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&56/¼7Z[÷ä>á�89��:;Y��7��?<=Èÿ��>
�ä?:�^+,:ÕÖ�[?�Þo6/;@�ABZ[÷ä�"åÿ
C�ÈêD�íSEp�¹/)Ë�éÂ�¾]@uv��úHI��F
G�Õ>ú)*¹-

óÙûÁ�ü¹�4ñò)*¹��C�H�)*õ{�J!ÿëì�D
�ûÁ�ü¹��M¿é)*¹�1IJ�0#�¿óÙ°à�¹/´
���3î*ôõ)*��K-g�ûÁ�ü¹�v'´Ë�432¹�
�ü¹F#N¹�v'´Ë�ÕúrLJ (discretization)ûÁ�ü¹�H��
!Hv#ý)*FG¶]�M��ûÁ�-ü¹v'�´Ë��ÕúN
J
(continuous)ûÁ�ü¹�ü¹v'�O&��4�@ý)*FG�M��$
ûÁ�>,�w��0�4�#ý)*FG�M��$ûÁ�>,�w��
t�ôõåæÞßzP{#ý�vQ-45��#�^7ÌûÁ�ü¹>
)*¹�Ð®�$v'úN

��2.1 �A = (ma, αa, βa),B = (mb, αb, βb),λ ∈ R+���ma,mb����
αa, αb�βa, βb���	
����A�B���������������
�������

1. A + B = (ma + mb, αa + αb, βa + βb)

2. λA = (λma, λαa, λβa)

�F�)*¹�Y�áé�ú}x´}x�Y�R3÷�´S3÷��YT
U��aÂV�¹Wz��)*¹�%3Îú}x*RS3÷�3ÎWzê
f¹-t��ê��M@�v'Ë��)*¹Wz��»ÂV�å¹�0È
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ê@�v'Ë)*¹>,�s�-�M%!�XYó)*¹,Ôr�´��
� 2.3Z}åÏ(�¤)*¹,Ôr�v'-

2.2 ���������

·�5[�)*��ÒÓ)Ì�úÉ´\�¤Õ$ú)Ì IN

)Ì I yi = A0 + A1xi1 + A2xi2 + ... + Apxip, i = 1, 2, ..., n (2.1)

$}�[¹�xijúå¹�¸[¹� yi = [ci − si, ci + si]ú)*¹�£ ciúú
}x�siúú3÷��Am = [am − rm, am + rm]�)*ÒÓX¹��#* yi

�^�ûÁ�ü¹-��#)*¹Ôrëì5��M�Ø¬Am]^DEå
yLi = ci−si,yRi = ci+si_úVÿ�RS`'-éR`'{(yLi, xi1, xi2, ..., xip)|i =

1, 2, ..., n}ú (S`' {(yRi, xi1, xi2, ..., xip)|i = 1, 2, ..., n}ú )ab��)Ì
y = β0 + β1x1 + ... + βpxp�3ÎogN

ŷLi = L̂0 + L̂1xi1 + L̂2xi2 + ... + L̂pxip, i = 1, 2, ...n

ŷRi = R̂0 + R̂1xi1 + R̂2xi2 + ... + R̂pxip, i = 1, 2, ...n

% Âm = [âm − r̂m, âm + r̂m]$} âm = L̂m+R̂m

2
, r̂m = |R̂m−L̂m|

2
-ê´�¼og�

áé��p��.£�ôõ���$c'�	d×ÂRS`'��1Ôøù
ÉûÁ�ü¹ñòú�æ¿��V�Ø¬´Ë#e ”)* ”�ëì-U�Þ
ÙJ»M´�+�¿Yf)*¹,Ôr�ëì��g�og)*ÒÓX¹Am

ïEp�Ø¬-

2.3 ������

úÉog (2.1)Ë)Ì I}�)*ÒÓX¹�J»M´Ø¬��Mhi·�)*
¹,�Ôr-

4



��2.2 ( !"#$% )�A = (ca, sa),B = (cb, sb)&'()%�*+���
� ca, cb����sa, sb������A�B,�"#D��

D =
√

(ca − cb)2 + (sa − sb)2 (2.2)

-A = (ca, pa, qa)�B = (cb, pb, qb)&.'()%�*+���� ca, cb����
pa, pb�	����qa, qb�
�����A�B/,�"#D��

D =
√

(ca − cb)2πc + (pa − pb)2πp + (qa − qb)2πq (2.3)

��πc0πp�πq���123�456

�zò�ÔrþË}�U)*¹úéÕjË�%Ôrú}xs�}x�M
´�Yz3÷�s�3÷�M´�Äskd-U)*¹ú�éÕjË�%Ô
rú}xs�}x�M´�YzRS3÷���M´�Ã3Î�}x´RS
3÷�ôWz��f�\×jÄskd-��éÕ�ÔrþË}�%Yzé
)*Ôr�>�lm�HI}x´3÷���Ep�\×-<Âzò)*¹
,�ÔrþË��·�g)*¹�}x´3÷��Õ$úÎÑÔrþË�4
\* 3.1Z}Yang*Ko�ÔrþË³�ön-

�#É)*¹�Ôrv'j��·�ÙJ»M´�é (2.1)Ë�P«)*
��ÒÓ�1X¹Ø¬-op yi = (ci, si)´Am = (am, rm)�#�^�ûÁ�
ü¹�£q�Ep�Mrj�Þo¼#xij > 0-(2.1)Ë�OsúN

(ci, si) = (ao, ro) + (a1, r1)xi1 + (a2, r2)xi2 + ... + (ap, rp)xip

� (2.2)Ë�ÎÑÔrv'5�ai, ri�J»M´Ø¬��úÞD2J»> ai, ri

�N

D2 ≡
n∑

i=1

(ci − (ao + a1xi1 + ... + apxip))
2 + (si − (ro + r1xi1 + ... + rpxip))

2

� ‖v‖OstI v�9��zòËÐU4tI�uvOw��ôõzòï´
\�qx§j�oN

D2 = ‖Xa− C‖2 + ‖Xr − S‖2
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$}X = (xij)�n×(p+1)��[¹�uv£a = (ao, a1, ...ap)
′,r = (r0, r1, ...rp)

′,C =

(c1, c2, ...cn)′ ,S = (s1, s2, ...sn)′-� ∂D2

∂a
= 0´ ∂D2

∂r
= 0��oa´ r�ô5N

â = (X ′X)−1X ′C

r̂ = (X ′X)−1X ′S (2.4)

ÎÑ����#ôõ´Ë�pÂé}x*3÷�3Î³ÒÓ�¼0o�Ø¬
áé�`*ûÁ�ü¹@w�tåy3îz��&Ë�#Ø¬áé]$H´
�úz-

2.4 ���������������

�)Ì I�~�5�UÞÙJ»M´�´ÎÑÔrþË�¼0oJ»M´Ø
¬�áé�}x´3÷�3Î³ÒÓ��áé{s}x´3÷�@��w
|�tD’Urso*Gastaldi(2000)>ú)*¹>}x´$3÷���}��¾
�w��Èê�Ë45Ö×)*��ÒÓ)Ì (ÎÕ)Ì II)�Ãå¸[¹
yi = [ci − si, ci + si]·�úéÕ=~j)*¹-

)Ì II C = C∗ + εc C∗ = Xa (2.5)

S = S∗ + εs S∗ = C∗b + 1d (2.6)

$}C = (c1, c2, ..., cn)′,S = (s1, s2, ..., sn)′, a� (p + 1)× 1�X¹tI�1�]�
3I�ú 1�n× 1tI�b, d�`ÝÒÓ)ÌX¹-)Ì II�á��Eé}x
���íS��xÒÓ)Ì (core regression model)�ÄóÙ�xÒÓ)Ì�é
3÷����íS�´}x#w�3÷�ÒÓ)Ì (spread regression model)-

D’Urso*GastaldióÙJ»M´�4� (2.2)�ÎÑÔrþË�)X¹a, b, d

Þ��M´*

D2 ≡ ‖C − C∗‖2 + ‖S − S∗‖2

= C ′C − 2C ′Xa + a′X ′Xa(1 + b2) + S ′S

−2S ′Xab− 2S ′1d + 2a′X ′1bd + nd2
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J»-� ∂D2

∂a
= 0,∂D2

∂b
= 0´ ∂D2

∂d
= 0�o5[�´�ËN

∂D2

∂a
= −X ′C + X ′Xa(1 + b2)−X ′Sb + X ′1bd = 0

∂D2

∂b
= a′X ′Xab− S ′Xa + a′X ′1d = 0

∂D2

∂d
= −S ′1 + a′X ′1b + nd = 0 (2.7)

Ã<zò�´�Ë�)oa,b´d��Òw�Ë5N

a =
1

1 + b2
((X ′X)−1X ′(C + rb− 1bd))

b = (a′X ′Xa)−1(r′Xa− a′X ′1d)

d =
1

n
(r′1− a′X ′1b) (2.8)

,åz��M�< (2.7)ËôËa,b,d�gô�$��5N
< (2.7)�`1�´�Ë�a = 1

1+b2
((X ′X)−1X ′(C +Sb−1bd))�å$øf (2.7)�

` 2�` 3�´�Ë��oN

‖Ĉ‖2b + C ′Ŝb2 − nC̄b2d− S ′Ĉ − ‖Ŝ‖2b + 2nS̄bd + nC̄d− nbd2 = 0 (2.9)

bC̄ − S̄ + d = 0 (2.10)

$}X(X ′X)−1X ′C = Ĉ,X(X ′X)−1X ′S = Ŝ, 1
n
1′C = C̄, 1

n
1′S = S̄-< (2.10)�

od = S̄ − bC̄�Äå$ø� (2.9)Ë}�%�4ÎJ2�� b�Ýb´�ËN

M1b
2 + M2b + M3 = 0

$}M1 = C ′Ŝ − nC̄S̄,M2 = ‖Ĉ‖2 − ‖Ŝ‖2 + nS̄2 − nC̄2, M3 = nC̄S̄ − S ′Ĉ-ôz
òÝb´�Ë�oN

b̂ =
−M2 ±

√
M2

2 − 4M1M3

2M1

¼é¸�a, dúN

d̂ = S̄ − b̂C̄

â =
1

1 + b̂2
((X ′X)−1X ′(c + rb̂− 1b̂d̂))

7



�#F�ô�åF� â,b̂,d̂>�ø�D2}�óËÞ��M´*D2]»��ú
J»M´Ø¬-< a, b, d�Ø¬Ë�fË�@{¸[¹����#j��)*
¹�¼0o�X¹Ø¬áém�^�Èê�ÎÑÔrþË5¼og�J»M
´Ø¬�@�E���)*¹�j�-

�)*¸[¹yi = [ci−qi, ci+pi]ú-éÕ=~j�vQ5�D’Urso(2001)�
Ë45�)*��ÒÓ)Ì�úÉ´\�¤Õ$ú)Ì IIIN

)Ì III C = C∗ + ε C∗ = Xa

p = p∗ + λ p∗ = C∗b + 1d

q = q∗ + ρ q∗ = C∗g + 1h (2.11)

Ë}C = (c1, c2, ..., cn)′, p = (p1, p2, ..., pn)′, q = (q1, q2, ..., qn)′� a� (p + 1) × 1�
X¹tI�1�]�3I�ú 1�n × 1tI� b, d, g, h�`ÝÒÓ)ÌX¹-
)Ì III�Õú�éÕ�Ö×)*��ÒÓ)Ì-

D’Urso� (2.3)�ÎÑÔrþË5�óÙJ»M´��LË a, b, d, g, h�J
»M´Ø¬i�5µ��Òw�ËN

a =
1

πc + b2πp + g2πq

[(X ′X)−1X ′(cπc + (p− 1d)bπp) + (q − 1h)gπq]

b = (a′X ′Xa)−1(a′X ′p− a′X ′1d)

d =
1

n
(p′1− a′X ′1b)

g = (a′X ′Xa)−1(a′X ′q − a′X ′1h)

h =
1

n
(q′1− a′X ′q − a′X ′1h) (2.12)

< (2.12)��Òw�Ë��fË)Ì III�X¹Ø¬*πc, πp, πq�×���#�
�w������X���ôõ´Ë�^+< (2.12)0�fËX¹Ø¬�áé
*ûÁ�ü¹@w�Èê�5�&}��Måp�0o��Ã´ûÁ�ü¹
#w|�J»M´Ø¬-
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