Chapter 3

Solution Spaces

In this chapter, we introduce the solution space that satisfies the unboundary e-
quations. We will construct a basis for the solution space and describe the general
solution form of 7, by using a canonical set of left Jordan chains for the matrix
polynomial Q(w) corresponding to w, (See [8]). We give a brief introduction to the
left Jordan chains in section 3.1 and review some results in [6] in order to illus-
trate the solution space in section 3.2. The general solution space for the vector of

stationary probability is discussed in section 3.3.

3.1 Left Jordan Chains

Definition 3.1.1 (p.28 in [7]) The sequence of n—dimensional vectors @,
@ (1 #0) is called a left Jordan chain of length € for the matriz polynomial



L(w) corresponding to the complex number w, if the following equalities holds:

¢1L(w,) = 0,
1L (wo) + ¢y Lw,) =0,

%golL”(wo) + @, L' (w,) + @3 Lw,) = 0, (3.1)

dl—2

—1
(e—11)1901 dorr L) o=, + (4—12)19"2 a7 L(W)]w=w, + -+ + @, L(w,) = 0.

where -L L(w) denotes derivative with respect to each element of L(w).

Example 3.1.2 Let

Since detL(w) = w?, there exists one eigenvalue of L(w), namely, w, = 0. All left

Jordan chains of length not exceeding 3 can be described as follows:

1. Left Jordan chains of length 1 are ¢, = [ T11 T19 }, where x11, 212 € C are

not both zero.

2. Left Jordan chains of length 2 are ¢, = [ r1 O }, and ¢,, where x1; # 0

and ¢, is arbitrary.

3. Left Jordan chains of length 3 are ¢, = [ z11 0 ], Py = [ To1 T11 }, and

@5, where x17 # 0, and w91, (o4 are arbitrary.

O

Note that ¢, is contained in the left null space of L(w,), and the vectors in a
Jordan chain for matrix polynomial L(w) are not necessarily linearly independent.
The example shows the structure of Jordan chains for matrix polynomial can be
quite complicated. To understand this structure better, it is useful to introduce

canonical sets.
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Proposition 3.1.3 (Proposition 1.15 in [7]) Let

{Soih'” 7(piﬁi7i:17"'7p} (32)

be a set of left Jordan chains for the matriz polynomial L(w) corresponding to w,.
Then the following conditions are equivalent.

(i) The set (3.2) is canonical.

(ii) The vectors @y, ..., ¢, are linearly independent and )7 | k; = r, where r is

the multiplicity of wy which is a zero of det L(w).

(#i) Let i )
—1
L(wo) L,(wo) T ﬁdilfl[/(wﬂw:wo
0—2
U- 0 L{wo)  wmanasr o L(@)]omw,
0 0 L(w,)

and denote the left null space of U by N'. The sequences of vectors

’Y’Lj:(07"'70’¢Z’1""7¢Z’j)7 jzl,...,/{i77::17...,p, (3.3)

form a basis in N, where the number of zero vectors preceding @, in Yij 15 €—7,

(0= mazx {Kky ..., Kp }).

Note that the canonical set is not unique, but the lengths «i,..., s, of left
Jordan chains in a canonical set is uniquely determined. In fact, kq,...,k, are

known as nonzero partial multiplicities (see Appendix B) of L(w) at w,. Refers to

7] for details.

3.2 The Structure of the Solution Space

In [6], Gail expressed the solution space for saturated probabilities of G /M /1 system

in detail. We review some of important results from [6].
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Lemma 3.2.1 Define the matrizr P =1+ % with

By A
Co A A
p_ A4, A | (34)

A,

where q is any nonzero real number satisfying
q 2 max{—(Bo)j;, —(A1);;}-

Then the matriz P is stochastic and nonnegative. Furthermore, in a positive re-
current case, the stationary distribution w = [mo, 71, ...], where w; is 1 X mk row

vector, satisfies wQ = 0 equivalent to wP = 7.

Proof. Since the off-diagonal elements of Q are nonnegative and its diagonal el-
ements are all negative, the elements of P are nonnegative by the definition of P.
The matrix P is stochastic (i.e., P1 = 1) follows directly from the fact Q1 = 0.

Obviously, the equations wP = 7 are equivalent to w(P —I) =0, i.e., 7Q = 0. O

Lemma 3.2.2 Let

| A+ Co(I —By) T Ay Ay

A, A A
]-5 - AQ Al
Ay

Then P is nonnegative stochastic and the solutions (o, T) of

AP =7

Ty = 7r1C0(I — B())_l

(3.5)

are the same as the solutions w of ®Q = 0 where ™ = (w1, Ty, ...) and ™ = (mwy, ).
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Proof. To prove that the matrix is nonnegative, it is sufficient to show that A; +
Co(I — By) Ay is nonnegative. Since (I — By)~! = Z;io Bé > 0 and A;, Co, A
are nonnegative, it follows that A, + Co(I — By) 1Ay > 0. Note that P1 = 1, and

(A +CoT—Bo) A + Al = (Ap+ A1+ Co(I—By) Al
= (1-Col) +Co(I—Boy) (1 — Byl)
= 1-Col+Co(I—-By) (I-By1

= 1.

Hence, P is stochastic. It is easy to verify that (3.5) is equivalent to 7P = .

Therefore, the conclusion follows directly from Lemma 3.2.1. U

We transform the original system into 7P = 7 where P has the same form as
the transition probability matrix defined in [6]. The results in [6] are summaried as

follows. Write
- B D

P
R L

where B is mk x mk. Replacing B, R in P by I, O, we have

~ I D
P
O L

Define
x O 0o D *
Lr={yel*:yP" =y}

b I

We also define the operator 7 as 7 shift left mk columns’

by

on row vectors 'y € [*°

T(Y1a}’27}’3>---) = (y27y37"')

for each y; is 1 x mk. Then L£* is T-invariant (i.e., 7(L*) C L*). For an eigenvalue

w, of 71 L* — L* the corresponding generalized eigenspace is

LXw) ={y€L: (T —w,])y =0 for some d},
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where [ is the identity operator, and from the results in linear algebra, we know L*

is the direct sum of these generalized eigenspaces, i.e.,
L= P L(wa) (3.6)
|wa|<1

Since [|7Y |0 < ||¥ oo, any eigenvalues w, must satisfy |w,| < 1. Recall that £*(wq)

has a basis consisting of one or more cycles of generalized eigenvectors. Suppose

{Xl,lﬂ X1,k T Xply T 7Xp,np} is a basis for £*(w0)7 nameIY7

(T - WOI)XZ'J =0

| (3.7)
(T_wOI)X’LJ :Xi,jfl’ ] :27/{7/
For:=1,...,p, we have
B 1 , 1 a1 _q
Xi.j = Zij e(wo) + T%ii-1e (wo) + -+ + G 1)!zi,1 dwj_le(w)|w:wo j=1,..., K,
(3.8)

where z; ; is the vector whose elements are taken from the first mk entries of x; ;,

and e(w) is a mk x oo matrix defined by
e(w) = [I,wI,uﬂI, = } )

From (3.6) and (3.8), we visualize that the ! solution space £ = {(my,mo,...)}

satisfying normalization condition (2.6) and the unboundary equations (2.5) is

L= £(wa) (3.9)
|wa|<1
Define
A(w) =wl — (Ag + w.A1 + WQ.AQ).

Then it is clear that A(w) equals —%Q(w) and it follows A(w) and Q(w) have the

same singularities.

Proposition 3.2.3 (Proposition 33 in [6]) If |w,| <1 is a zero of
det A(w) = 0 of multiplicity r, then L*(w,) has dimension r.
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Theorem 3.2.4 (Theorem 8 in [6]) Let P be a transition matriz of an irreducible
Markov chain. The system is ergodic if and only if det A(w) = 0 has ezactly mk

zeros in the open unit disk.

We conclude that if wy,...,ws,ws1 are the distinct singularities of Q(w) in
the open unit disk then the [' solution space £ = {(m1,m,...)} satisfying the
unboundary equations (2.5) is the direct sum of vector space L£*(w,), for a =
1,...,8,s+ 1, and £*(w,) has dimension r, which is the algebraic multiplicity of
War X015 X s Xp1s "7 s X, ) 18 @ basis of L7(w,) for some |w,| < 1,

and k1 + ...+ K, = 1y, then these vectors satisfy equations (3.8).

3.3 General Solution Forms

Let {X11, " s Xt m" " Xp1s ™" ,Xp,,.@p} be a basis of L£*(w,) for some |w,| < 1.

We are now able to explain that

{Zi,h"' azi,nia Zzlvap} (310)

is a canonical set of left Jordan chains for Q(w) corresponding to w,. Since

Xi; € L*(w,) satisfies the unboundary equation (2.5), thus x; ;Q" = 0, where

Ay

A, A
Q' =| A A
A,

Multiplying (3.8) on the right by Q*, those equations become

z;1Q(w,) = 0,
Zi1 Qlﬁuo) +2;2Q(w,) = 0,

(3.11)

(Hil,l)gzi,l dcsz:—ll Q(w)lwo + (HZiQ)[Zi,l dcf»;_jz Q(W)Luo ot Zz‘,mQ(wo) =0,
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since
e(W)QF = Ag + wA| + WAy = Qw).

That is, {z;1,...,2iy,}, is a left Jordan chain of length x; for the matrix poly-
nomial Q(w) corresponding to the complex number w,, for ¢ = 1,... p. Since
Z11,221, .- - ., Zy are linearly independent, and > 7 | k; = r,, (3.10) is canonical by

Proposition 3.1.3.

Conversely, if there is a set of vectors satisfies (3.11), it is not trivial that we
can construct a basis of £*(w,) by these vectors since the vectors in a left Jordan
chain for a matrix polynomial are not necessarily independent and not uniquely
determined. However, we will see later that the basis of £*(w,) can be constructed
by an arbitrary canonical set of left Jordan chains for the matrix polynomial Q(w)

corresponding to w,.

Proposition 3.3.1 Let

{Qoila"' ’Soi,nﬂizlv"'ap} (312)

be an arbitrary canonical set of left Jordan chains for Q(w) corresponding to w,.
Define
{61,17"' 751,ma"' 75p,17"' 75p,np} (313)

as

1 dri—t
— 1901‘,1 dwnrle(w”“’:“"' (3.14)

1
0;j = i je(w,) + ﬂcptjfle/(wo) 4o -

Then {611, ,01,k1, " ,0p1, - ,0p ., } 15 also a basis of L*(w,).

Proof. Suppose
{Xl,l?"' 7X1,517"' aXp,la"' 7Xp,,‘£p} (315)

is a basis for £*(w). We claim that (3.13) and (3.15) span the same vector space.

Define the sequences of vectors
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and

Bij=(0,...,0,2;,...,24), (3.17)
for j=1,...,k;, i =1,...,p in the same way as (3.3). Then (3.16) and (3.17) are
both bases for N by Proposition 3.1.3. Let

Y11
U= |
vak‘"P
and
B
\112 - : 5
Bo.r,
which imply
011 X11
=V, e(w,) and : = Uye(w,)
Op.r,y Xp.r,
where } )
1 d-t
=1 2o 1e(W) lo=w,
e(w,) = %e” (wo)
1€ (wo)
e(wo)
and (= max {r; ...,kK,}. Note that ¥; and ¥y have the same row space, N.

Therefore, the row space of Uy é(w,) is the same as WUy e(w,). It follows that (3.13)

is also a basis of £*(w,). O

Example 3.3.2 Suppose w; is a singularity of Q(w) of multiplicity 3, and nullity
Q(w1) =2, {¢11, P12 Par } satistying

11Q(w1) = 0,

21 Q(w1) = 0,

11Q'(w1) + ¢1,Q(w1) = 0,
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where {¢,;, ¥s; } spans the left null space of Q(w1). Then {®;;, Y15, ¥ } is a canon-
ical set of the left Jordan chains for Q(w) corresponding to wy, and {d11, 812,021}

is a basis for £*(wy), where

611 = {90117w9011a w290117w390117 e }a
012 = {9912>W‘P12 + Y1, w2‘P12 + 2wcp11,w35012 + 3W2‘P11> s }7
091 = {‘P217W<P21a W24P217W3S0217 s }

Theorem 3.3.3 Let wy, ... ,ws, wsy1 be the s+ 1 distinct singularities of Q(w) with

multiplicity r,...,7s,7se1 n the open unit disk. Then the probability m, can be
expressed as
s+1
T, = Zﬂ'n(wa) forn>1 (3.18)
a=1
where
p(a) ki)
ma(wa) = D Y cdwlh el + (e el e+ (5 en el
i=1 t=1

and fora=1,...,s+1, {goﬁ), . 7991(32),5&(@} is an arbitrary canonical set of left

Jordan chains for Q(w) corresponding to wy.

Proof. The result is obvious by (3.9) and Proposition 3.3.1. O

Example 3.3.4 In example 3.3.2, we see that

m(w1) = c1pyg + g+ C3y,

ma(w1) = awipy + (Wi + @) T wiey,

(W) = Clw?ilSon + C2<W?719012 + (n — 1)“?729011) + C3W?71‘P21-
O

In the following Proposition, we will see that the multiplicity of 0 is at least

mk — m.
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Proposition 3.3.5 nullityQ(0) = mk — m.

Proof. Since

'y O 0
r's 0 0
Q) =Ag=76 2=
r', 0 0
where _ -
PiXi
iAi
r;,= b
PiXi
is a diagonal matrix of dimension m for i = 1,...,k, and rankQ(0) = m that
implies nullityQ(0) = mk — m. O

Thus, 0 is a singularity of Q(w). Without loss of generality, we assume that
wst1 = 0 and wy, . .., ws are the distinct nonzero singularities of Q(w). From Propo-
sition 3.3.5, it is clear that ;.1 > mk—m. Recall there are exactly mk singularities
of Q(w) in the open unit disk which implies

s+1 s+1

Z dimL* (wy) = Z ro = mk
a=1

a=1

by Theorem 3.2.4 and Proposition 3.2.3. Therefore, we obtain the following result.

Corollary 3.3.6 The sum of dimension of the generalized eigenspaces is equivalent

to the total number of nonzero singularities of Q(w) which is at most m, i.e.,

Z dimL* (wy) ZTO‘ <m.

Since r, > 1, we know s < m. It is clear that if we are able to find vectors in
L*(wq) such that >°° _, dimL*(w,) = m, then it is sufficient to construct a solution

space L.
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It is easy to see that if nullityQ(wsy1) = 7541, then
Tp(wsir1) =0

for n > 2.

Corollary 3.3.7 If nullityQ(w,) = ro for a = 1,...,s+ 1, then the saturated
probabilities 7, for n > 2 can be expressed as the linear combination of the vectors

in the left null space of Q(w), i.e.,

T, = Z anvtwg_lcpgo‘), forn > 2 (3.19)
a=1 t=1
where goga) is contained in the left null space of Q(wy) fort =1,... rq, a=1,... s,

and cqy 15 the coefficient with respect to cpga).

It has been shown that solution space can be described in terms of singularities
and vectors of Q(w). We will discuss the nonzero roots of detQ(w) = 0 in the next

chapter.
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