g(z) is linear which contradicts to

our hypothesis. Similarly, we can also get a contradiction if s2 = 1. Hence,

we have s1 = p, s2 = q, and l1 = 1, l2 = 1. Since l1 + l2 = k1, we will get a

contradiction if r 6= 2. If r = 2, then

g(z)− c1 =
(z − a)p

β(z)

g(z)− c2 =
(z − b)q

β(z)

g(z)− d1 =
z − c

β(z)
,

this implies p = q, which is impossible.

Case 2: n=1, m=1.

In this case,

(z − a)p(z − b)q(g(z)− d1)
k1 = (z − c)r(g(z)− c1)

l1 .

We may assume

g(z)− c1 =
(z − a)s1(z − b)s2

β(z)

g(z)− d1 =
(z − c)s3

β(z)
,
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where β(z) is a nonzero polynomial and non-vanishing at a, b, and c. Then

(g(z)− c1)
l1 =

(z − a)s1l1(z − b)s2l1

βl1(z)

(g(z)− d1)
k1 =

(z − c)s3k1

βk1(z)
.

Therefore, we will get s1l1 = p, s2l1 = q, s3k1 = r and l1 = k1. This implies

l1 = k1 = 1, so f(z) is bilinear, which contradicts to our hypothesis.

Hence, we conclude that Q(z) is prime. ❑

Similarly, we have the following result:

Corollary 2.10 If Q(z) =
(z − a)p

(z − b)q(z − c)r
, where a, b, c are distinct complex

numbers and p, q, r are distinct prime integers. Then Q(z) is prime.

Theorem 2.11 If Q(z) =
(z − a)p(z − b)q

(z − c)r(z − d)s
, where a, b, c, d are distinct complex

numbers and p, q, r, s are distinct prime integers. Then Q(z) is prime.

Proof . If not, by Proposition 2.6, we may assume Q(z) = f ◦ g(z), where f(z),

g(z) are both non-bilinear rational functions. Write

f(z) =
(z − c1)

l1(z − c2)
l2 · · · (z − cn)ln

(z − d1)k1(z − d2)k2 · · · (z − dm)km
,

where c1, c2, . . . , cn are distinct zeros of f(z) with multiplicity l1, l2, . . . , ln, respec-

tively, and d1, d2, . . . , dm are distinct poles of f(z) with multiplicity k1, k2, . . . , km,

respectively. So

(z − a)p(z − b)q

(z − c)r(z − d)s
= Q(z) = f ◦ g(z) =

(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln

(g(z)− d1)k1(g(z)− d2)k2 · · · (g(z)− dm)km
,

i.e.,

(z − a)p(z − b)q(g(z)− d1)
k1(g(z)− d2)

k2 · · · (g(z)− dm)km

= (z − c)r(z − d)s(g(z)− c1)
l1(g(z)− c2)

l2 · · · (g(z)− cn)ln .

Note that the zeros of (g(z)− dj)
kj and (g(z)− ci)

li are all distinct for 1 ≤ j ≤ m,

1 ≤ i ≤ n. Hence, we have four cases:
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Case 1: n=2, m=2.

In this case,

(z−a)p(z−b)q(g(z)−d1)
k1(g(z)−d2)

k2 = (z−c)r(z−d)s(g(z)−c1)
l1(g(z)−c2)

l2 .

We may assume

g(z)− c1 =
(z − a)t1

β(z)

g(z)− c2 =
(z − b)t2

β(z)

g(z)− d1 =
(z − c)t3

β(z)

g(z)− d2 =
(z − d)t4

β(z)
,

where β(z) is a nonzero polynomial and non-vanishing at a, b, c and d. Then

(g(z)− c1)
l1 =

(z − a)t1l1

βl1(z)

(g(z)− c2)
l2 =

(z − b)t2l2

βl2(z)

(g(z)− d1)
k1 =

(z − c)t3k1

βk1(z)

(g(z)− d2)
k2 =

(z − d)t4k2

βk2(z)
.

By the same argument as in case 1 of Theorem 2.9, if there are two or more

ti = 1, i = 1, 2, 3, 4, it will imply g(z) is linear which contracdicts to our

hypothesis. Hence, there are at most one ti = 1, i = 1, 2, 3, 4. WLOG, we

may assume t1 = 1, then t2 = q, t3 = r, and t4 = s. By the same argument

as in case 1 of Theorem 2.9, it implies q = r or r = s or q = s which is

impossible. Therefore, we must have t1 = p, t2 = q, t3 = r, and t4 = s. i.e.,

g(z)− c1 =
(z − a)p

β(z)

g(z)− c2 =
(z − b)q

β(z)
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g(z)− d1 =
(z − c)r

β(z)

g(z)− d2 =
(z − d)s

β(z)
,

so

c2 − c1 =
(z − a)p − (z − b)q

β(z)

d2 − d1 =
(z − c)r − (z − d)s

β(z)
,

and we can get

β(z) =
(z − a)p − (z − b)q

c2 − c1

=
(z − c)r − (z − d)s

d2 − d1

.

By comparing the highest degree of z, we have max{p, q} = max{r, s}, which

is also impossible.

Case 2: n=1, m=2.

In this case,

(z − a)p(z − b)q(g(z)− d1)
k1(g(z)− d2)

k2 = (z − c)r(z − d)s(g(z)− c1)
l1 .

We may assume

g(z)− c1 =
(z − a)t1(z − b)t2

β(z)

g(z)− d1 =
(z − c)t3

β(z)

g(z)− d2 =
(z − d)t4

β(z)
,

where β(z) is a nonzero polynomial and non-vanishing at a, b, c and d. Then

(g(z)− c1)
l1 =

(z − a)t1l1(z − b)t2l1

βl1(z)

(g(z)− d1)
k1 =

(z − c)t3k1

βk1(z)

(g(z)− d2)
k2 =

(z − d)t4k2

βk2(z)
.

Therefore, we get t1l1 = p, t2l1 = q, t3k1 = r, t4k2 = s and l1 = k1 + k2. This

implies l1 = 1, which is impossible.
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Case 3: n=2, m=1.

This case can be done as in case 2.

Case 4: n=1, m=1.

In this case,

(z − a)p(z − b)q(g(z)− d1)
k1 = (z − c)r(z − d)s(g(z)− c1)

l1 .

We may assume

g(z)− c1 =
(z − a)t1(z − b)t2

β(z)

g(z)− d1 =
(z − c)t3(z − d)t4

β(z)
,

where β(z) is a nonzero polynomial and non-vanishing at a, b, c and d. Then

(g(z)− c1)
l1 =

(z − a)t1l1(z − b)t2l1

βl1(z)

(g(z)− d1)
k1 =

(z − c)t3k1(z − d)t4k1

βk1(z)
.

Therefore, we get t1l1 = p, t2l1 = q, t3k1 = r, t4k1 = s and l1 = k1. This

implies l1 = k1 = 1, so f(z) is bilinear, which contradicts to our hypothesis.

Hence, we conclude that Q(z) is prime. ❑

From these special cases, we can begin to discuss the general result. First, we

need some Lemmas:

Lemma 2.12 [2] If h(z) is prime, then h (az + b) is also prime, where a 6= 0 and

b are complex numbers.

Proof . Let h (az + b) = f ◦ g(z), then we get

h(z) = f ◦ g

(
z − b

a

)
= f ◦ g1(z),
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where g1(z) = g ((z − b) /a). Since h(z) is prime, either f(z) is linear or g1(z) is

linear. If f(z) is linear, then we are done. If g1(z) is linear, then it is clear that

g(z) is also linear. Hence, h (az + b) is prime. ❑

The following Lemma is similar to the so-called Newton’s identity[11,14].

Lemma 2.13 [11] If a polynomial Q(z) is of the form

Q(z) = (1 + a1z)(1 + a2z) · · · (1 + anz),

where a1, a2, . . . , an are non-zero complex numbers (may not be distinct), then for

each k > 1, we have the identity

ksk = sk−1t1 − sk−2t2 + · · ·+ (−1)k−1tk,

where

sk(a1, a2, . . . , an) =
∑

1≤i1<i2<···<ik≤n

ai1ai2 · · · aik

and

tk = ak
1 + ak

2 + · · ·+ ak
n,

for 1 ≤ k ≤ n.

Proof . Suppose that

f(z) = (1 + a1z)(1 + a2z) · · · (1 + anz) = 1 + s1z + s2z
2 + · · ·+ snzn,

where

sk(a1, a2, . . . , an) =
∑

i1<i2<···<ik

ai1ai2 · · · aik , for 1 ≤ k ≤ n.

Let

s
(i)
k = sk(a1, a2, . . . , âi, . . . , an),

where âi denoted the term ai being deleted. It follows that

f(z) = (1 + aiz)
(
1 + s

(i)
1 z + s

(i)
2 z2 + · · ·+ s

(i)
n−1z

n−1
)

, for 1 ≤ i ≤ n.
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Then we obtain

ai

(
f(z)

1 + aiz

)
= ai

(
1 + s

(i)
1 z + s

(i)
2 z2 + · · ·+ s

(i)
n−1z

n−1
)

, for 1 ≤ i ≤ n.

Adding these equations for i = 1, 2, . . . , n, we get

n∑
i=1

ai

(
f(z)

1 + aiz

)
=

n∑
i=1

ai +
n∑

i=1

ais
(i)
1 z + · · ·+

n∑
i=1

ais
(i)
n−1z

n−1.

Applying the product rule of differentiation to f(z), it can be seen that the left

hand side of the last equation equals to f ′(z). Hence, we get

n∑
i=1

ai +
n∑

i=1

ais
(i)
1 z + · · ·+

n∑
i=1

ais
(i)
n−1z

n−1 = s1 + 2s2z + · · ·+ nsnz
n−1.

By comparing coefficients, we have

ksk =
n∑

i=1

ais
(i)
k−1, for 1 ≤ k ≤ n,

where s
(i)
0 = 1. Clearly, sk = s

(i)
k + ais

(i)
k−1. So,

s
(i)
k = sk − ais

(i)
k−1, for 1 ≤ k ≤ n.

Therefore,

s
(i)
k = sk − ais

(i)
k−1 = sk − ai

(
sk−1 − ais

(i)
k−2

)
.

Continuing in this way and using the fact that s
(i)
0 = 1, we conclude that

s
(i)
k = sk − aisk−1 + a2

i sk−2 + · · ·+ (−1)kak
i , for 1 ≤ i, k ≤ n.

Replacing k by k − 1 and multiplying ai, we get

ais
(i)
k−1 = ai

(
sk−1 − aisk−2 + a2

i sk−3 + · · ·+ (−1)k−1ak−1
i

)
, for k > 1.

Adding this expression from i = 1 to n to get

n∑
i=1

ais
(i)
k−1 = sk−1

n∑
i=1

ai − sk−2

n∑
i=1

a2
i + · · ·+ (−1)k−1

n∑
i=1

ak
i

and obtain

ksk = sk−1t1 − sk−2t2 + · · ·+ (−1)k−1tk, for k > 1.

❑

Now, we begin to state and prove our main result:
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Theorem 2.14 If Q(z) =
(z − a1)

p1(z − a2)
p2 · · · (z − an)pn

(z − b1)q1(z − b2)q2 · · · (z − bm)qm
, where a1, a2, . . ., an,

b1, b2, . . ., bm are distinct complex numbers, p1, p2, . . ., pn, q1, q2, . . ., qm are

distinct prime integers. Then Q(z) is prime.

Proof . By Theorem 2.7, 2.9, 2.11 and their corollaries, we may only consider

the case when m + n ≥ 4. If Q(z) is not prime, by Proposition 2.6, we may assume

Q(z) = f ◦ g(z), where f(z), g(z) are both non-bilinear rational functions. Write

f(z) =
(z − c1)

l1(z − c2)
l2 · · · (z − cr)

lr

(z − d1)k1(z − d2)k2 · · · (z − ds)ks
,

where c1, c2, . . . , cr are distinct zeros of f(z) with multiplicity l1, l2, . . . , lr, respec-

tively, and d1, d2, . . . , ds are distinct poles of f(z) with multiplicity k1, k2, . . . , ks,

respectively, and g(z) =
α(z)

β(z)
, where α(z), β(z) are relative prime. Furthermore,

we assume the leader coefficient of β(z) is 1. So

(z − a1)
p1(z − a2)

p2 · · · (z − an)pn

(z − b1)q1(z − b2)q2 · · · (z − bm)qm
= Q(z) = f ◦ g(z)

=
(g(z)− c1)

l1(g(z)− c2)
l2 · · · (g(z)− cr)

lr

(g(z)− d1)k1(g(z)− d2)k2 · · · (g(z)− ds)ks
,

i.e.,

(z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z))k1 · · · (α(z)− dsβ(z))ksβw(z)

= (z − b1)
q1 · · · (z − bm)qm(α(z)− c1β(z))l1 · · · (α(z)− crβ(z))lr .

Let w =
r∑

i=i

li −
s∑

j=1

kj ≥ 0. If w ≤ 0, then we consider

(z − b1)
q1 · · · (z − bm)qm(α(z)− c1β(z))l1 · · · (α(z)− crβ(z))lrβw(z)

= (z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z))k1 · · · (α(z)− dsβ(z))ks .

Therefore, we may assume that w ≥ 0. Note that the zeros of β(z), α(z)− djβ(z)

and α(z) − ciβ(z) are all distinct for 1 ≤ j ≤ s, 1 ≤ i ≤ r. If w = 0, we have the

identity

(z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z))k1 · · · (α(z)− dsβ(z))ks

= (z − b1)
q1 · · · (z − bm)qm(α(z)− c1β(z))l1 · · · (α(z)− crβ(z))lr .
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If w > 0 and β(z) is a constant, we also get the same identity since β(z) ≡ 1.

If w > 0 and β(z) is a nonconstant polynomial, then βw(z) is a finite product of

(z − bj)
qj . We may assume that

βw(z) = (z − b1)
q1 · · · (z − bu)

qu ,

where 0 < u ≤ m. If u = m, then, by dividing the common factors on both sides,

we get

(z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z))k1 · · · (α(z)− dsβ(z))ks

= (α(z)− c1β(z))l1 · · · (α(z)− crβ(z))lr .

which is impossible since (α(z) − d1β(z))k1 · · · (α(z) − dsβ(z))ks is a nonconstant

polynomial. So 0 < u < m. Again, by dividing the common factors on both sides,

we get

(z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z))k1 · · · (α(z)− dsβ(z))ks

= (z − b1)
qu+1 · · · (z − bm)qm(α(z)− c1β(z))l1 · · · (α(z)− crβ(z))lr .

Hence, without lose of generality, we only consider the case when w = 0.

Now, if

α(z)− ciβ(z) = (z − a1)
ζ1 · · · (z − av)

ζv ,

where v > 1, then

(α(z)− ciβ(z))li = (z − a1)
liζ1 · · · (z − av)

liζv ,

it implies that liζ1 = p1, · · · , liζv = pv. Since pi are all distinct prime integers, we

get li = 1. If

α(z)− ciβ(z) = (z − ai)
ζi ,

then

(α(z)− ciβ(z))li = (z − ai)
liζi ,

it implies that liζi = pi, so li = 1 or pi. If there are two or more li = pi, say, li1 and

li2 , then ζi1 = ζi2 = 1 and we have

α(z)− ci1β(z) = z − ai1
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and

α(z)− ci2β(z) = z − ai2 ,

which implies β(z) is constant, so g(z) is linear, a contradiction. Therefore, there

are at most one li = pi. Similarly, there are at most one kj = qj. In fact, there are

at most one li = pi or kj = qj. Otherwise, we will still get g(z) is linear. Hence,

by dividing the common factors on both sides, we may assume li = kj = 1 for all

1 ≤ i ≤ r, 1 ≤ j ≤ s. Then

(z − a1)
p1 · · · (z − an)pn(α(z)− d1β(z)) · · · (α(z)− dsβ(z))

= (z − b1)
q1 · · · (z − bm)qm(α(z)− c1β(z)) · · · (α(z)− crβ(z)).

Therefore, we conclude that




α(z)− c1β(z) = (z − a1)
p1(z − a2)

p2 · · · (z − aN1)
pN1

α(z)− c2β(z) = (z − aN1+1)
pN1+1(z − aN1+2)

pN1+2 · · · (z − aN2)
pN2

...

α(z)− crβ(z) = (z − aNr−1+1)
pNr−1+1(z − aNr−1+2)

pNr−1+2 · · · (z − aNr)
pNr

α(z)− d1β(z) = (z − b1)
q1(z − b2)

q2 · · · (z − bM1)
qM1

α(z)− d2β(z) = (z − bM1+1)
qM1+1(z − bM1+2)

qM1+2 · · · (z − bM2)
qM2

...

α(z)− dsβ(z) = (z − bMs−1+1)
qMs−1+1(z − bMs−1+2)

qMs−1+2 · · · (z − bMs)
qMs ,

(∗)

where Nr = n, Ms = m. Clearly, r + s ≥ 3. Otherwise, f(z) is bilinear which

is impossible by assumption. Therefore, (∗) has as least three different equations,

Without lose of generality, we consider

α(z)− c1β(z) = (z − a1)
p1(z − a2)

p2 · · · (z − ak)
pk

α(z)− c2β(z) = (z − ak+1)
pk+1(z − ak+2)

pk+2 · · · (z − ak+l)
pk+l

α(z)− c3β(z) = (z − ak+l+1)
pk+l+1(z − ak+l+2)

pk+l+2 · · · (z − ak+l+r)
pk+l+r ,

where k = N1, k + l = N2, k + l + r = N3 for simplicity. Furthermore, we assume

pk+l+r = max
1≤i≤k+l+r

{pi}. Since

(c3 − c1)β(z) = (z − a1)
p1 · · · (z − ak)

pk − (z − ak+l+1)
pk+l+1 · · · (z − ak+l+r)

pk+l+r

(c3 − c2)β(z) = (z − ak+1)
pk+1 · · · (z − ak+l)

pk+l − (z − ak+l+1)
pk+l+1 · · · (z − ak+l+r)

pk+l+r ,
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we have

(z − a1)
p1 · · · (z − ak)

pk − (z − ak+l+1)
pk+l+1 · · · (z − ak+l+r)

pk+l+r

c3 − c1

=
(z − ak+1)

pk+1 · · · (z − ak+l)
pk+l − (z − ak+l+1)

pk+l+1 · · · (z − ak+l+r)
pk+l+r

c3 − c2

,

i.e.,

(c2 − c1)(z − ak+l+1)
pk+l+1 · · · (z − ak+l+r)

pk+l+r

= (c2 − c3)(z − a1)
p1 · · · (z − ak)

pk + (c3 − c1)(z − ak+1)
pk+1 · · · (z − ak+l)

pk+l .

Replacing z by z + ak+l+r, we get

(c2 − c1)(z + ek+l+1)
pk+l+1 · · · (z + ek+l+r−1)

pk+l+r−1zpk+l+r

= (c2 − c3)(z + e1)
p1 · · · (z + ek)

pk + (c3 − c1)(z + ek+1)
pk+1 · · · (z + ek+l)

pk+l

= σ(1 +
z

e1

)p1 · · · (1 +
z

ek

)pk + σ
′
(1 +

z

ek+1

)pk+1 · · · (1 +
z

ek+l

)pk+l ,

where ei = ak+l+r − ai, i = 1, 2, . . . , k + l + r and σ = (c2 − c3)(e
p1

1 · · · epk

k ), σ
′
=

(c3 − c1)(e
pk+1

k+1 · · · epk+l

k+l ). Since pk+l+r > k + l, the coefficients of 1, z, . . . , zk+l in the

left hand side of the last equation must be zero. Write the right hand side of the

last equation as follows:

σ (1 +
z

e1

) · · · (1 +
z

e1

)
︸ ︷︷ ︸

p1

· · · (1 +
z

ek

) · · · (1 +
z

ek

)
︸ ︷︷ ︸

pk

+σ
′
(1 +

z

ek+1

) · · · (1 +
z

ek+1

)

︸ ︷︷ ︸
pk+1

· · · (1 +
z

ek+l

) · · · (1 +
z

ek+l

)

︸ ︷︷ ︸
pk+l

= σ(1 + s1z + s2z
2 + · · ·+ sk+lz

k+l + · · ·+ sPk
i=1 pi

z
Pk

i=1 pi)

+σ
′
(1 + s

′
1z + s

′
2z

2 + · · ·+ s
′
k+lz

k+l + · · ·+ s
′Pk+l

i=k+1 pi
z
Pk+l

i=k+1 pi),

where si and s′i are defined as in Lemma 2.13. Then we have σ + σ
′

= 0 and

σsj + σ
′
s
′
j = 0 for all 1 ≤ j ≤ k + l. Let

tj = (
1

ej
1

+ · · ·+ 1

ej
1

)

︸ ︷︷ ︸
p1

+ · · ·+ (
1

ej
k

+ · · ·+ 1

ej
k

)

︸ ︷︷ ︸
pk

=
p1

ej
1

+ · · ·+ pk

ej
k

t
′
j = (

1

ej
k+1

+ · · ·+ 1

ej
k+1

)

︸ ︷︷ ︸
pk+1

+ · · ·+ (
1

ej
k+l

+ · · ·+ 1

ej
k+l

)

︸ ︷︷ ︸
pk+l

=
pk+1

ej
k+1

+ · · ·+ pk+l

ej
k+l
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for all 1 ≤ j ≤ k + l, now we claim that

σtj + σ
′
t
′
j = 0

for all 1 ≤ j ≤ k + l.

For j = 1, t1 = s1 and t
′
1 = s

′
1 by definition, so

σt1 + σ
′
t
′
1 = σs1 + σ

′
s
′
1 = 0.

For j = 2, by Lemma 2.13, we have

2s2 = s1t1 − t2 = t21 − t2

2s
′
2 = s

′
1t
′
1 − t

′
2 = t

′2
1 − t

′
2,

so

σt2 + σ
′
t
′
2 = σ(t21 − 2s2) + σ

′
(t
′2
1 − 2s

′
2)

= σt21 + σ
′
t
′2
1 = (σt1 + σ

′
t
′
1)(t1 + t

′
1)− (σ + σ

′
)t1t

′
1 = 0.

Assume

σtj + σ
′
t
′
j = 0, 1 ≤ j ≤ u− 1,

, where u = 2, 4, . . . , k + l. If j = u, then

σ(−1)u−1tu + σ′(−1)u−1t
′
u

= σ[usu − su−1t1 + · · ·+ (−1)u−1s1tu−1]

+σ
′
[us

′
u − s

′
u−1t

′
1 + · · ·+ (−1)u−1s

′
1t
′
u−1],

where we use Lemma 2.13. Note that

σsu−jtj + σ
′
s
′
u−jt

′
j

= (σsu−j + σ
′
s
′
u−j)(tj + t

′
j)− σsu−jt

′
j − σ

′
s
′
u−jtj

= −σsu−jt
′
j − σ

′
s
′
u−jtj

for all 1 ≤ j ≤ u − 1. Since σsu−j + σ
′
s
′
u−j = 0 and σtj + σ

′
t
′
j = 0 by induction

hypothesis for all 1 ≤ j ≤ u− 1, we have σsu−j = −σ
′
s
′
u−j and σtj = −σ

′
t
′
j, i.e.,

su−jt
′
j = s

′
u−jtj
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for all 1 ≤ j ≤ u− 1. This implies

σsu−jtj + σ
′
s
′
u−jt

′
j = −σsu−jt

′
j − σ

′
s
′
u−jtj

= −σs
′
u−jtj − σ

′
s
′
u−jtj = −(σ + σ

′
)s
′
u−jtj = 0.

for all 1 ≤ j ≤ u− 1. Hence,

σ(−1)u−1tu + σ′(−1)u−1t
′
u

= σusu + σ
′
us

′
u = 0.

That is,

σtu + σ′t
′
u = 0.

So, we have proved σtj + σ
′
t
′
j = 0 for all 1 ≤ j ≤ k + l by induction. From which,

we get a system of linear equations as follows:





σ(
p1

e1

+ · · ·+ pk

ek

) + σ
′
(
pk+1

ek+1

+ · · ·+ pk+l

ek+l

) = 0

σ(
p1

e2
1

+ · · ·+ pk

e2
k

) + σ
′
(
pk+1

e2
k+1

+ · · ·+ pk+l

e2
k+l

) = 0

...

σ(
p1

ek+l
1

+ · · ·+ pk

ek+l
k

) + σ
′
(
pk+1

ek+l
k+1

+ · · ·+ pk+l

ek+l
k+l

) = 0.

Since ej 6= 0 for all 1 ≤ j ≤ k + l, the determinant of the coefficient matrix

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

σ

e1

· · · σ

ek

σ
′

ek+1

· · · σ
′

ek+l

σ

e2
1

· · · σ

e2
k

σ
′

e2
k+1

· · · σ
′

e2
k+l

...
. . .

...
...

. . .
...

σ

ek+l
1

· · · σ

ek+l
k

σ
′

ek+l
k+1

· · · σ
′

ek+l
k+l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
σkσ

′l

k+l∏
i=1

ei

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 1 · · · 1
1

e1

· · · 1

ek

1

ek+1

· · · 1

ek+l
...

. . .
...

...
. . .

...
1

ek+l−1
1

· · · 1

ek+l−1
k

1

ek+l−1
k+1

· · · 1

ek+l−1
k+l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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and ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 1 · · · 1
1

e1

· · · 1

ek

1

ek+1

· · · 1

ek+l
...

. . .
...

...
. . .

...
1

ek+l−1
1

· · · 1

ek+l−1
k

1

ek+l−1
k+1

· · · 1

ek+l−1
k+l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

is a Vandermonde determinant which equals to
∏

1≤i<j≤k+l

(
1

ej

− 1

ei

), we conclude that

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

σ

e1

· · · σ

ek

σ
′

ek+1

· · · σ
′

ek+l

σ

e2
1

· · · σ

e2
k

σ
′

e2
k+1

· · · σ
′

e2
k+l

...
. . .

...
...

. . .
...

σ

ek+l
1

· · · σ

ek+l
k

σ
′

ek+l
k+1

· · · σ
′

ek+l
k+l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
σkσ

′l

k+l∏
i=1

ei

∏

1≤i<j≤k+l

(
1

ej

− 1

ei

)

which is nonzero. Hence, we obtain pj = 0 for all 1 ≤ j ≤ k+ l, which is impossible.

Thus, we conclude that Q(z) is prime and we complete the proof. ❑
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