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1 ��

1.1 ��

ÞÙP«ÒÓ�´Ëé��,÷³ßÚ�ðð�¿À°à�³Ëá{�âÞ
��^�ãä5åæ�çÇ�0¢èog�^�áé�Èê)*¹ëì�í
S�ÃÐÙ�ÒÓ3îzï¿#ðñòßÚáé��uv�-

`.)*��ÒÓ (Fuzzy Linear Regression)�óÙJ»M´�ôõÞß
+�ðð�ÂY×�)*ö,�}x´3÷�z�.øùÉñòú�)
*��ÞoûÁ�ü¹ (membership function)�æ¿�g�pa�ýþ-ÿ
|�D’Urso*Gastaldi(2000)¼�Ë�Ö×)*��ÒÓ (doubly fuzzy linear

regression))Ì~�5�óÙYang*Ko(1996)�LR�,5¼v')*¹,�
ÔrþË�LË¿��ûÁ�ü¹�J»M´Ø¬�Ã���¾P«ÒÓ}
�ÙÅÙÚr®� (outlier)´�����	� (influence observation)�ëì´
µ
�¸Ù�)*��ÒÓú�ÙÚz-

1.2 ��

�M�ÞÙÒÓ)ÌÅñò¸[¹´�[¹>,�w��P«zÒÓ)Ì�
íS�ðð�ÙÅÇßÚÙ�t�ßÚz��¿1Ôàu�Èêò#�
�����Ê�.�������¾�uv��2�áé-)*ÒÓú
Ée�uv�È�·�����¸[¹���Ù)*¹�´Ë�&��ú
�)*ÕÖ}íS¸[¹´�[¹>,�ü¹w�-Tanaka�� (1982)DE
�Ë�#)*����ÒÓ (ÎÕú)*��ÒÓ )�ÃóÙ���� (Linear

Programming,ÎÕLP)Åé)*ÒÓ)Ì�X¹³Ø¬-

��Tanaka���ËN#)*¹���ÒÓj�)*ÒÓ�´����
��ÐÙgZ�� }-!ÿz�)*��ÒÓ�X¹Ø¬�a"z#F#
´�N�#�Tanaka���Ë�LP��$�#%úJ»M´�-ÿ(|&

1



}�DE¸ÙYang*Ko(1996)�LR�,5¼v')*¹,�ÔrþË�3Î
��Ñ)*��ÒÓ)Ì:D’Urso*Gastaldi(2000)¼�Ë�Ö×��ÒÓ)
Ì~�5�LË¿��LRÌûÁ�ü¹�J»M´Ø¬�$b�ÈúJ»M
´��áé·'�r®�����Èê��P«ÒÓ3î}ÙÚr®�´�
����Ú��ëì´µ
�ÃÐÙ�)*��ÒÓ�ÕÖ}-

`Ý&}�EÏ()*¹�!ÿëì:)*¹Ð®�)*¹,�Ôr-
!YóÙÎÑÔrþË�é�Ñ��ÒÓ)Ì4�Ö×��ÒÓ)Ì)J»
M´Ø¬-

`=&}��MÏ(LRÌ)*¹4�Yang*Ko�ÔrþË�Ã�`Ý
&}Z)*ÒÓ)Ì�~�5�óÙJ»M´�4�Yang*Ko�ÔrþË�
¸YóË´ûÁ�ü¹#w�J»M´Ø¬-

`6&}���P«ÒÓÙÚr®�´�����Ú��µ
�LË�
Ñ)*��ÒÓ}�*+�:,��4�CookÔrþË-

`-&}�óÙ./&¼0"�õ{áé�éTanaka� 1987¼�Ë�
ú�13î-

`2&}�ú.µZ&}×!þË��õ��L´34-
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2 �����	
��

2.1 �����	


&56/¼7Z[÷ä>á�89��:;Y��7��?<=Èÿ��>
�ä?:�^+,:ÕÖ�[?�Þo6/;@�ABZ[÷ä�"åÿ
C�ÈêD�íSEp�¹/)Ë�éÂ�¾]@uv��úHI��F
G�Õ>ú)*¹-

óÙûÁ�ü¹�4ñò)*¹��C�H�)*õ{�J!ÿëì�D
�ûÁ�ü¹��M¿é)*¹�1IJ�0#�¿óÙ°à�¹/´
���3î*ôõ)*��K-g�ûÁ�ü¹�v'´Ë�432¹�
�ü¹F#N¹�v'´Ë�ÕúrLJ (discretization)ûÁ�ü¹�H��
!Hv#ý)*FG¶]�M��ûÁ�-ü¹v'�´Ë��ÕúN
J
(continuous)ûÁ�ü¹�ü¹v'�O&��4�@ý)*FG�M��$
ûÁ�>,�w��0�4�#ý)*FG�M��$ûÁ�>,�w��
t�ôõåæÞßzP{#ý�vQ-45��#�^7ÌûÁ�ü¹>
)*¹�Ð®�$v'úN

��2.1 �A = (ma, αa, βa),B = (mb, αb, βb),λ ∈ R+���ma,mb����
αa, αb�βa, βb���	
����A�B���������������
�������

1. A + B = (ma + mb, αa + αb, βa + βb)

2. λA = (λma, λαa, λβa)

�F�)*¹�Y�áé�ú}x´}x�Y�R3÷�´S3÷��YT
U��aÂV�¹Wz��)*¹�%3Îú}x*RS3÷�3ÎWzê
f¹-t��ê��M@�v'Ë��)*¹Wz��»ÂV�å¹�0È
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ê@�v'Ë)*¹>,�s�-�M%!�XYó)*¹,Ôr�´��
� 2.3Z}åÏ(�¤)*¹,Ôr�v'-

2.2 ���������

·�5[�)*��ÒÓ)Ì�úÉ´\�¤Õ$ú)Ì IN

)Ì I yi = A0 + A1xi1 + A2xi2 + ... + Apxip, i = 1, 2, ..., n (2.1)

$}�[¹�xijúå¹�¸[¹� yi = [ci − si, ci + si]ú)*¹�£ ciúú
}x�siúú3÷��Am = [am − rm, am + rm]�)*ÒÓX¹��#* yi

�^�ûÁ�ü¹-��#)*¹Ôrëì5��M�Ø¬Am]^DEå
yLi = ci−si,yRi = ci+si_úVÿ�RS`'-éR`'{(yLi, xi1, xi2, ..., xip)|i =

1, 2, ..., n}ú (S`' {(yRi, xi1, xi2, ..., xip)|i = 1, 2, ..., n}ú )ab��)Ì
y = β0 + β1x1 + ... + βpxp�3ÎogN

ŷLi = L̂0 + L̂1xi1 + L̂2xi2 + ... + L̂pxip, i = 1, 2, ...n

ŷRi = R̂0 + R̂1xi1 + R̂2xi2 + ... + R̂pxip, i = 1, 2, ...n

% Âm = [âm − r̂m, âm + r̂m]$} âm = L̂m+R̂m

2
, r̂m = |R̂m−L̂m|

2
-ê´�¼og�

áé��p��.£�ôõ���$c'�	d×ÂRS`'��1Ôøù
ÉûÁ�ü¹ñòú�æ¿��V�Ø¬´Ë#e ”)* ”�ëì-U�Þ
ÙJ»M´�+�¿Yf)*¹,Ôr�ëì��g�og)*ÒÓX¹Am

ïEp�Ø¬-

2.3 ������

úÉog (2.1)Ë)Ì I}�)*ÒÓX¹�J»M´Ø¬��Mhi·�)*
¹,�Ôr-

4



��2.2 ( !"#$% )�A = (ca, sa),B = (cb, sb)&'()%�*+���
� ca, cb����sa, sb������A�B,�"#D��

D =
√

(ca − cb)2 + (sa − sb)2 (2.2)

-A = (ca, pa, qa)�B = (cb, pb, qb)&.'()%�*+���� ca, cb����
pa, pb�	����qa, qb�
�����A�B/,�"#D��

D =
√

(ca − cb)2πc + (pa − pb)2πp + (qa − qb)2πq (2.3)

��πc0πp�πq���123�456

�zò�ÔrþË}�U)*¹úéÕjË�%Ôrú}xs�}x�M
´�Yz3÷�s�3÷�M´�Äskd-U)*¹ú�éÕjË�%Ô
rú}xs�}x�M´�YzRS3÷���M´�Ã3Î�}x´RS
3÷�ôWz��f�\×jÄskd-��éÕ�ÔrþË}�%Yzé
)*Ôr�>�lm�HI}x´3÷���Ep�\×-<Âzò)*¹
,�ÔrþË��·�g)*¹�}x´3÷��Õ$úÎÑÔrþË�4
\* 3.1Z}Yang*Ko�ÔrþË³�ön-

�#É)*¹�Ôrv'j��·�ÙJ»M´�é (2.1)Ë�P«)*
��ÒÓ�1X¹Ø¬-op yi = (ci, si)´Am = (am, rm)�#�^�ûÁ�
ü¹�£q�Ep�Mrj�Þo¼#xij > 0-(2.1)Ë�OsúN

(ci, si) = (ao, ro) + (a1, r1)xi1 + (a2, r2)xi2 + ... + (ap, rp)xip

� (2.2)Ë�ÎÑÔrv'5�ai, ri�J»M´Ø¬��úÞD2J»> ai, ri

�N

D2 ≡
n∑

i=1

(ci − (ao + a1xi1 + ... + apxip))
2 + (si − (ro + r1xi1 + ... + rpxip))

2

� ‖v‖OstI v�9��zòËÐU4tI�uvOw��ôõzòï´
\�qx§j�oN

D2 = ‖Xa− C‖2 + ‖Xr − S‖2

5



$}X = (xij)�n×(p+1)��[¹�uv£a = (ao, a1, ...ap)
′,r = (r0, r1, ...rp)

′,C =

(c1, c2, ...cn)′ ,S = (s1, s2, ...sn)′-� ∂D2

∂a
= 0´ ∂D2

∂r
= 0��oa´ r�ô5N

â = (X ′X)−1X ′C

r̂ = (X ′X)−1X ′S (2.4)

ÎÑ����#ôõ´Ë�pÂé}x*3÷�3Î³ÒÓ�¼0o�Ø¬
áé�`*ûÁ�ü¹@w�tåy3îz��&Ë�#Ø¬áé]$H´
�úz-

2.4 ���������������

�)Ì I�~�5�UÞÙJ»M´�´ÎÑÔrþË�¼0oJ»M´Ø
¬�áé�}x´3÷�3Î³ÒÓ��áé{s}x´3÷�@��w
|�tD’Urso*Gastaldi(2000)>ú)*¹>}x´$3÷���}��¾
�w��Èê�Ë45Ö×)*��ÒÓ)Ì (ÎÕ)Ì II)�Ãå¸[¹
yi = [ci − si, ci + si]·�úéÕ=~j)*¹-

)Ì II C = C∗ + εc C∗ = Xa (2.5)

S = S∗ + εs S∗ = C∗b + 1d (2.6)

$}C = (c1, c2, ..., cn)′,S = (s1, s2, ..., sn)′, a� (p + 1)× 1�X¹tI�1�]�
3I�ú 1�n× 1tI�b, d�`ÝÒÓ)ÌX¹-)Ì II�á��Eé}x
���íS��xÒÓ)Ì (core regression model)�ÄóÙ�xÒÓ)Ì�é
3÷����íS�´}x#w�3÷�ÒÓ)Ì (spread regression model)-

D’Urso*GastaldióÙJ»M´�4� (2.2)�ÎÑÔrþË�)X¹a, b, d

Þ��M´*

D2 ≡ ‖C − C∗‖2 + ‖S − S∗‖2

= C ′C − 2C ′Xa + a′X ′Xa(1 + b2) + S ′S

−2S ′Xab− 2S ′1d + 2a′X ′1bd + nd2

6



J»-� ∂D2

∂a
= 0,∂D2

∂b
= 0´ ∂D2

∂d
= 0�o5[�´�ËN

∂D2

∂a
= −X ′C + X ′Xa(1 + b2)−X ′Sb + X ′1bd = 0

∂D2

∂b
= a′X ′Xab− S ′Xa + a′X ′1d = 0

∂D2

∂d
= −S ′1 + a′X ′1b + nd = 0 (2.7)

Ã<zò�´�Ë�)oa,b´d��Òw�Ë5N

a =
1

1 + b2
((X ′X)−1X ′(C + rb− 1bd))

b = (a′X ′Xa)−1(r′Xa− a′X ′1d)

d =
1

n
(r′1− a′X ′1b) (2.8)

,åz��M�< (2.7)ËôËa,b,d�gô�$��5N
< (2.7)�`1�´�Ë�a = 1

1+b2
((X ′X)−1X ′(C +Sb−1bd))�å$øf (2.7)�

` 2�` 3�´�Ë��oN

‖Ĉ‖2b + C ′Ŝb2 − nC̄b2d− S ′Ĉ − ‖Ŝ‖2b + 2nS̄bd + nC̄d− nbd2 = 0 (2.9)

bC̄ − S̄ + d = 0 (2.10)

$}X(X ′X)−1X ′C = Ĉ,X(X ′X)−1X ′S = Ŝ, 1
n
1′C = C̄, 1

n
1′S = S̄-< (2.10)�

od = S̄ − bC̄�Äå$ø� (2.9)Ë}�%�4ÎJ2�� b�Ýb´�ËN

M1b
2 + M2b + M3 = 0

$}M1 = C ′Ŝ − nC̄S̄,M2 = ‖Ĉ‖2 − ‖Ŝ‖2 + nS̄2 − nC̄2, M3 = nC̄S̄ − S ′Ĉ-ôz
òÝb´�Ë�oN

b̂ =
−M2 ±

√
M2

2 − 4M1M3

2M1

¼é¸�a, dúN

d̂ = S̄ − b̂C̄

â =
1

1 + b̂2
((X ′X)−1X ′(c + rb̂− 1b̂d̂))

7



�#F�ô�åF� â,b̂,d̂>�ø�D2}�óËÞ��M´*D2]»��ú
J»M´Ø¬-< a, b, d�Ø¬Ë�fË�@{¸[¹����#j��)*
¹�¼0o�X¹Ø¬áém�^�Èê�ÎÑÔrþË5¼og�J»M
´Ø¬�@�E���)*¹�j�-

�)*¸[¹yi = [ci−qi, ci+pi]ú-éÕ=~j�vQ5�D’Urso(2001)�
Ë45�)*��ÒÓ)Ì�úÉ´\�¤Õ$ú)Ì IIIN

)Ì III C = C∗ + ε C∗ = Xa

p = p∗ + λ p∗ = C∗b + 1d

q = q∗ + ρ q∗ = C∗g + 1h (2.11)

Ë}C = (c1, c2, ..., cn)′, p = (p1, p2, ..., pn)′, q = (q1, q2, ..., qn)′� a� (p + 1) × 1�
X¹tI�1�]�3I�ú 1�n × 1tI� b, d, g, h�`ÝÒÓ)ÌX¹-
)Ì III�Õú�éÕ�Ö×)*��ÒÓ)Ì-

D’Urso� (2.3)�ÎÑÔrþË5�óÙJ»M´��LË a, b, d, g, h�J
»M´Ø¬i�5µ��Òw�ËN

a =
1

πc + b2πp + g2πq

[(X ′X)−1X ′(cπc + (p− 1d)bπp) + (q − 1h)gπq]

b = (a′X ′Xa)−1(a′X ′p− a′X ′1d)

d =
1

n
(p′1− a′X ′1b)

g = (a′X ′Xa)−1(a′X ′q − a′X ′1h)

h =
1

n
(q′1− a′X ′q − a′X ′1h) (2.12)

< (2.12)��Òw�Ë��fË)Ì III�X¹Ø¬*πc, πp, πq�×���#�
�w������X���ôõ´Ë�^+< (2.12)0�fËX¹Ø¬�áé
*ûÁ�ü¹@w�Èê�5�&}��Måp�0o��Ã´ûÁ�ü¹
#w|�J»M´Ø¬-

8



3 LR�����	

3.1 LR����

�ÿ&}��M>!�·�¸[¹úLRÌ)*¹�)*��ÒÓ�úÉ´\
�¤�MÕ$úLRÌ)*��ÒÓ�45�LRÌ)*¹�v'-

��3.1 �X = (c, p, q)&7*+�6-89:;��L : <+ → [0, 1], R : <+ →
[0, 1]<=L(0) = 1,L(1) = 0>L(+∞) = 0,R(0) = 1,R(1) = 0>R(+∞) = 0?@

X(x) =





L( c−x
p

) x ≤ c

R(x−c
q

) x ≥ c

AB��(X� LR��*+��C� (c, p, q)LR��� c�X�DEF�
p > 0,q > 0���	
���6-	
�����G�H p = q�(�'(LR

�*+��IJK7L C� (c, p)LR6

LRÌ)*¹¼�#�ûÁ�ü¹�ÕúLRÌûÁ�ü¹-45�F��¤
�LRÌ)*¹�3Îú=~j)*¹4�K¹Ì)*¹-
1.UX = (c, p, q)LRú=~j)*¹�%$ûÁ�ü¹ú

X(x) =





1− c−x
p

c− p ≤ x ≤ c

1− x−c
q

c ≤ x ≤ c + q

Ë} cøOú}x�p´ q3ÎøO)*¹�RS3÷�-U p = q�%úé
Õ=~j)*¹-=~jûÁ�ü¹�j� 1-
2.UX = (c, s)LRúK¹Ì)*¹�%$ûÁ�ú

X(x) =





exp[−( c−x
s

)m] x ≤ c

exp[−(x−c
s

)m] x ≥ c

Ë} cøO)*¹�}x�søO)*¹�3÷�-K¹ÌûÁ�ü¹�j
� 2-
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c−p c c+q

1

X(x) 

� 1:=~jûÁ�ü¹

c−s c c+s

1

X(x) 

� 2:K¹ÌûÁ�ü¹ ('�Osm=1.2,��Osm=2,å�Osm=10)

3.2 Yang�Ko����

<` 2&�áéÁ&��)Ì I:II:III�~�5�ÞÙÎÑÔrþË�1
J»M´�¼og�áé�´ûÁ�ü¹@w�ÈêÿZ}å�ÙYang*
Ko(1996)¼�Ë�ÔrþË�¸YóË´ûÁ�ü¹#w|�J»M´Ø¬-

��3.2 (YangMKo�"#$% )-A = (ma, αa, βa)LR�B = (mb, αb, βb)LR��

10



A�B/,�"#dLR(A, B)NOP��

dLR(A, B) = [(ma −mb)
2 + ((ma − lαa)− (mb − lαb))

2 +

((ma + rβa)− (mb + rβb))
2]

1
2 (3.1)

�� l =
∫ 1

0
L−1(w)dw r =

∫ 1

0
R−1(w)dw6

(3.1)Ë�ÔrþË�pÂåF�)*¹�Ôrvú}x´}xÔr�M´�
YzR (S )ö,ZÎM��Ôr�M´�Äskd-UA,BúéÕLRÌ)
*¹% l = r�£d2

LR(A,B) = 3(ma −mb)
2 + 2l2(αa − αb)

2-
pA,BúéÕ=~j)*¹�%

l =

∫ 1

0

L−1(x)dx

=

∫ 1

0

(1− x)dx

=
1

2

pA,BúK¹Ì)*¹�%

l =

∫ 1

0

L−1(x)dx

=

∫ 1

0

[(−lnx)
1
m ]dx

= Γ(
1

m
+ 1)

�]Â (2.2)´ (2.3)�ÎÑÔrþË�(3.1)�ÔrþË�E���É>���
×���×ê>ýYang*Ko(1996)�34 (3.1)ÔrþË�1��ÔrÚ�-

3.3 Yang�Ko������� !"#$

ÿZ}�M·��¸[¹�úLRÌ)*¹-DE�)Ì I�~�5��M
�Ù (3.1)}Yang*Ko�ÔrþË��1J»M´�)X¹Ø¬-�¸[¹
yi = (ci, si)LRúéÕLRÌ+�% (3.1)}� l = r�£��M´*D2�Ùuv

11



´tIOs5N

D2 ≡ ‖Xa− C‖2 + ‖(Xa− lXr)− (C − lS)‖2 +

‖(Xa + lXr)− (C + lS)‖2

= 3a′X ′Xa− 6a′X ′C + 2l2r′X ′Xr − 4l2r′X ′S + 2l2S ′S

3Î� ∂D2

∂a
= 0´ ∂D2

∂r
= 0�oN

∂D2

∂a
= 6X ′Xa− 6X ′C = 0

∂D2

∂r
= 4l2X ′Xr − 4l2X ′S = 0

a´ r�ô5N

â = (X ′X)−1X ′C

r̂ = (X ′X)−1X ′S (3.2)

�)Ì I~�5�@{�óÙ (2.2)�ÎÑÔrþË� (3.1)Yang*Ko�Ôrþ
Ë�¼og�J»M´Ø¬m�^�Ã£´ûÁ�ü¹@w-

!Y�M·�D’Urso*Gastaldi¼�Ë�éÕÖ×)*��ÒÓ)Ì��
)Ì II-�Ù (3.1)ËYang*Ko�ÔrþË�J»M´����M´*D2�
Os5N

D2 ≡ ‖Xa− C‖2 + ‖[Xa− l(Xab + 1d)]− [C − lS]‖2

+‖[Xa + l(Xab + 1d)]− [C + lS]‖2

= 3a′X ′Xa− 6C ′Xa + 3C ′C + 2l2b2a′X ′Xa + 4l2bda′X ′1− 4l2ba′X ′S

+2l2nd2 − 4l2dnS̄ + 2l2S ′S

� ∂D2

∂a
= 0,∂D2

∂b
= 0,∂D2

∂d
= 0�q��9�¬®j�og45�ô (�¤ÛÜ

� )N

b̂ =
−K2 ±

√
K2

2 − 4K1K3

2K1

(3.3)

d̂ = S̄ − b̂C̄ (3.4)

â =
1

3 + 2l2b̂2
(X ′X)−1[3X ′C + 2l2b̂X ′S − 2l2b̂S̄X ′1 + 2l2b̂2C̄X ′1]

(3.5)

12



$}K1 = 2l2[Ĉ ′S−nC̄S̄],K2 = 3[‖Ĉ‖2−nC̄2]−2[‖Ŝ‖2−nS̄2],K3 = 3nS̄C̄−3C ′Ŝ�
£ Ĉ, Ŝ, C̄, S̄v' 2.4Z-ê+ â, b̂, d̂�#F�ô�åF�ô3Îøf��M
´*D2}�óËÞD2]»�ô�ú�M�J»M´Ø¬�.êJ»M´Ø¬
áéuå´ûÁ�ü¹#w-

�¸[¹�ú�éÕLRÌ)*¹+��M�ÞÙ)Ì III-óÙYang*
Ko�ÔrþË�J»M´���o��M´*D25N

D2 ≡ ‖Xa− C‖2 + ‖[Xa− l(Xab + 1d)]− [C − lp]‖2

+‖[Xa + l(Xag + 1h)]− [C + rq]‖2

= 3C ′C − 6C ′Xa + (3− 2lb + l2b2 + 2rg + r2g2)a′X ′Xa + (2lb− 2rg)C ′Xa

+(2− 2lb)p′Xa− (2 + 2rg)q′Xa + (2l2db− 2ld + 2rh + 2r2gh)a′X ′1− 2C ′p

+2C ′q + (2ld− 2rh)nC̄ − 2ldnp̄− 2rhnq̄ + l2d2n + r2h2n + p′p + q′q

3Î� ∂D2

∂a
= 0, ∂D2

∂b
= 0, ∂D2

∂d
= 0, ∂D2

∂g
= 0, ∂D2

∂h
= 0�oN

−6X ′C + (6− 4lb + 2l2b2 + 4rg + 2r2g2)X ′Xa

+2lbX ′C + 2X ′p− 2lbX ′p− 2ldX ′1 + 2l2dbX ′1

−2rgX ′C − 2X ′q − 2rgX ′q + 2rhX ′1 + 2r2ghX ′1 = 0

2lC ′Xa− 2lp′Xa− 2la′X ′Xa + 2l2ba′X ′Xa + 2l2da′X ′1 = 0

2lC ′1− 2lp′1− 2la′X ′1 + 2l2ba′X ′1 + 2l2dn = 0

−2rC ′Xa− 2rq′Xa + 2ra′X ′Xa + 2r2ga′X ′Xa + 2r2ha′X ′1 = 0

−2rC ′1− 2rq′1 + 2ra′X ′1 + 2r2ga′X ′1 + 2r2hn = 0

<Âzò´�Ë�Â89�a, b, d, g, h�gô@�)o���MP[Ë45�
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�Òw�ËN

a =
1

3− 2lb + 2rg − l2b2 + r2g2
(X ′X)−1[3X ′C − 2lbX ′C − 2lX ′p + 2l2bX ′p + 2ldX ′1

−2l2bdX ′1 + 2rgX ′C + 2rX ′q + 2r2gX ′q − 2r2ghX ′1 + 2rhX ′1]

b =
1

l
(a′X ′Xa)−1[C ′Xa− lp′Xa− a′X ′Xa + lda′X ′1]

g =
1

r
(a′X ′Xa)−1[C ′Xa + rq′Xa− a′X ′Xa + rha′X ′1]

d =
1

l
[−C̄ + lp̄ + a′X ′1− lba′X ′1]

h =
1

r
[C̄ + rq̄ − rga′X ′1 + a′X ′1] (3.6)

�M�óÙ¹/��¸YóË�¿�ô�^+�4{�fË�J»M´Ø¬
´ûÁ�ü¹#w-
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4 ����������

4.1 %&���'()*"+

J»M´��c'�Ø¬�áé·'�g��¾Í��	������ÿ&
}��Må��P«��ÒÓ}ÙÚ�����	��ëì´µ
��)*
��ÒÓ}~�Ë�XóË�����Ú��´�-

�P«ÒÓ}�U���	���[¹�¸[¹��4{�r$H�[
¹´¸[¹���ê+�MÕ�V��	�úr®�-U���	��r×
j�ò�2J»MØ¬#Æa�x[��MÕê�	�ú������	
�-

��[¹r®���3�am4*+�hii = x′i(X
′X)−1xiÇúlm�$}

0 ≤ hii ≤ 1�hii�a�øO` iüú�#�¿�r®�-U!ÙÚ¸[¹�
3�r®���M�óÙ,�� ei = yi − ŷi³úÙÚ!à�$} ŷiú` iü�
	��ßÚ�-p |ei|�a�øO` iüú�#�¿�r®�-���óÙ

e(i) = yi − ŷ(i) =
ei

1− hii

ÅÇlm�$} ŷ(i)ú�×` iüúj�Äé` iüúÇË�ßÚ�-U
|e(i)|��a�øO` iüú�#�¿�r®�-

t��2ÒÓ)Ì#Æax[��×É#�¿�r®�ý��#�¿�
�¾������	�-.�¾������	���P«ÒÓ}�amÞ
ÙCookÔr

CDi ≡
‖Ŷ − Ŷ(i)‖2

ps2
=

e2
i

ps2

hii

(1− hii)2

Ålm�$} Ŷ(i)ú�×` iüúj�ßÚ�tI�púX¹�¹�s2 =Pn
i=1 e2

i

n−p
ú�´� (mean square error)-UCDi��a�øO` iüú�#�¿

�������	�-óÙCookÔr��'>���@{�[¹�¸[¹�
ÚIÑ0ú��Jjm�ò��CDi�a»-

15



4.2 �����'()*"+

�)*ÕÖ5�� eiú)*¹ yi´ ŷi,>Ôr� e(i)ú yi´ ŷ(i),>Ôr-ÿZ
}�MP�)Ì I�~�5�1{��LË#w ei,e(i)´CDi�×!þË�
ÇúÙÚr®�´#����	�>Ù-é)Ì II.=��{�óÙÎÑÔ
rþË�Yang*Ko�ÔrþË�_`��0oJ»M´Ø¬�t@@�LË
^)Ì I¼¿0"#w ei:e(i)´CDi�áé- ÂJ89�)Ì III�%ï@
�ôõÉ-

�ÎÑÔrþË5�LË#w ei� e(i)>áé5 (¬®���¤ÛÜ
Ý )N

e2
i = (ci − xiâ)2 + (si − xir̂)

2

= (ec
i)

2 + (es
i )

2 (4.1)

e2
(i) = (ci − xiâ(i))

2 + (si − xir̂(i))
2

= (
ei

1− hii

)2 (4.2)

$} ec
i = ci − xiâúú}x�,��es

i = si − xir̂úú3÷��,��£ â

´ r̂v' (2.4)-

^õ��Yang*Ko�ÔrþË5�LË#w ei�e(i)>áé5 (¬®�
��¤ÛÜÝ )N

e2
i = d2

LR(yi, ŷi)

= 3(ec
i)

2 + 2l2(es
i )

2 (4.3)

e2
(i) = d2

LR(yi, ŷ(i))

= 3(
ec

i

1− hii

)2 + 2l2(
es

i

1− hii

)2

= (
ei

1− hii

)2 (4.4)

< (4.2)´ (4.4)Ë�4Á&�e(i)´ ei,�w�*P«ÒÓ3î�áé�^-Ã
£�æ¿z´P«ÒÓ�V�� e(i)���a�øO�×¡` iüúj��
püúz�,�x[�a�%�üú�#�¿��2¯�)Ìx[�w
¢-
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t�!�)*ÕÖ5LË7£CookÔr�þË�U¿Ev'Ë)*tI
,�ÔrþË��Þ¯�ôõ��]ú´\-�FLR(<)�¼#éÕLRÌ)*
¹�FG�. F̃LR(<) = {(X1, ..., Xp)

′|Xi ∈ FLR(<)}�¼#éÕLRÌ)*¹¼
�2pbtI�FG-;<FLR(<)z�ÔrÚ���M�4v'�� F̃LR(<)

z�ÔrÚ��$´�5N

��4.1 � d : FLR(<) × FLR(<) → <&"#Q��'12RS*+TU
X = (X1, X2, ..., Xp)

′�Y = (Y1, Y2, ..., Yp)
′ ∈ F̃LR(<)�NO

d̃LR(X,Y) =

√√√√
p∑

i=1

d2(Xi, Yi) (4.5)

� d̃LRV& F̃LRW�"#Q�X- d&YZ"#Q�G�d̃LRV�YZ"#Q
�6 ([\]^_`ab )

pd�ÎÑÔrÚ�+�v'CookÔrCDi5N

CDi ≡
d̃2

LR(Ŷ, Ŷ(i))

ps2
=
‖Xâ−Xâ(i)‖2 + ‖Xr̂ −Xr̂(i)‖2

ps2

�M���¤�34 (�¤ÛÜ6 )

CDi =
1

ps2

e2
i hii

(1− hii)2
(4.6)

ê+
s2 =

1

n− p

n∑
i=1

e2
i £ e2

i = (ec
i)

2 + (es
i )

2

pd�Yang*Ko�ÔrÚ�+�v'CookÔrCDi5N

CDi ≡ d̃2
LR(Ŷ, Ŷ(i))

ps2

=
1

ps2
{‖Xâ−Xâ(i)‖2 + ‖(Xâ− lXr̂)− (Xâ(i) − lXr̂(i))‖2

+‖(Xâ + lXr̂)− (Xâ(i) + lXr̂(i))‖2}

�M���¤�34 (�¤ÛÜ6 )

CDi =
1

ps2

e2
i hii

(1− hii)2
(4.7)
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ê+
s2 =

1

n− p

n∑
i=1

e2
i £ e2

i = 3(ec
i)

2 + 2l2(es
i )

2

�Mhidä��N_` (4.6)´ (4.7)�CDiþË�¥dýOz��V��t
åCz���^��ÈúFË}� e2

i ´ s2¼øO�¶·kÿ��V-�ÑÅ
��(4.7)}� s2�aÂ (4.6)}� s2��Èê< (4.6)¼¬®Ë�CookÔròa
Â (4.7)¼¬®Ë�áé-

@{��ÎÑÔrÚ�5���Yang*Ko�ÔrÚ�5�< (4.6)´
(4.7)�áé��4fËCDi����*+�hii4�,�� ei����.�V
�á{*P«ÒÓ3îzÙÚ#����Ú��á{��"-

�)Ì I�~�5�M�4óÙ1¯ú�)*ÒÓáé�¬® e(i), CDi

��-.�)Ì II�~�5��M@�LË (4.1)∼(4.4)�áé�ÈêP¿;
Y¦ü§×ú�×¨³ÒÓ�´Ë¬®Ë e(i), CDi��-
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5 ����

ÿ&}åÞÙTanaka�1987¼�Ë�ú (O�1)Å©3�M�./&¼0
"�õ{áé-ú}#=�å¹�[¹���)*¸[¹�ªü�	�-
�êP·�¸[¹�úK¹Ì)*¹-�ÙK¹ÌûÁ�ü¹��'���
!Ep��m����4«3O&¸[¹ú3¬�Í�-U¸[¹���
�¼®Fg�úö,4ý��¿�]a+��M���]»�m�Çú
ñò¸[¹ú�ûÁ�ü¹��>�U¸[¹���úö,4ý��
¿�]»�%��]a�m�Çúñòú�ûÁ�ü¹-

<Â�M@�)o)Ì IIIJ»M´Ø¬�þËô�Ã£�ÿ&}P·�
K¹ÌûÁ�ü¹�ÈêP¯é)Ì I´)Ì II�1ú3î-O� 2∼O�
11��)Ì I´)Ì II�~�5�3Î�ÙÎÑÔrþË´Yang*Ko�Ôr
þË�4����^m�¼0o�áé-ZO}�×É°±X¹�J»M´
Ø¬´,�M´*ý:�°±ÉÙÚ�[¹��r®��*+�hii:ÙÚ¸
[¹��r®��,�M´ e2

i ,e
2
(i)4�ÙÚ�����	��CookÔrCDi

�-�ÎÑÔrþË5�@{)Ì I´)Ì IIO��¶·m�ò�m�x[�
���ÈêP[Ëm = 2�vQ (O� 2´O� 3)-

19



O� 1: Tanaka(1987)ú
�	� �[¹ )*¸[¹

i xi1 xi2 xi3 Yi = (ci, ri)

1 3 5 9 (96,42)

2 14 8 3 (120,47)

3 7 1 4 (52,33)

4 11 7 3 (106,45)

5 7 12 15 (189,79)

6 8 15 10 (194,65)

7 3 9 6 (107,42)

8 12 15 11 (216,78)

9 10 5 8 (108,52)

10 9 7 4 (103,44)

O� 2:)Ì I,m = 2,ÎÑÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.20,44.62) 0.40 14.69 41.25 0.25

2 (120,47) (122.48,49.13) 0.43 10.67 32.44 0.21

3 (52,33) (49.36,32.11) 0.41 7.75 21.90 0.13

4 (106,45) (104.82,43.01) 0.26 5.35 9.75 0.04

5 (189,79) (191.79,76.71) 0.55* 13.06 63.57* 0.52*

6 (194,65) (193.64,67.67) 0.39 7.25 19.38 0.11

7 (107,42) (109.77,40.85) 0.60* 9.08 55.55* 0.50*

8 (216,78) (211.65,77.08) 0.42 19.73 58.34* 0.37

9 (108,52) (110.89,53.24) 0.37 9.91 25.12 0.14

10 (103,44) (103.36,42.58) 0.18 2.14 3.22 0.01

â = (−1.39, 3.25, 7.92, 5.03)′�r̂ = (8.01, 1.64, 1.20, 2.85)′�∑
e2

i = 99.63
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O� 3:)Ì II,m = 2,ÎÑÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.86,42.38) 0.40 4.71 11.08 0.36

2 (120,47) (122.04,50.63) 0.43 17.34 31.44 0.38

3 (52,33) (50.11,29.56) 0.41 15.41 92.87* 0.66*

4 (106,45) (104.13,45.38) 0.26 3.65 6.55 0.35

5 (189,79) (193.31,71.51) 0.55* 74.67* 90.38* 0.38

6 (194,65) (192.58,71.30) 0.39 41.67 118.34* 0.63*

7 (107,42) (108.12,46.55) 0.60* 21.97 38.00 0.39

8 (216,78) (211.71,76.90) 0.42 19.64 78.55* 0.61*

9 (108,52) (112.48,47.86) 0.37 37.44 82.31* 0.51

10 (103,44) (102.67,44.96) 0.18 1.02 5.34 0.34

â = (−3.14, 3.43, 7.62, 5.40)′�b̂ = 0.29�d̂ = 14.88�∑
e2

i = 236.98

O� 4:)Ì I,m = 1.2,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.20,44.62) 0.40 35.61 100.02 0.24

2 (120,47) (122.48,49.13) 0.43 26.43 80.41 0.20

3 (52,33) (49.36,32.11) 0.41 22.26 62.94 0.15

4 (106,45) (104.82,43.01) 0.26 11.17 31.59 0.03

5 (189,79) (191.79,76.71) 0.55* 32.71 159.18* 0.51*

6 (194,65) (193.64,67.67) 0.39 12.99 34.72 0.08

7 (107,42) (109.77,40.85) 0.60* 25.61 156.77* 0.55*

8 (216,78) (211.65,77.08) 0.42 58.16 171.95* 0.42

9 (108,52) (110.89,53.24) 0.37 27.84 70.53 0.16

10 (103,44) (103.36,42.58) 0.18 3.95 5.94 0.01

â = (−1.39, 3.25, 7.92, 5.03)′�r̂ = (8.01, 1.64, 1.20, 2.85)′�∑
e2

i = 256.73
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O� 5:)Ì II,m = 1.2,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (94.91,37.94) 0.40 32.79 60.26 0.02

2 (120,47) (122.32,49.77) 0.43 29.66 80.87 0.04

3 (52,33) (52.54,19.65) 0.41 316.42* 360.47* 0.08

4 (106,45) (105.01,42.30) 0.26 15.89 24.84 0.01

5 (189,79) (191.09,79.46) 0.55* 13.48 63.15 0.04

6 (194,65) (190.68,79.29) 0.39 394.20* 536.55* 0.07

7 (107,42) (108.98,44.01) 0.60* 18.96 104.09 0.07

8 (216,78) (209.07,87.22) 0.42 294.63* 498.27* 0.13*

9 (108,52) (112.82,45.67) 0.37 140.58 207.55 0.05

10 (103,44) (103.52,41.69) 0.18 10.51 13.72 0.002

d̂ = −3.03�b̂ = 0.43�â = (1.28, 3.30, 7.41, 5.19)′�∑
e2

i = 1267.13

O� 6:)Ì I,m = 2,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.20,44.62) 0.40 34.24 96.18 0.23

2 (120,47) (122.48,49.13) 0.43 25.53 77.68 0.20

3 (52,33) (49.36,32.11) 0.41 22.10 62.49 0.15

4 (106,45) (104.82,43.01) 0.26 10.38 18.91 0.03

5 (189,79) (191.79,76.71) 0.55* 31.66 154.08* 0.51*

6 (194,65) (193.64,67.67) 0.39 11.57 30.93 0.07

7 (107,42) (109.77,40.85) 0.60* 25.35 155.17* 0.55*

8 (216,78) (211.65,77.08) 0.42 57.99 171.46* 0.43

9 (108,52) (110.89,53.24) 0.37 27.53 69.75 0.16

10 (103,44) (103.36,42.58) 0.18 3.55 5.34 0.01

â = (−1.39, 3.25, 7.92, 5.03)′�r̂ = (8.01, 1.64, 1.20, 2.85)′�∑
e2

i = 249.91
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O� 7:)Ì II,m = 2,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (94.76,37.78) 0.40 32.73 61.86 0.02

2 (120,47) (122.33,49.76) 0.43 28.30 77.95 0.04

3 (52,33) (52.28,19.29) 0.41 295.52* 336.34* 0.09

4 (106,45) (105.00,42.22) 0.26 15.12 23.74 0.01

5 (189,79) (191.12,79.67) 0.55* 14.15 67.62 0.06

6 (194,65) (190.93,79.59) 0.39 362.74* 493.27* 0.07

7 (107,42) (109.07,43.99) 0.60* 19.09 107.17 0.08

8 (216,78) (209.27,87.57) 0.42 279.81* 476.79* 0.13*

9 (108,52) (112.65,45.54) 0.37 130.24 194.90 0.05

10 (103,44) (103.59,41.60) 0.18 10.06 13.27 0.002

d̂ = −3.45�b̂ = 0.43�â = (1.11, 3.29, 7.45, 5.17)′�∑
e2

i = 1187.75

O� 8:)Ì I,m = 3,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.20,44.62) 0.40 34.41 96.65 0.23

2 (120,47) (122.48,49.13) 0.43 25.64 78.01 0.20

3 (52,33) (49.36,32.11) 0.41 22.12 62.54 0.15

4 (106,45) (104.82,43.01) 0.26 10.48 19.08 0.03

5 (189,79) (191.79,76.71) 0.55* 31.79 154.70* 0.51*

6 (194,65) (193.64,67.67) 0.39 11.74 31.39 0.07

7 (107,42) (109.77,40.85) 0.60* 25.38 155.36* 0.55*

8 (216,78) (211.65,77.08) 0.42 58.01 171.52* 0.43

9 (108,52) (110.89,53.24) 0.37 27.57 69.85 0.16

10 (103,44) (103.36,42.58) 0.18 3.60 5.41 0.01

â = (−1.39, 3.25, 7.92, 5.03)′�r̂ = (8.01, 1.64, 1.20, 2.85)′�∑
e2

i = 250.74
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O� 9:)Ì II,m = 3,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (94.78,37.79) 0.40 32.73 61.65 0.02

2 (120,47) (122.33,49.76) 0.43 28.46 78.30 0.04

3 (52,33) (52.31,19.34) 0.41 298.04* 339.26* 0.08

4 (106,45) (105.00,42.23) 0.26 15.21 23.87 0.01

5 (189,79) (191.11,79.64) 0.55* 14.06 67.06 0.05

6 (194,65) (190.90,79.55) 0.39 366.55* 498.51* 0.07

7 (107,42) (109.06,43.99) 0.60* 19.08 102.80 0.08

8 (216,78) (209.24,87.52) 0.42 281.59* 479.11* 0.13*

9 (108,52) (112.67,45.56) 0.37 131.49 196.43 0.05

10 (103,44) (103.59,41.61) 0.18 10.11 13.32 0.002

d̂ = −3.39�b̂ = 0.43�â = (1.13, 3.29, 7.44, 5.17)′�∑
e2

i = 1197.32

O� 10:)Ì I,m = 10,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (93.20,44.62) 0.40 35.88 100.80 0.24

2 (120,47) (122.48,49.13) 0.43 26.62 80.97 0.20

3 (52,33) (49.36,32.11) 0.41 22.29 63.03 0.15

4 (106,45) (104.82,43.01) 0.26 11.33 20.64 0.03

5 (189,79) (191.79,76.71) 0.55* 32.92 160.21* 0.51*

6 (194,65) (193.64,67.67) 0.39 13.28 35.49 0.08

7 (107,42) (109.77,40.85) 0.60* 25.67 157.10* 0.54*

8 (216,78) (211.65,77.08) 0.42 58.19 172.06* 0.42

9 (108,52) (110.89,53.24) 0.37 27.90 70.69 0.15

10 (103,44) (103.36,42.58) 0.18 4.02 6.06 0.01

â = (−1.39, 3.25, 7.92, 5.03)′�r̂ = (8.01, 1.64, 1.20, 2.85)′�∑
e2

i = 258.10
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O� 11:)Ì II,m = 10,Yang*KoÔrþË5J»M´�áé
i (ci, si) (ĉi, ŝi) hii e2

i e2
(i) CDi

1 (96,42) (94.93,37.97) 0.40 32.80 59.96 0.01

2 (120,47) (122.31,49.77) 0.43 29.93 81.46 0.04

3 (52,33) (52.59,19.71) 0.41 320.68* 365.36* 0.08

4 (106,45) (105.01,42.31) 0.26 16.05 25.07 0.01

5 (189,79) (191.09,79.43) 0.55* 13.36 62.29 0.04

6 (194,65) (190.63,79.23) 0.39 400.57* 545.32* 0.07

7 (107,42) (108.96,44.02) 0.60* 18.93 103.48 0.07

8 (216,78) (209.03,87.16) 0.42 297.67* 502.71* 0.13*

9 (108,52) (112.86,45.70) 0.37 142.67 210.11 0.05

10 (103,44) (103.59,41.70) 0.18 10.61 13.82 0.002

d̂ = −2.96�b̂ = 0.43�â = (1.31, 3.30, 7.40, 5.19)′�∑
e2

i = 1283.29

<O�2´O�3�fË�k²)Ì I¼0o}x´3÷��ßÚ�])Ì
IIúz-õ{z���ÙYang*KoÔrþË+)Ì II�}x´3÷�ßÚ�
ò�gm�����t�<O� 5,7,9,11@Á&�m�x[é}x´3÷�ß
Ú����a-

õ{z)Ì I�X¹Ø¬���ÔrþË´m�x[����.)Ì II�
X¹Ø¬�ò�g���-<O� 3´O� 5�4fË�ÔrþË��^òé
)Ì II�X¹Ø¬�2]a�����<O� 5´O� 7�fË�m���^
é)Ì II�X¹Ø¬��]»-

<Â` 5ü´` 7ü�	��*+�hii]a�Èê#�¿��[¹���
r®�-é)Ì I.=��,� eiÅf��#ÍÎ³Ë�¸[¹��r®��
t<O� 2,4,6,8Åf e(i)��` 5,7,8=üúú¸[¹��r®�-é)Ì II

.=��ÎÑÔrþË5�O� 3{sË�¿�¸[¹r®�#` 3,5,6,8,9�
-üúT�Yang*Ko�ÔrþË5�O� 5,7,9,11{sË�¿�¸[¹r
®�P#` 3,6,8=üú-
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é)Ì I.=��O� 2,4,6,8,10�4fË��#` 5,7ü�CDi�]a�
Èê�������	�-é)Ì II.=��ÎÑÔrþË5�<O� 3�4
fË` 3,6,8=üú�CDi�]a�������	�T�Yang*Ko�Ô
rþË5�<O� 5,7,9,11�4fËP` 8üú�CDi�]a�ú����
�	�-

�Yang*Ko�ÔrþË5�é)Ì II³)*��ÒÓ�U�ÙK¹Ìû
Á�ü¹+��M¸���m��^���¿ÎÑ��%����Þ,�
M´*J»�m�-�ÿy}�<O� 5,7,9,11�4fË�pm = 2+,�M
´*�J»�����ûÁ�ü¹£´��M�Jz�µ-
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6 ��

6.1 ,-�

(3.3),(3.4)� (3.5)����
D2 = ‖Xa− C‖2 + ‖[Xa− l(Xab + 1d)]− [C − lS]‖2

+‖[Xa + l(Xab + 1d)]− [C + lS]‖2

= a′X ′Xa− C ′Xa− a′X ′C + C ′C + 2a′X ′C + l2b2a′X ′Xa + 2l2bda′X ′1

−2l2ba′X ′S + 2l2bd1′Xa + 2l2d21′1− 2l2d1′S

−2C ′Xa + 2C ′C − 2l2bS ′Xa− 2l2S ′d1 + 2l2S ′S

= 3a′X ′Xa− 6C ′Xa + 3C ′C + 2l2b2a′X ′Xa + 4l2bda′X ′1− 4l2ba′X ′S

+2l2nd2 − 4l2dnS̄ + 2l2S ′S

� ∂D2

∂a
= 0,∂D2

∂b
= 0,∂D2

∂d
= 0og

∂D2

∂a
= 3X ′Xa− 3X ′C + 2l2b2X ′Xa + 2l2bdX ′1− 2l2bX ′S = 0 (6.1)

∂D2

∂b
= ba′X ′Xa + da′X ′1− a′X ′S = 0 (6.2)

∂D2

∂d
= ba′X ′1 + nd− 1′S = 0 (6.3)

< (6.1)�a = 1
3+2l2b2

(X ′X)−1[3X ′C + 2l2bX ′S − 2l2bdX ′1]�åa>�øf (6.2)´
(6.3)}��o

∂D2

∂b
= 9b‖Ĉ‖2 + 6l2b2Ĉ ′S − 6l2b2dnC̄ + 9nC̄d

+12l2nS̄bd− 6l2nbd2 − 9C ′Ŝ − 6l2‖Ŝ‖2b (6.4)

∂D2

∂d
= bC̄ + d− S̄ = 0 (6.5)

$}X(X ′X)−1X ′C = ĈX(X ′X)−1X ′S = Ŝ,
¯̂
S = S̄-

Ä< (6.5)Ë}o�d = S̄ − bC̄�øf (6.4)}�4ÎJ2�� b�ÝbË

K1b
2 + K2b + K3 = 0

��o b̂ =
−K1±

√
K2

2−4K1K2

2K1
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6.2 ,-.

(4.2),(4.3),(4.4)�����
ÎÑÔrþË5N

e2
(i) = (ci − xiâ(i))

2 + (si − xir̂(i))
2

È â(i) = â− ec
i

1−hii
(X ′X)−1x′i�£ r̂(i) = r̂ − es

i

1−hii
(X ′X)−1x′i��

e2
(i) = (ci − xiâ +

ec
i

1− hii

xi(X
′X)−1x′i)

2 +

(si − xir̂ +
es

i

1− hii

xi(X
′X)−1x′i)

2

= (
ec

i

1− hii

)2 + (
es

i

1− hii

)2

= (
ei

1− hii

)2

Yang*KoÔrþË5N

e2
i = (ci − xiâ)2 + ((ci − lsi)− (xiâ− lxir̂))

2 +

((ci + lsi)− (xiâ + lxir̂))
2

= 3(ci − xiâ)2 + 2(l(si − xir̂))
2

= 3(ec
i)

2 + 2l2(es
i )

2

e2
(i) = (ci − xiâ(i))

2 + ((ci − lsi)− (xiâ(i) − lx′ir̂(i)))
2 +

((ci + lsi)− (x′iâ(i) + lx′ir̂(i)))
2

= 3(ci − xiâ(i))
2 + 2(lsi − l(xir̂(i)))

2

= 3(
ec

i

1− hii

)2 + 2l2(
es

i

1− hii

)2

= (
ei

1− hii

)2

6.3 ,-/

�	 4.1�
�
 !N734 d̃LRúÔrÚ���%3445=�C2SN
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1. ∀ X�Y ∈ F̃LR(<)�d̃LR(X,Y) ≥ 0�é d̃LR(X,Y) = 0%X = Y-

2. ∀ X�Y ∈ F̃LR(<)�d̃LR(X,Y) = d̃LR(Y,X)-

3. ∀ X�Y�Z ∈ F̃LR(<)�d̃LR(X,Y) ≤ d̃LR(X,Z) + d̃LR(Z,Y)

Èúd�ÔrÚ���4¢·'341*2F�C2S��P%34`3�CN

Èd̃2
LR(X,Y) =

p∑
i=1

d2(Xi, Yi)

≤
p∑

i=1

d2(Xi, Zi) +

p∑
i=1

d2(Zi, Yi)

≤ d̃2
LR(X,Z) + d̃2

LR(Z,Y) + 2

√√√√
p∑

i=1

d2(Xi, Zi)

√√√√
p∑

i=1

d2(Zi, Yi)

= (d̃LR(X,Z) + d̃LR(Z,Y))2

�d̃LR(X,Y) ≤ d̃LR(X,Z) + d̃LR(Z,Y)

$b�pd�1�ÔrÚ�-
� {Xm}∞m=1���� F̃LR(<)z�¶·¹[��
∀ε > 0�∃k ∈ N3 m,m′ > kx# d̃LR(Xm,Xm′

) < ε-
%∀m,m′ > k�d(Xm

j , Xm′
j ) <

√∑p
i=1 d2(Xm

i , Xm′
i ) = d̃LR(Xm,Xm′

) < ε-
Èê∀1 ≤ j ≤ p,{Xm

j }∞m=1����FLR(<)z�¶·¹[-
�∃Xj ∈ FLR(<), 3 Xm

j → Xj-�X = (X1, X2, ..., Xp)
′-

∵ Xm
j → Xj ∴ ∀ε > 0,∃nj ∈ N 3 m > njx# d(Xm

j , Xj) < ε√
p
,j = 1, 2, ..., p-

�n = max{n1, n2, ..., np}�% ∀m > n,x# d̃LR(Xm,X) =
√∑p

i=1 d2(Xm
i , Xi) <

ε,�Xm → X-

6.4 ,-0

(4.6),(4.7)����
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ÎÑÔrþË5N

CDi =
1

ps2
d̃LR(Ŷ, Ŷ(i))

=
1

ps2

n∑
i=1

d2(Ŷi, Ŷ(i))

=
1

ps2
{

n∑
i=1

(xiâ− xiâ(i))
2 +

n∑
i=1

(xir̂ − xir̂(i))
2

=
1

ps2
{( ec

i

1− hii

)2hii + (
es

i

1− hii

)2hii}

=
1

ps2

e2
i hii

(1− hii)2

Yang*KoÔrþË5N

CDi =
1

ps2
d̃LR(Ŷ, Ŷ(i))

=
1

ps2

n∑
i=1

d2(Ŷi, Ŷ(i))

=
1

ps2
{

n∑
i=1

(xiâ− xiâ(i))
2 +

n∑
i=1

((xiâ− lxir̂)− (xiâ(i) − lxir̂(i)))
2

+
n∑

i=1

((xiâ + lxir̂)− (xiâ(i) + lxir̂(i)))
2}

=
1

ps2
{3(

ec
i

1− hii

)2hii + 2l2(
es

i

1− hii

)2hii}

=
1

ps2

e2
i hii

(1− hii)2
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