Chapter 3

Second Order Functional
Differential Equations with
Boundary Condition of

Sturm-Liouville’s Type

3.1 Introduction

In this chapter, we deal with the existence of positive solutions to the functional

differential equation
(FE) u"(t)+ F(t,u;) =0, 0 <t < 1.
The solutions v must satisfy the initial function
u(s) = ¢(s), —r <s<0, for certain given ¢,

and boundary condition of Sturm-Liouville’s type

{ u(0) = 0,
(BC4)
yu(l) 4+ 0u'(1) = 0,
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where

v,0 > 0and v+ 6 > 0.

Our notations are stated as follows. We denote the set of all real numbers and
the set of all nonnegative real numbers by R and R* respectively. Now, fixed any
r € R, let C, denote the Banach space of all continuous functions ¢ : [—r,0] =

J — R endowed with the suprenorm ||¢||; = sup,.; |¢(s)|, and let

Cro=A{y € C, | ¥(0) =0}.
The notation u; above denotes a function in C,. defined by

u(t +w) if t+w >0,

un(w) = il 6) = |
ot +w) if t+w<0,

here the given ¢ is an element of the space C,. .

From now on, we denote our problem mentioned in the following by (FBV P).
Moreover, given w € [—r, 0] fixed, by a solution of the (F BV P) we mean a function
u € C?[0,1] such that u satisfies the boundary condition (BCy) and for a given ¢
the relation

u"(t) + F(t, u(w; 9)) =0

holds for all ¢ € [0, 1].

There has recently been an increased interest in studying boundary value prob-
lems for functional differential equations, see, e.g. the books by Hale [34], Kol-
manovskii and Myshkis [42] and Henderson [37]. Furthermore, as pointed out in
[26], these problems have arisen from problems of physics and variational problems
of control theory, as well as from much applied mathematics appeared early in the
literature [31, 32]. We refer more detailed treatment to more interesting research

[4, 5,6, 13, 23, 35, 38, 39, 47, 54, 57, 61] and more references therein.

In next section, we state the key tool in establishing our main results, that is,

the well-known Krasnoselkii fixed-point theorem [33, 43] and give a lemma that will
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be used in defining a positive operator in a cone. Then, in some function space, we
construct a appropriate cone for applying the fixed-point theorem to our positive
operator, this yields our existence results. Moreover, some remarks in section 3.3
will imply several corollaries of existence of multiple positive solutions, including the
reduction to general ordinary differential equations with the boundary condition.

Finally, one can see an example as applications.

3.2 Preliminaries and Existence Results

In order to abbreviate our discussion, throughout this chapter, we observe

(C3)  k(t,s) is the Green’s function of the differential equation

that is,

1 +0—t)s 0<s<t<
k(t, s) = < Ws 0<s (3.2.1)
0

v+ (y+8 —ys)t
and suppose the following assumption hold:

(Cy) F:[0,1] x C,. — RT is a continuous functional.

We now state the Krasnoselkii fixed-point theorem [33, 43] and a useful lemma

which are required for the main result.

Theorem 3.2.1 ([33, 43]) Let E be a Banach space, and let K C E be a cone in
E. Assume Qq, Qo are open subsets of E with 0 € Qq, Oy C Qo, and let

AKN(Q\Q) — K

be a completely continuous operator such that either

(1) ||Aul] <|Ju||, v € KNI and ||Aul| > ||u]|, v e K NOQy; or
(i) ||Aul| > ||ul|, v € KNIy and ||Aul| < ||ul|, v € K N OQy.
Then A has a fized point in K N (Qy\ Q).
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Lemma 3.2.2 Suppose that k(t,s) is defined as in (3.2.1). Then, for any pi1, po
with 0 < py < py < 1, we have the following results:

heg < L, fort € [0,1] and s € [0, 1],

Zgi) > min{%?]ﬁ}? fOT’t S [p17p2] and s € [07 ]']

A

—

Proof. From (3.2.1), we have

+5—~t
k(ts) ) 3= 0ss<t<l
k(s 5) L 0<t<s<l.

s?

Hence, we obtain the desired results:

k(t
(£, 5) <1forte|0,1], s €]0,1],
k(s, s)
and
k(t, s) N (1752%, 0<s<t<po,
k(s,s) — L, p<t<s<l.

From Lemma 3.2.1, we define a number

A=pa)y+9

M = M(p,, = mi
(pr.p) 2= min{ =207

7]91}

and next, state and prove our main results.

Theorem 3.2.3 (Existence result for —1 < w < 0) Suppose the following hypothe-
ses hold:

(Hy) there exists a positive constant \ such that, for anyt € [0,1] and any ¢ € C,
with ]| < A,

1

F(t, ) < A </01 (s, s)ds)_ ,

(Hs) there exist py, py with 0 < —w < p; < py < 1 and a positive constant n # A

and

such that, for any t € [p1,pa] and any ¢ € C, with Mn < ||¢||; < n,

P2 -1
F(t.0) > 1 ( |k ;pasms) -
p1
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Then for any given ¢ € Cyo with ||¢]|; < X, (FBVP) has at least one positive

solution u such that ||u|| between X\ and 7.

Proof. Without loss of generality, we assume A < 7. It is clear that (F'BV P) has

a solution u = u(t) if and only if u is the solution of the operator equation
1
u(t) = / k(t,s)F(s,us(w; ¢))ds := Apu(t), u e C|0,1].
0
Let K be a cone in Cp[0,1] := {u € C[0,1] | u(0) = 0} defined by
K ={u e Cy[0,1] | u(t) >0, lt][[rplim ]u(t) > M]||ul|}.
€|p1,p2

Following from the definition of K and Lemma 3.2.2 we have

min (Ayu)(t) = min /0 k(t,s)F(s,us(w;¢))ds

tE([p1,p2] t€[p1,p2]
1
=M [ (s, 9) P, s 0))ds
0

2M/0 k(t,s)F (s, us(w;¢))ds.

Thus, mingep, p,)(Agu)(t) > M||Aul|, which implies A, K C K. Furthermore, it is
easy to check A, : K — K is completely continuous. To complete the proof, we
separate the rest of our proof into the following two steps:

Step 1. Let O = {u € K | ||u]|] < A}. It follows from (H;) and Lemma 3.2.2

that for u € 0,
(Au)(®) = [ K(t5)F s ws))ds
§/0 k(s,s)F (s, us(w;@))ds

< (/01 (s, s)ds) R (/01 ks, s)ds) @

=l[ul].

Hence,

| Agul| < [Jul] for u € 00 N K.
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Step 2. Let Qo = {u € K | ||u]| < n}. It follows from the definitions of ||u|| and

K that
u(t) < |lu|| =n for t € [0,1],

u(t) > min u(t) > Mllu|| = Mn for t € [p1, pa],
t€[p1,p2]

for u € 0€)y, which implies
Mn < wu(t) <nfort € [p1,pa.

Moreover, it follows from 0 < —w < p; < ps < 1 that s + w > 0 for s € [py, pal.

This implies us(w; @) = u(s + w) for s € [p1, p2]. Hence,

(A (P 2) = [ P2 ) Fsiu )

2

P2 -1 P2
> </ k(Pl +p2,5)ds) (/ l{;(pl +p2,s)d5) [ul]
P 2 p1 2 n

=|[ull,

> / RO P, 6))ds
P1

which implies

[|Apul| > [|u|| for u € 0€s.

Therefore, by Theorem 3.2.1, we complete this proof. a

Note this given w may not belong to (—1, 0], hence, we conclude the following

result.

Theorem 3.2.4 (Existence result for —r < w < 0) Suppose the following hypothe-
ses hold:

(Hy) there exists a positive constant \ such that, for anyt € [0,1] and any ¢ € C,
with [Pl < A,

1

F(t, ) < A ( / e s)ds) |

(H3) there exist py, py with 0 < p; < pa < 1 and a positive constant n # \ such

and
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that, for any t € [p1,p2] and ¥ € C, with ||¢]|; < n,

P2 -1
Pz ([T RS 9as)
p1
Then for any given ¢ € Cyo with ||¢]|; < min{\,n}, (FBVP) has at least one

positive solution u such that ||u|| between A and n.

Proof. This proof follows in similar fashion to that of Theorem 3.2.3. One just
need to modify Step 2 in the process of the demonstration of Theorem 3.2.3 as the
following;:

Step 2. Let Qs :={u € K | ||u|]| <n}. It follows from the definitions of ||u|| and

K that
u(t) < |Jull = n for t € 0,1,
w(t) > min u(t) > M||u|| = Mn for t € [p1,p2],
t€(p1,p2]
for u € 0€)y, which implies

Mn < wu(t) <nfort € [p1,pa.

Moreover, for s € [py, ps],
u(s+w) if s+w>0,
u(w; @) =
d(s+w) if s+w<0,

This implies, for s € [py, pa],

s )| <
Hence,
1
(A (P 22) = [ R ) P, 0))ds
0
P2
> [ R ) P (s, 0)ds
4t
P2 -1 P2
> </ k:(p1 +p2,s)ds) (/ k:(p1 +p2,s)ds) Iful]
m 2 n 2 Y
=l

which implies

[|Apul| > ||u]| for u € 0.

18



3.3 Applications

Remark. Assume that F(t,) satisfies the following property P:

If I’rl[foi)(] F(t,v) is unbounded, then there exists a ¢ with ||¢||; large enough such that
te[0,1

for any ¢ € C,. with ||Y]]; < ||¢||s, we have max F(t,v) < max F(t, ).
te(0,1] t€[0,1]

Given p1, po with 0 < p; < py <1 and let

F
max Fj := lim max <t’¢),
llls—0te0.] [|9]]
F(t
min Fy := lim min M,
[l—0 telprpa) |[P]]
max Fo = M7
[l —oote0.1] |||
and
F
min F, := lim  min (t’w).
l[lis—oo telprpe] ||W]]s
Since L
. _
6 )
(/ k(s, s)ds) =A= (7—4—), (3.3.1)
0 v+ 30
and .
P2 -
pL+ Do 16(y +0)
k ,S)ds =B = , 3.3.2
where

Ly = ps+3p1, Ly =2y — p1y — pary + 296,
Ly =4y + 46 — 3yps — yp1, Ly = p1 + pa,

we have the following results:

Suppose that max Fy = C; € [0, A). Taking e = A — C}, there exists a A\ > 0
(A1 can be chosen small arbitrary) such that for any ¢ € C, with [[¢||; < A1, we

have
F(t,v)
max
telo.1) [[]ls
Hence, for ¢t € [0,1] and ¢ € C, with ||¢||; € [0, A\],

§€+01:A.

F(t,¢) < Allylls < Al
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which satisfies the hypothesis (H;) of Theorem 3.2.3

Suppose that min F,, = Cy € (£, 00]. Taking € = Cy — % > 0, there exists an

m > 0 (m can be chosen large arbitrary) such that for any ¢ € C, with |[¢||;
Mmny, we have

@F

)
min > —e+Cy =
t€[p1,p2] H@DHJ 2

B
M
Hence, for t € [p1, po] and ¢ € C, with |[¢||; € [Mny, m]

M B
which satisfies the hypothesis (Hs) of Theorem 3.2.3

Suppose that min Fy = C5 € (£, o0]. Taking € = C3 — 17 > 0, there exists an

n2 > 0 (n2 can be chosen small enough) such that for any ¢ € C, with |[¢)]|; < 19,
we have

Ft,y) B
min —e+C5 =
upal T0lls = M
Hence, for any t € [p1, po] and ¢ € C,. with |[¢||; € [Mng, 1]

B
F(t,¢) > _||¢HJ > —M772 B,
which satisfies the hypothesis (Hs) of Theorem 3.2.3

Suppose that max F,, = Cy € [0, A). Taking ¢ = A — Cy > 0, there exists a

6 > 0 (A can be chosen large arbitrary) such that for any ¢ € C, with |[¢||; > 6
we have

max UGED <e+(Cy=A.
tefo.1] [|9]].s

Now we have the following two cases:

Case 1.

(3.3.3)

Assume that maxe(o,1) F'(£,7) is bounded, that is, there exists a constant
L > 0 such that

F(t,v) <L, for te€[0,1] and ¢ € C,.

Taking X> = £, hence, for t € [0,1] and ¢ € C, with [|¢|[; € [0, \o]

F(t,¥) < L = A)s.
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Case 2. Assume that maxcpo1) F'(t,1) := G¢(%) is unbounded. Then, by P, there
exists a ¢ with ||¢||; := A2 > 6 such that for any ¢ € C, with |[¢]|; < A2, we have

max F(t,9) = Gi(v) < Gi(¢) = max F(t,¢)

tef0,1] t€[0,1]

This implies that there exists some ¢, € [0, 1] such that,
F(t,v) < F(ty, ¢), for t € [0,1] and ¥ € C, with |||, < As.
It follows from Ay > @ and (3.3.3) that, for ¢t € [0, 1] and ¥ € C, with ||¢]|; € [0, As],
F(t, ) < F(to, ¢) < Al[gl]; = Ao
By Case 1 and 2, the hypothesis (H;) of Theorem 3.2.3 is satisfied.

It follows from the above Remark that the following corollaries hold.

Corollary 3.3.1 Assume that I satisfies P and suppose there exist p1 and py with
0< —w<p <py <1, Aand B are defined as (3.3.1) and (3.3.2) respectively.
Then in the case

(Hy) maxFy=Cy €[0,A) and min F, = Cy € (%,oo], or

(Hs) minFy = C;s € (£, 00] and max F,, = Cy € [0, A),

we have following corresponding results (1) and (ii) respectively.

(i) For any given ¢ € C,o with ||@||; small enough, (FBV P) has at least one
positive solution.

(ii) For any given ¢ € Cyo, (FBV P) has at least one positive solution.

Proof. It follows from our Remark and Theorem 3.2.3 that the desired result

holds, immediately. ad

Corollary 3.3.2 Assume that F' satisfies P and suppose there exist p1 and py with
0<—w<p <py <1, Aand B are defined as (3.3.1) and (3.3.2) respectively. If

the following hypotheses hold:
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(H¢) minF, = Cs, min Fy = C5 € (%,oo],

(H;) there exists \* > 0 such that
F(t, ) < AX*, fort €0,1] and ¢ € C, with ||[1|]; € [0, ],

then, for any given ¢ € Cyo with ||¢|l; < N*, (FBV P) has at least two positive

solutions uy and ug such that 0 < [Juy]| < \* < ||uz|.

Proof. It follows from our Remark that there exist two real numbers 7; and 7
satisfying

0<me <A <y,
F(t,v)) > B, for t € [p1, po] and ¢ € C, with [|2||; € [Mn1, m],

and

F(t, ) > By, for t € [p1,po] and ¢ € C, with [[¢b||; € [Mn2,1m2].

Thus, by Theorem 3.2.3, we see for any given ¢ € C,.o with ||¢||; € [0, \*], (FBV P)
has two positive solutions u; and us such that 7o < [|u1|| < A\* < ||ug|| < 1. Hence,

we complete this proof. a

Corollary 3.3.3 Assume that I’ satisfies P and suppose there exist p1 and py with
0<—w<p <ps <1, Aand B are defined as (3.3.1) and (3.3.2) respectively. If
the following hypotheses hold:

(Hg) maxFy=Cy, maxF,, = C, € [0, A),

(Hy) there exists n* > 0 such that

F(t>¢) 2 Bn*a fOT't € [p17p2] Cmd¢ € Cr‘ with HwHJ € [Mn*777*]7

then, for any given ¢ € C,.o with ||¢||; small enough, (FBV P) has at least two

positive solutions uy and uy such that 0 < |ju|| < n* < ||ugl|.

Proof. It follows from our Remark that there exist two real numbers A\; and Ay
satisfying

0 <A <" < Ay,
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F(t,v) < A\, for t € [0,1] and ¢ € C, with |[¢]|; € [0, A1],
F(t,) < AXg, for t € [0,1] and ¢ € C, with |[¢)]|; € [0, As].

Thus, by Theorem 3.2.3, we see for any given ¢ € C,.o with ||¢||; € [0, 1], (FBV P)
has two positive solutions u; and uy such that Ay < ||ui|| < n* < |Juz|| < Ao Hence,

we complete this proof. a

Remark. We note that in the limiting case r = 0, C, is reduced to R. Then

(FBV P) can be reduced to a general boundary value problem as follows:

W) + Ft,u(t)) =0, t e (0,1),

(BV Fy) (BC,)

where f : R x R — R" is continuous. It is easy to check that our Theorems
can appropriately apply on (BV P;). Furthermore, in this case, P automatically
holds for this function f(¢,u) on [0,1] x [0,00). Hence, all corollaries are ap-
plicable to (BV P;). Note that for many source terms, we can easily compute
corresponding “max fy, min fy, max f,,, min f,,” in appropriate ranges, for exam-

ple, f(t,u) := ‘ﬁ’t%(maxfo = 1 and min fy = %), f(t,u) == u+ t?e “(max fy =

00, min fy = max f,, = min fo, = 1).

To illustrate the usage of our results, we present the following example.

Example 3.3.4 Consider the boundary value problem

M@+Mﬂiﬂ—§+C:Qtemm

and
u(t) = ¢(t), t € [5,0]
(BCy),
where p(t) is a positive continuous function on [0,1], C > 0, ¢ € C([—3,0],RT)

with ¢(0) = 0 is arbitrarily given. Then, we have
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which implies F' satisfies P. One can compute
max F,, =0

and for any p; and p, with 0 < —% <p <p <1,
min Fy = oo.

Applying Corollary 3.3.1 to this example, we can conclude that there is at least one

positive solution to this boundary value problem.
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