
3

t(≥ 1) ri(≥ 1)

s(≥ 2)

3.1

nijk ≡ i j k

pijk ≡ i j k

j = 1, . . . , ri ; i = 1, . . . , t ; k = 1, . . . , s.

ni,j+1,k∗|ijk ≡ i j k j + 1 k∗

pi,j+1,k∗|ijk ≡ i j k j + 1 k∗

ni,j+1|ijk ≡ (ni,j+1,1|ijk, . . . , ni,j+1,k∗|ijk, . . . , ni,j+1,s|ijk)

Pi,j+1|ijk ≡ (pi,j+1,1|ijk, . . . , pi,j+1,k∗|ijk, . . . , pi,j+1,s|ijk)

j = 1, . . . , ri − 1 ; i = 1, . . . , t ; k, k∗ = 1, . . . , s.

3.2

n

(1)

(2)

(ni11, · · · , ni1k, · · · , ni1s) ∼ M(n, pi11, · · · , pi1k, · · · , pi1s) (3.1)

i = 1, . . . , t.

10



(3) j + 1 j

(4) i j k nijk nijk

ni,j+1|ijk|nijk ∼ M(nijk,Pi,j+1|ijk) (3.2)

j = 1, . . . , ri − 1 ; i = 1, . . . , t ; k = 1, . . . , s.

(3.1) pi1k

p̂i1k =
ni1k

n

i = 1, . . . , t ; k = 1, . . . , s.

(3.2) pi,j+1,k∗|ijk

p̂i,j+1,k∗|ijk =
ni,j+1,k∗|ijk

nijk

j = 1, . . . , ri − 1 ; i = 1, . . . , t ; k∗, k = 1, . . . , s.

3.3

Cij =

⎧⎨
⎩

1 i j

0 i j

j = 1, . . . , ri ; i = 1, . . . , t.

Ci ≡ i i = 1, . . . , t.

X ≡

11



Ci =

ri∑
j=1

Cij X =
t∑

i=1

Ci

X

3.1 Y f(y) GY (t)=E(tY )

Y GY (t)=
∑

f(y)ty

3.1 Ci

GCi
(t)

= E(tCi)

= E(t
∑ri

j=1 Cij)

= E(tCi1+···+Ci,ri )

=

ri∑
m=0

∑
di1+...+di,ri

=m

P (Ci1 = di1, . . . , Ci,ri
= di,ri

)tm

=

ri∑
m=0

∑
di1+...+di,ri

=m

P (Ci,ri
= di,ri

|Ci,ri−1 = di,ri−1) × · · ·

×P (Ci2 = di2|Ci1 = di1)P (Ci1 = di1)t
m

=

ri∑
m=0

∑
di1+...+di,ri

=m

P (Ci1 = di1)[

ri−1∏
j=1

P (Ci,j+1 = di,j+1|Cij = dij)]t
m (3.3)

dij 0 1

tm

m

(3.3) P (Ci,j+1 = di,j+1|Cij = dij)

3.2

(i)

P (Ci,j+1 = 1|Cij = 1) = pi,j+1,1|ij1 j = 1, . . . , ri − 1.

12



i j j + 1

(ii)

P (Ci,j+1 = 0|Cij = 1) = 1 − P (Ci,j+1 = 1|Cij = 1)

= 1 − pi,j+1,1|ij1 j = 1, . . . , ri − 1.

i j j + 1

(iii)

P (Ci,j+1 = 1|Cij = 0) = pi,j+1,1|ij2 + pi,j+1,1|ij3 + · · · + pi,j+1,1|ijs

=
s∑

k=2

pi,j+1,1|ijk j = 1, . . . , ri − 1.

i j j + 1

(iv)

P (Ci,j+1 = 0|Cij = 0) = 1 − P (Ci,j+1 = 1|Cij = 0)

= 1 −
s∑

k=2

pi,j+1,1|ijk j = 1, . . . , ri − 1.

i j j + 1 Ci

3.2 Y1, . . . , Yt Y =
∑t

i=1 Yi E(tY ) =

E(tY1) · · ·E(tYt)

3.2

GX(t) = E(tX)

= E(t
∑t

i=1 Ci)

= E(tC1) · · ·E(tCt)

= GC1(t) · · ·GCt(t) (3.4)

(3.4) X

13



3.4

i j Pij Dij

Pij =
P

[H]
ij + P

[L]
ij

2
(3.5)

Dij = P
[H]
ij − P

[L]
ij (3.6)

j = 1, . . . , ri ; i = 1, . . . , t.

(3.5) (3.6) P
[H]
ij P

[L]
ij (H) (L) i

j

P
[H]
ij = P ( i j | (H))

P
[L]
ij = P ( i j | (L))

j = 1, . . . , ri ; i = 1, . . . , t.

( ) ( ) q × 100 1
4
≤ q ≤ 1

3

( )

x[H] =

x[L] =

P
[H]
ij

P
[H]
ij =

P (X ≥ x[H] Cij = 1)

P (X ≥ x[H])
=

P (X ≥ x[H]|Cij = 1)

P (X ≥ x[H])
× P (Cij = 1) (3.7)

j = 1, . . . , ri ; i = 1, . . . , t.

P
[L]
ij

P
[L]
ij =

P (X ≤ x[L] Cij = 1)

P (X ≤ x[L])
=

P (X ≤ x[L]|Cij = 1)

P (X ≤ x[L])
× P (Cij = 1) (3.8)

j = 1, . . . , ri ; i = 1, . . . , t.

14



(3.7) P (X ≥ x[H]) X ( (3.4))

x[H] (3.8) P (X ≤ x[L]) X

( (3.4)) x[L]

(3.7) P(X ≥ x[H]|Cij = 1) (3.8) P(X ≤
x[L]|Cij = 1) i j X

E(tX |Cij = 1) = E(tC1+···+Ct|Cij = 1)

=
t∏

i=1

E(tCi|Cij = 1)

= [
∏
h�=i

E(tCh)] · E(tCi|Cij = 1) (3.9)

h �= i E(tCh) h Ch

(3.3)

E(tCi|Cij = 1)

=

ri∑
m=1

∑
di1+···+di,ri

=m
dij=1

[P (Ci1 = di1, . . . , Cij = dij, . . . , Ci,ri
= di,ri

|Cij = 1)]tm

=

ri∑
m=1

∑
di1+···+di,ri

=m
dij=1

P (Ci1 = di1, . . . , Cij = 1, . . . , Ci,ri
= di,ri

)

P (Cij = 1)
tm

=
1

P (Cij = 1)
[

ri∑
m=1

∑
di1+···+di,ri

=m
dij=1

P (Ci1 = di1)P (Ci2 = di2|Ci1 = di1) × · · ·

×P (Cij = 1|Ci,j−1 = di,j−1) × P (Ci,j+1 = di,j+1|Cij = 1) × P (Ci,j+2 = di,j+2|Ci,j+1 = di,j+1)

× · · · × P (Ci,ri
= di,ri

|Ci,ri−1 = di,ri−1)]t
m

=

ri∑
m=1

∑
di1+···+di,ri

=m
dij=1

[P (Ci1 = di1)

ri−1∏
g=1

P (Ci,g+1 = di,g+1|Cig = dig)]t
m/P (Cij = 1) (3.10)

dig 0 1

(3.9) Cij = 1 X

(3.7) P(X ≥ x[H]|Cij = 1) ( (3.9))

15



x[H] (3.8) P(X ≤ x[L]|Cij = 1)

( (3.9)) x[L]

P (Cij = 1) j (pij1, . . . , pijs)

pi,j+1,k∗ =
s∑

k=1

pijkpi,j+1,k∗|ijk

(pi11, . . . , pi1s)

· · · ri i j P (Cij = 1)

P
[H]
ij P

[L]
ij P(X ≥ x[H]|Cij = 1)×P (Cij = 1)

P(X ≤ x[L]|Cij = 1)×P (Cij = 1)

(3.9) (3.10)

E(tX |Cij = 1) = [
∏
h�=i

GCh
(t)] · E(tCi|Cij = 1)

= [
∏
h�=i

GCh
(t)] · G∗

ij(t)/P (Cij = 1)

G∗
ij(t) =

ri∑
m=1

∑
di1+···+di,ri

=m
dij=1

[P (Ci1 = di1)

ri−1∏
g=1

P (Ci,g+1 = di,g+1|Cig = dig)]t
m

Fij(t) = [
∏
h�=i

GCh
(t)] · G∗

ij(t) (3.11)

E(tX |Cij = 1) = Fij(t)/P (Cij = 1) (3.12)

(3.12) P (X ≥ x[H]|Cij = 1)×P (Cij = 1) P (X ≥ x[H] Cij = 1)

(3.11) Fij(t) x[H]

P (X ≤ x[L]|Cij = 1) × P (Cij = 1) P (X ≤ x[L] Cij = 1)

(3.11) Fij(t) x[L]

16



i �= i∗ P (Ci1 = 1) = P (Ci∗1 = 1)

( ) P
[H]
i1 =P

[H]
i∗1

P
[L]
i1 =P

[L]
i∗1 (3.7)

P
[H]
i1 =

P (X ≥ x[H]|Ci1 = 1)

P (X ≥ x[H])
× P (Ci1 = 1)

P
[H]
i∗1 =

P (X ≥ x[H]|Ci∗1 = 1)

P (X ≥ x[H])
× P (Ci∗1 = 1)

P
[H]
i1 =P

[H]
i∗1 P (X ≥ x[H]|Ci1 = 1) P (X ≥

x[H]|Ci∗1 = 1) P (X ≥ x[H]|Ci1 = 1) P (X ≥ x[H]|Ci∗1 = 1)

E(tX |Ci1 = 1) E(tX |Ci∗1 = 1) x[H]

E(tX |Ci1 = 1)=E(tX |Ci∗1 = 1) P (X ≥ x[H]|Ci1 = 1)=P (X ≥
x[H]|Ci∗1 = 1)

E(tX |Ci1 = 1) = [
∏
h�=i

E(tCh1)] · E(tCi1|Ci1 = 1)

= [
∏

h�=i,i∗
E(tCh1)] · E(tCi1|Ci1 = 1) · E(tCi∗1)

= [
∏

h�=i,i∗
E(tCh1)] · [P (Ci1 = 1)t] · [P (Ci∗1 = 0) + P (Ci∗1 = 1)t]

= [
∏

h�=i,i∗
E(tCh1)] · [P (Ci1 = 1)P (Ci∗1 = 0)t + P (Ci1 = 1)P (Ci∗1 = 1)t2]

E(tX |Ci∗1 = 1) = [
∏

l �=i,i∗
E(tCl1)] · [P (Ci∗1 = 1)P (Ci1 = 0)t + P (Ci1 = 1)P (Ci∗1 = 1)t2]

P (Ci1 = 1)P (Ci∗1 = 0) P (Ci∗1 = 1)P (Ci1 = 0) E(tX |Ci1 = 1) =

E(tX |Ci∗1 = 1) P
[H]
i1 =P

[H]
i∗1 P

[L]
i1 =P

[L]
i∗1

17



3.5

i j Pij Dij

X GX(t) (3.4)

(3.11) Fij(t)

(3.7) (3.8) P (X ≥ x[H])

P (X ≤ x[L]) GX(t) x[H]

P (X ≥ x[H]) GX(t) x[L]

P (X ≤ x[L])

(3.7) (3.8) P (X ≥ x[H] Cij = 1)

P (X ≤ x[L] Cij = 1) Fij(t) x[H]

P (X ≥ x[H] Cij = 1)) Fij(t) x[L]

P (X ≤ x[L] Cij = 1)

( ) i j

P
[H]
ij (P

[L]
ij )

i j Pij

Dij Pij = 1
2
(P

[H]
ij + P

[L]
ij ) Dij = P

[H]
ij − P

[L]
ij

1 2

2

18



5 ( )( x[H]=5)

1 ( )( x[L]=1)

4

4 2

1 1 2 1 2 3

1 C B D A D B 6

2 C B D A D D 5

⎫⎪
⎪⎪⎪⎬
⎪⎪⎪⎪
⎭

3 A B D A D B 5

4 C B C A D B 5

5 C B D A A D 4

6 C D C A D D 3
⎫⎪
⎪⎪⎪⎬
⎪⎪⎪⎪
⎭

7 C B C A A D 3

8 A D C A D D 2

9 A B C B A D 1

10 C D C B A D 1

⎫⎪
⎪⎪⎪⎬
⎪⎪⎪⎪
⎭

11 A D C A A D 1

12 A D C B A D 0

C B D A D B

7
12

7
12

4
12

9
12

6
12

3
12

GX(t)

C1
7
12

t + 5
12
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P (C21 = 1, C22 = 1)

= P (C22 = 1|C21 = 1)P (C21 = 1)

=
4

7
× 7

12
=

4

12

P (C21 = 1, C22 = 0) + P (C21 = 0, C22 = 1)

= P (C22 = 0|C21 = 1)P (C21 = 1) + P (C22 = 1|C21 = 0)P (C21 = 0)

=
3

7
× 7

12
+ 0 =

3

12

P (C21 = 0, C22 = 0)

= P (C22 = 0|C21 = 0)P (C21 = 0)

=
5

5
× 5

12
=

5

12

C2
4
12

t2 + 3
12

t + 5
12

P (C31 = 1, C32 = 1, C33 = 1)

= P (C33 = 1|C32 = 1)P (C32 = 1|C31 = 1)P (C31 = 1)

=
3

6
× 6

9
× 9

12
=

3

12

P (C31 = 1, C32 = 1, C33 = 0) + P (C31 = 1, C32 = 0, C33 = 1)

+P (C31 = 0, C32 = 1, C33 = 1)

= P (C33 = 0|C32 = 1)P (C32 = 1|C31 = 1)P (C31 = 1)

+P (C33 = 1|C32 = 0)P (C32 = 0|C31 = 1)P (C31 = 1)

+P (C33 = 1|C32 = 1)P (C32 = 1|C31 = 0)P (C31 = 0)

=
3

6
× 6

9
× 9

12
+ 0 × 3

9
× 9

12
+ 0 × 0

3
× 3

12
=

3

12
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P (C31 = 1, C32 = 0, C33 = 0) + P (C31 = 0, C32 = 1, C33 = 0)

+P (C31 = 0, C32 = 0, C33 = 1)

= P (C33 = 0|C32 = 0)P (C32 = 0|C31 = 1)P (C31 = 1)

+P (C33 = 0|C32 = 1)P (C32 = 1|C31 = 0)P (C31 = 0)

+P (C33 = 1|C32 = 0)P (C32 = 0|C31 = 0)P (C31 = 0)

=
3

3
× 3

9
× 9

12
+ 0 × 0

3
× 3

12
+

0

3
× 3

3
× 3

12
=

3

12

P (C31 = 0, C32 = 0, C33 = 0)

= P (C33 = 0|C32 = 0)P (C32 = 0|C31 = 0)P (C31 = 0)

=
3

3
× 3

3
× 3

12
=

3

12

C3
3
12

t3 + 3
12

t2 + 3
12

t + 3
12

GX(t) = (
7

12
t +

5

12
)(

4

12
t2 +

3

12
t +

5

12
)(

3

12
t3 +

3

12
t2 +

3

12
t +

3

12
)

=
7

144
t6 +

23

192
t5 +

119

576
t4 +

1

4
t3 +

29

144
t2 +

25

192
t +

25

576

F31(t) F32(t) F33(t)

F31(t) = GC1(t) · GC2(t) · G∗
31(t)

GC1(t) =
7

12
t +

5

12

GC2(t) =
4

12
t2 +

3

12
t +

5

12
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G∗
31(t)

= P (C31 = 1, C32 = 0, C33 = 0)t

+[P (C31 = 1, C32 = 1, C33 = 0) + P (C31 = 1, C32 = 0, C33 = 1)]t2

+P (C31 = 1, C32 = 1, C33 = 1)t3

= P (C31 = 1)P (C32 = 0|C31 = 1)P (C33 = 0|C32 = 0)t

+[P (C31 = 1)P (C32 = 1|C31 = 1)P (C33 = 0|C32 = 1)

+P (C31 = 1)P (C32 = 0|C31 = 1)P (C33 = 1|C32 = 0)]t2

+P (C31 = 1)P (C32 = 1|C31 = 1)P (C33 = 1|C32 = 1)t3

=
3

12
t3 +

3

12
t2 +

3

12
t

F31(t) = (
7

12
t +

5

12
)(

4

12
t2 +

3

12
t +

5

12
)(

3

12
t3 +

3

12
t2 +

3

12
t)

=
7

144
t6 +

23

192
t5 +

119

576
t4 +

29

144
t3 +

25

192
t2 +

25

576
t

F32(t) =
7

144
t6 +

23

192
t5 +

91

576
t4 +

25

192
t3 +

25

576
t2

F33(t) =
7

144
t6 +

41

576
t5 +

25

288
t4 +

25

576
t3

P (X ≥ 5) P (X ≤ 1)

GX(t)

P (X ≥ 5) =
7

144
+

23

192
=

97

576

GX(t)

P (X ≤ 1) =
25

192
+

25

576
=

25

144

P (X ≥ 5 C31 = 1) P (X ≤ 1 C31 = 1)

F31(t)

P (X ≥ 5 C31 = 1) =
7

144
+

23

192
=

97

576
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F31(t)

P (X ≤ 1 C31 = 1) =
25

576

P (X ≥ 5 C32 = 1) =
97

576
, P (X ≤ 1 C32 = 1) = 0

P (X ≥ 5 C33 = 1) =
23

192
, P (X ≤ 1 C33 = 1) = 0

P
[H]
31 P

[L]
31 P

[H]
32 P

[L]
32 P

[H]
33 P

[L]
33

P
[H]
31 =

P (X ≥ 5 C31 = 1)

P (X ≥ 5)

= (
97

576
)/(

97

576
)

= 1.0000

P
[L]
31 =

P (X ≤ 1 C31 = 1)

P (X ≤ 1)

= (
25

576
)/(

25

144
)

= 0.2500

P
[H]
32 = 1.0000 , P

[L]
32 = 0.0000

P
[H]
33 = 0.7113 , P

[L]
33 = 0.0000

P31 D31 P32 D32 P33 D33

P31 =
1

2
(P

[H]
31 + p

[L]
31 )

=
1

2
(1 +

1

4
)

= 0.6250

D31 = P
[H]
31 − p

[L]
31

= 1 − 1

4

= 0.7500
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P32 = 0.5000 , D32 = 1.0000

P33 = 0.8557 , D33 = 0.7113

2 5

5 2

1 0.7938 0.3500 0.5719 0.4438

1 1.0000 0.4500 0.7250 0.5500

2 0.7835 0.0000 0.3918 0.7835

1 1.0000 0.2500 0.6250 0.7500

2 1.0000 0.0000 0.5000 1.0000

3 0.7113 0.0000 0.3557 0.7113
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