Chapter 4

American Exchange Option Pricing

Problems

In Chapter 3, we have proposed an FBP for pricing of the single asset American
option and shown that the optimal exercise boundary of an American call is a strictly
increasing function of remaining time. The results provide a useful information for
finding an asymptotic formula of the optimal exercise boundary. In this chapter,
we extend this method to consider the pricing of the American exchange options
(AEO) that are two-variate in nature. Namely, the option value is determined by
the stochastic behaviors of two underlying asset prices and the correlations between

these asset prices.

An AEQ is an option which give the holder a right to exchange one asset to another
at any time prior the expiration date T'. In Section 4.1, we derive the parabolic FBP
arising from the AEO pricing problems. In Section 4.2, we show that (1) the value of
the AEO and the optimal exercise ratio are both strictly increasing functions of the
remaining time; and (2) the value of the alive AEO is an increasing function of S
and a decreasing function of S;. We deduce an IE for the exercise ratio and provide

an asymptotic solution of this IE in Section 4.3 and Section 4.4. For the infinite
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time horizon AEQO, the exact value of the exercise ratio and the AEO are given in
Section 4.5. In Section 4.6, the single asset integral recursive method [36] is extended
to solve the IE numerically. We find that our asymptotic solution is very close to the

numerical solution.

4.1 The Formulation of AEO

In this section, we shall derive a two variables FBP for pricing of the AEOs under

the perfect market assumptions.

Let S; and Ss be the price of asset 1 and asset 2. Under the risk neutral probability

measure, the stochastic processes for the asset price is assumed to be

as;
S

= (r—gq)dt + o;dw;, i =1,2,

where r, ¢;, and o; are the constant risk-free interest rate, the continuous dividend
rate of the asset ¢ and the volatility the i-th asset, respectively. Here, dw; and dw,
are the Wiener processes of asset 1 and asset 2 respectively, and their correlation

coefficient is corr(dwy, dwsy) = pdt.

To derive the pricing operator of the exchange option, we first recall the European
exchange option (EEO) pricing problems [55]. According to the definition of the

exchange option, the final payoff of an EEO is given by
V(Sy,82,T) = max(S; — Ss,0), (4.1)

where V' (S51, Sy, t) denotes the value of EEO at the time ¢ < T. As the suggestion of

Margrabe [55], the value of EEO satisfies the linear homogeneous property in S; and



Chapter 4: American Fxchange Option Pricing Problems 41

So, that is

V(AS1, ASs, ) = AV(Sy, So, £).

We apply Euler theorem to the function V'(S1, Ss, t) and obtain the following equation:

ov ov
V-5——-—5—=0. 4.2
'S, 7?08, (42)
This means that a portfolio of holding g—; units of asset i, ¢ = 1,2, becomes a

replication of EEO.

By applying It6 Lemma to (4.2) and considering the instantaneous return with

the dividend rate of both assets, we obtain the following pricing equation
Vi+LpsV =0, t<T, (4.3)
where the operator Lpg is defined as
LpsV = %Ufsfvslsl + po1025152Vs, s, + %03522‘/5252 — @151 Vs, — ¢252Vs,.

The EEO’s price is then the solution of (4.3) with terminal condition (4.1).

For the AEO pricing problem, since this style of option can be exercised at any
time ¢ < T, the AEO pricing problem in [7] is formulated as an FBP. Let P(Si, S, 1)
be the value of an AEO, then P(S], Sy, t) must satisfy the following inequality under

the no arbitrage condition:

P(Sl,SQ,t) > maX(Sl - SQ,O), 0<t<T.

Let Xf(t) be the smallest value of g—; such that

P(Sl,SQ,t) > max(51 — SQ,O), 0<t<T.



Chapter 4: American Fxchange Option Pricing Problems 42

Then, at any given time ¢, the (57, S2)-plane can be separated into two distinct regions

as follows:
S(t) = {(51,52) S R x R+|% > Xf(t)} X (44)
C(t) = {(51,52) S Rt x R+|% < Xf(t)}, (45)

where Rt denotes the set of nonnegative real numbers. The regions S and C are
called the early exercise region and the holding region, and the ratio X(t) is called

the optimal exercise ratio.

According to the argument of no arbitrage, we need the following two conditions

oP oP
P(Sl,SQ,t) = Sl - Sg, a—Sl<Sl,SQ,t> =1 and 6—32(51,52,15) =-1 (46)

when % = Xy(t). Condition (4.6) is commonly called the high contact conditions,
2
so named because (4.6) indicates that P(Sy, S, 1), g—;(Sl, So,t) and g—i(Sb Sa, t) are

continuous across the optimal exercise boundary. Thus, the value P(S;, Ss,t) of an

AEO together with the optimal exercise ratio X (¢) are the solution of the following

FBP.
LP =0, (51,5:2) € C(t), 0 <t <T, (4.7)
P(S1,85,T)=(S1—S9)", t=T (4.8)
P(Sy,S2,t) = 51 — Sy, (S1,52) € 0C(t), 0 <t < T, (4.9)
P(0,5,,t) =0, 0< Sy <00, 0<t<T, (A) (4.10)
P(S51,0,t) = S, 0< S <00, 0<t<T, (4.11)
Ps, (51, 59, 1) =1, (51,52) € 0C(t) 0 <t < T, (4.12)

PS2(51, Sg,t) = -1, (81, SQ) S 8C(t) O0<t<T. (413)
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Here, 0C(t) denotes the boundary of C(t).

4.2 Properties of the Free Boundary

Let Q = (O, OO) X (O, OO) and ) = {(Sl, Sg) € qulsl—QQSQ > O, Sl > SQ}, then Q
is an open subset of Q such that £ (S1,S2) > 0 for (S1,52) € Q and L(S,S2) <0
for (S1,5) € Q — Q, where (5, S2) = max{S; — Ss,0}. In the following theorem,

we will provide the properties of problem A.

Let 7 =T —t be the remaining time.

Theorem 4.1. Let {P, X} be the solution of problem A. Then

(a) C(0) = (.
(b) P(S1,S2,7T) is an increasing function of T.

(c) {C(1)}L_, is a strictly increasing sequence, that C(11) C C(2) for 11 < To.

Proof. For (a), we first suppose that there exists an (57, 5;) € C(0) — €2 such that

lim a—P(Sl, SQ,T) = hH(l)EP(Sl,SQ,T) = £¢(.77) < 0.

0 OT

This contradicts to (4.12). Now, we suppose that C(0) C Q. Then there exists a 7y
such that C(7) C Q for 0 <7 < 7y. Let D = {(S1,52,7)[(S1,52) € C(7),0 <7 <71}

and define v = P — . Then

v, — Lov = L > 0 for (51,5, 7) € D.
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We apply boundary point form maximum principle to this equation. Since v(S7, S, 7) >
0 for (S1,52,7) € D and v(Sy, Sy, 7) = 0 for (S1,59:) € 0C(1), 0 < 7 < 71, it shows

that vg, (S1,S2,7) < 0. This contradicts to (4.12). So we have shown that C(0) = Q.

For (b), we observe (4.9) and obtain
Ps,(S1, X (7)S1, 7)S1 X' (1) + Pr(S1, X(7)S1,7) = =51 X' (7).

This implies that P.(S1, X(7)S1,7) =0 for 0 < S; < 00,0 <7 < T by (4.12). We
also have P.(S1,52,0) = LP(51,52,0) = L(S1,52) > 0 on C(0) and P.(0,52,7) =

limg, o0 Pr(S1, S2,7) = 0. The final equation is obtained by
P(0,Sy, 7+ h) — P(0,S,,7)

lim =0
h—0 h
P oy
hm( lim (0752>T+h) (075%7_)) —0.
h—0 S2—o0 h

since P(0, Sy, ) = limg, o0 P(S1,S,7) = 0. Since P, — LoP =01in C = J'_, C(7)

and the coefficients of £y do not depend on 7, we have
(Py)r — LP, =0on C.

We apply maximum principle to this equation. This shows that P,(S;, S2,7) > 0 on

C.

For (c), let (S1,5;) € C(11). Then
P(Sl,SQ,TQ) Z P(Sl,3277—1> > 77[)(51,32)7 for To > Tq.

This implies that (S, 52) € C(72). So we obtain that C(1;) C C(72).

We now suppose that there exist 7, and 7 such that

dC(m1) N AC(7) # 0,
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say (57,953) € 0C(m1) N OC(72). This implies that for any 7 € (71, 7) we have
(S7,55) € 0C(7). Let D = {(S1,5,7)|P, —LP =0, <7 <7} and w =1 — P.
Since D C C, we have w, — Lw = =L > 0 in D by (4.7). We apply boundary
point form of maximum principle to this equation. Since w(S}, S5, 7) = ¥(S}, S5) —
P(S37,S55,7) =0, we have wg, < 0. This implies that Pg, (S}, S5,7) > 1s,(57,55) =1
which contradicts to (4.12). So there exists no such point (S5,.55) € 9C(1) N IC(12)

for any 7, and 7. Thus, we have {C(7)}1_, is a strictly increasing sequence of 7. [

Consequently, we have the following corollary.

Corollary 4.2. Let {P, X} be a solution of problem A. Then X (t) is a strictly de-

creasing function with X (T') = max{1, ¢1/q}-

4.3 The Integral Equation

Before discussing the solution of the AEO in the next section, we first derive an
integral equation by defining new variables y; = =*(¢; + 307)7+ = In(S;), i = 1,2 and
T=T—1t. Let p(y1,y2,7) = P(51,Ss,t) and x(7) = X(¢), then the original pricing

problem (4.7)-(4.9) can be written in the following dimensionless form:

dp op!

—=L n0<7<T, y — —ys < 4.14

or P m T y N ol Y2 > ZEf(T), ( )

p(yl, Y2, 0) = (601y1 _ 602y2)+’ at T = O, (415)

p(y1, y2’7_> _ 6(‘114’%0’%)T+0’1y1 _ e(Q2+%a§)T+02y2’ at y — ?"JQ — xf(r), (4.16)
1

where L is the operator given as

el (2 )
2 39% payla% 89% '
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Under this transformation, the relation between X((t) and z¢(7) is defined as

zy(7) = ail (ln(Xf(T — 7))+ (g2 + %aﬁ —q — %af)r) : (4.17)

By imposing (4.16) into (4.14), the problem (4.14)-(4.16) can be converted into a

non-homogeneous equation as follows:

r 07 if yl_g_in Sxf(T)a
br— LD =
que( @t zoTromn _ gelatiodrione it gy — 2y > g(7).

(4.18)

Before solving the FBP of (4.7)-(4.9), we shall find out the representation of x(t).

Theorem 4.3. The optimal exercise ratio x¢(t) satisfies the following integral equa-

tion:
elatgod)rtorzs(r) _ J(a2+505)7 _ eale(T)-f—%O'%TN(@) _ 6%0’%7’]\[(@)
UT B o
_}_eo'll‘f(T)'f'éO'%T\/ Q1€qlsN(%)d8 (419)
0 o
—eéc’%T/ QQquSN(%)ds,
0 g
where
a1 = z=(0124(7) + (0f — po102)7),
as = %(lef(T) + (p(7102 — 0'%)7'),
a3 = = (01(zs(7) — 24(s)) + (0F — por02)(7 — 5)),
ay = == (o1 (24(1) — 25(s)) + (poroy — 03)(1 — 5)),

and N is the cumulative distribution function of a standard normal random variable

N(0,1).

In order to prove the theorem, we need the following two lemma:
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Lemma 4.4. [/2] The Green’s function ¢(x,y, ) for (4.18) is given by

d(y1, Y2, 75 &1, &2, 5)

1 (y1—61)2—2p(y1—&1) (y2—&2)+(y2—£2)? )

_ 1 _
T 2m(T—s) 1—p2 exp( 2(1—p2)(1—s)

Lemma 4.5. Let

1 1 u? — 2pugus + u

SO(U'MUQ) = % 1_ p26xp<_ 2(1 — pQ) )

be the probability density function of the standard bivariate normal distribution with

covariant correlation p. Then, we have

n gt By . -
/_OO /_OO o(u, ug)duydug = /_oo me’Tdv =N <;a),

for any real number a.

Proof.
/ / go(ul,uQ)duldug
27 1 — p?
2,2 o2 g109—01p 2
91v1 — va+ v
N / / _6_ 202 e 2‘7%<1*P2)( ? o2 1) dvyduvy
oo 27'(' 1 —
1 (om) 01 < 1 w?
202 — 6_7dwd1}1
/ggl —00 \/27T
o 1 772 ao;
= / Tdv=N(—)
oo 27r o
o(va+ 1‘72 O'lp
where v = uy — 2uq, vy = Uy, and w = v ). ]
o1 0'1\/1 p

Proof of Theorem 4.3 We apply Green’s function to p(x,y, ) as well as the fact

that ¢ is in a domain bounded by the optimal exercise boundary and the line 7 = 0
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obtaining that
p(yh Y2, 7_) = / / (60—1& - 602&2)¢(y17 Y2, T, 517 527 O)d§1d€2
—oo J 224,

+/ / / (g1 — 42e™)d(y1, Yo, T3 &1, Eo, 8)dE1dExds
0o J- Z2¢+ap(s
(4.20)

We separate (4.20) into the following four integrals:

P(yl,ymT) = / / 6015%(917y2,7'§§1;§270)d§1d§2
—00 %51

- / / 602§2¢(y1a Y2, T; 517 527 O)dgldfz
—o0 J 226

+// / @1e” b (Y1, Yo, T; &1, Ea, 8)dE1dEads
0 J—o0 :—ffl—kccf(s)

_// / 32672 (Y1, Yo, T; &1, Ea, 8)dE1dEads
0 J—o© %fl—t—xf(s)

= I(l)<y17 y277—) N ](2)(y17 y277—> r I(g)(yla y277—) - ](4)(917 Y2, T)'
(4.21)

In order to rewrite the integrals I(M-I™ we let /7u; — 017 = y1 — & and /Tuy —
poIT = Y2 — & in [(1)7 VTUuL — poaT = y1 — & andy/Tuy — 09T = Yo — & in [(2),
VT — suy — ot —8) =y —& andy/T — suy — por(T —s) = yp — & in I® and
VT = suy — poo(T — 5) = y1 — & andy/T — suy — 09(T — 8) = yo — & in I, and then

the integrals 1(M-7™ can be written as the following equations:

> a Y2,7)+bu
IO = (c1y1+30%7) 1(y1,y2,7)+buz e
=e 2 (p(uth) uydus,

& @ ,Y2,7)+bu
(2) _ ,(o2y2+3037) 2(y1,y2,7)+buz
[ = eloats p(ur, uz)duy dus, (4.22)

[(3) 01y1+ 017')/ Q16qls /00
0

[(4) _ 02y2+20'27')/ ¢ qus/
0

(e.@)
(Y1,y2,7,2 (7)) +buz

3(y1,y2,7x (7)) +buz
/ o(uy, ug)duydugds,
/ SO(UbUQ)dUldUzdS,

8

oo



Chapter 4: American Fxchange Option Pricing Problems 49

where

1 092
ar(y1,y2,7) = W(Z/l - 0—1y2 + (01 — po2)T),
1 o o2
Clz(yh’yzﬁ) = F(yl - U—jy2 + (/102 - U—i)T)a
1 (D)
as(y1, Y2, 7,8, 2¢(8)) = — —Y2 + — —S) —x¢(8)),
s(Y1, 42, 7,8, 24(5)) m(yl e (01 = poa) (1 — 5) — 24(s))
( () = (1 — L + (pos — Z2)(r — 5) — 25(5))
a Yo, T, 8, T¢(8)) = - — gy — — (T —8) —x¢(5)),
4\Y1, Y2 f \/m n O_ly2 Po2 o1 f
h=22.
01

Here, p(uq,uz) is a probability density function of the bivariate standard normal

distribution with correlation correlation p. By using Lemma 4.5, we get

g

o) a;+bus 0104
/ / o(ur, up)duyduy = N(—), i =1,2,3,4.

Hence from (4.22), we have

g

T — m+iodn) (_”1“1(917-% T)) 7

[®) _ gostiodn (M) , (4.23)

g

73 — 6(01y1+%(7%7) /T G e N <01a3(y17 Y2,7, 8, mf(s))> ds,
0

o

J@ — glo2y2tz037) /T G2 N <01a4(y17 Y2,7, 5, mf(s))> ds.

0 o
If the value of g—; reaches the optimal exercise ratio at the first time, that is
S — X¢(T — 1) or o1y1 — 02y2 = o124(7), it is optimal to exercise the AEO. By

So
(4.16), (4.21) and (4.23), we get (4.19). O

After replacing x;(7) by X;(7), Theorem 4.3 can be rewritten in the following

form:
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Theorem 4.6. The optimal exercise ratio X;(t) satisfies the following integral equa-

tion:
XHT —7)—1= XH(T —7)e ""N(a1) — e 2" N(ay)
+X (T — 7)e a7 /OT qe"*N(as)ds (4.24)
e / " e N (ay)ds,
0
where
i = ;=X (T = 7) + §(0% — 21 + 2g5)7),
Gz = 7= XH(T = 7) = §(0% + 201 — 2g2)7),
s = sA=(In g + (07 = 21 + 22) (7 — 5)),

A 1
as = 7 T—s(an(Tfs

0% = 0% + 03 — 2p00,.

4.4 An Asymptotic Solution of Finite-Lived AEO

The explicit solution of (4.24) is not easy to obtain when the expiration date T is
finite. In this section we will apply the properties of the complementary error function

to provide an asymptotic solution for (4.24).

Let erfc(z) denotes the complementary error function, i.e.

2 e
erfc(z) = — e "dt.
7

The relation between error function and normal distribution function is

N(z)=1- %erfc(%). (4.25)

By using the Taylor expansion and integration by parts, the complementary error
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function is asymptotic to

2 2

—x 1 —X
erfc(x):6ﬂx(1—@+—-~-)~\e/%$, as r — 00. (4.26)

In this section, we will replace N(x) in terms of erfc(\%) and provide an asymptotic

solution for the optimal exercise ratio X (7' — 7) as the remaining time near to zero.

Before deriving the asymptotic expression of X (7'—7), we introduce the following

lemma which has been provided in [18].

Lemma 4.7. Let B(z,7) be a monotone decreasing function of z on [0,1]. Suppose
that there is a zy € [0,1] such that B(zo,7) = 0 for all T and that B*(z,7) — oo

for all z # zy as 7 — 0. Then, as 7 is near to 0, we have following two asymptotic

formulas:
1
A(2)e B dz ~ A( i, 4.27
1 ! 2 B (20)
— B le By ~n - 22200 4.28
7 2(B. () 42

Proof. Since B?(z,7) — oo for all z # zy as 7 — 0 and B?(zp,7) = 0 for all 7 then
e~ B*(=m) 5 0 for all 2 # zpas T — 0 and e~ B*(0m) = 1 for all 7. This implies that the
neighborhood of zy provides the main contribution to the value of the Laplace integral
as 7 is near to 0. Thus, we expand B?(z,7) at z = 2y by using Taylor expansion and

obtain that

B*(z,7) = B*(2,7) + 2B(20,7)B. (20, 7) (2 — 20) + B*(20,7)(2 — 20)? + - - -

~ Bf(zo, 7)(z — 29)*

since B(zp,7) = 0. And then, we use this expansion formula in the exponent. As 7
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is near to 0, the Laplace integral will approximate to the following Gaussian integral

1 1
/ Az)e 77~ A(z) / e~ B0,
0 0

Now, we rewrite the above Gaussion integral by its asymptotic formula and obtain
that

1
A —BE(zO,T)(z—zo)2d ~ A ﬁ '
) | A B G

Since B(z) = 0 then B™' — 0o as z — 2. The above result can not be applied

when A(z) = B7!(z,7). Now, we rewrite B~!(z,7) as follows:

B = B! — [B.(20,7)(2 — 20)] 7 + [B.(20, 7) (2 — 20)] 7}
_ Ba)z )~ BE)
B(2)B(0)(> — 20)

B..(z0,7) . 9
TOB(z) + [B.(20)(2 = 20)]

+[B:(20) (2 — 20)]

Here, the final term of above equation is obtain by applying Tayor expansion to B(z)
at z = z. Now, we use this asymptotic formula to substitute B~! and obtain the

following formula

I 2 =2(20,
7 / B e dy ~ — / ( 5 BQZOZO 2 [BZ(ZO)(Z—ZO)]1> e B0z g,
0

zz ZO

2[B.(20) P
O

We now begin to derive the asymptotic expression of X (7' — 7) as 7 is near to 0.

Theorem 4.8. The asymptotic solution of (4.24), when T is close to zero, is as

follows:
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1. For g1 > g9,
o?r(=1 ) +d
X(T—7)~(1+ G- ‘”) Jeln—a)T, (4.29)
1+ o027 (—2£-)2
a1 q2
_ (g1—g2)m
where d = \/0472(q1‘1_1q2) — 202 Tlog[l—](l +o0 7'(q1 q2)2).
2. For q1 = qo,
X(T . 7_) ~ e—l:—20'27'10g(\/§ﬂ'7'0'72q1)]1/2. (430)

Proof. By defining Y (T —7) = X(T — 7)el2~9)7 (4.24) can be converted as follows:

Y(T —71)et” —e®” = Y(T —7)N(
+Y (T - T)/ (116‘115]\7(a3
0
_/ q2@’125N(ﬂ)ds,
0

g

)ds (4.31)

where

i1 (1) = XL 4 162 /7 = ds(7) + 02T,
log Y(T—-71)

gL3<7-7 S) = \/);(Ts . + \/m = EL4(T7 S) + 0-2\/:'

By applying (4.25), we express (4.31) in terms of the complementary error function

as follows:

Y (T — T)erfc(%(logﬁg e 50VT)) — erfc(\/%(% — 30VT))

T 1 lo gy( 5) 1
= lim eerfe(—(——= + —ov/T — 5))ds 4.32
Y (T— T){y/ q1 (\/5( O'\/T— 2 )) ( )

g 1 logyr—y 1
_A q2@q2serfC<E(#\/(TTS) — 50’\/T—8))d8}.

As 7 near to zero, since X(T —7) > X(T) > 1and V(T —7) = X(T — 7)elez—0)7

then \}(ng(T ) 4+ T0\/T) = %(% + (0 + 2=2)/7) tends to infinity Thus,

component of LHS of (4.32), erfc(—= (e¥T=)

%( v T3 10/T)), has the following asymptotic
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form: | ( .
ogY (T — 1
erfe(— (— + —Jﬁ))
V2 o\/T 2 (4.33)
1 1 . %(10855/7; T):I: Cf\f) :

\/_logYTT:t \/_

as 7 — 0. By applying the integral mean value theorem, the integrand of RHS of

(4.32) can be rewritten as

(e (BT 4 L, )

eric| —=| —— —OoONT — S

V2 0\/7'—3 2 )
8 yr—s

1 log Y( S) ) 2 %( o\/T—s

= erfc(\/?( Um

1 log " 1 .
— erfc(ﬁ(#\/%s))) T —ovT —se

1 !

where c¢ lies between \%(%) and - (% + 10y/T — s). By setting s = 7z,
lo

1 (Y0 a ) and %7 ~ 1,4 = 1,2. Then

and considering 7 near to zero, we have ¢ ~ A

:E%U\/T—s)

the RHS of (4.32) has the following asymptotic form

b1 lgyrty
lim — erfc(— —————=-)dz
Ly —a)r [ el o ot

y—Y (T—71)
—lo8 vty
/ V1—ze 2°0-5 dz}.

—(quy — Q2

Therefore, we derive the following asymptotic equation of (4.32):

\/? 0'27'% 67%(71%)/52:7) 7% o27)2
mlog? V(T — 1)
o8 v

)dz (4.34)

lim - /le fo(—L
~ 1m — T _—
gV (T—p) LY T RIT \/a 7(1—2)

3 ~ log? —log” yrtsy
(qu — q2 T2 / 20271 (1—2) dZ}

42
Y(T) = max(1, a)

Note that
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Now we consider the case of ¢; > ¢» and let

—log Y (T —
05(7—> = °8 ( 7_>7 for q1 2 q2,

\/F

and then (4.34) can be converted as follows:

o132 s
e 2027

Ta?(T)

™

1
~ limy .y (r—r) ) (qle’ﬁo‘(f) — q2> 7'/ erfc (B(z, a(27),y)) dz (4.35)
0

o232 [l -
_@ww%m_@>\ﬁ /1ﬁf%—@mmww,
0

where

log 12

Vza(rz) — %
o/ 201 55

By applying the definition of a(7) and take the limit under the integral, we have

B(z,a(1z),a(T)) = \/ioi(/gz()l%ozd;ﬂ.

For convenient we denote B(z, 7,y) as B(z). Since Y (T'—7z) is a monotone increasing

function of z, then there is an unique number zy such that

Y(T —712z) =y

and Y(T — 7z9) < y for z < zp and V(T — 72) > y for z > z,. This implies that
B(z,1,y) — oo for all z in [0, 29) and B(z,7,y) — —oo for all z in (29, 1], as 7 — 0.
Thus, we replace erfc(B(z)) by using (4.26) for B(z,7) — £o0o when 7 is small. Then

the first integral of (4.35) can be rewritten as the following asymptotic formula :

—B2(2)

)dz
z0(x) \/7_T

1
=2[1 - — [ B7Y2)e PPz,
[1— 2] + ﬁ/o (2)e z

[ ercmena: ~ - [ prce a1 e
erfc(B(z dZN—/ B (z)e” Zdz—i—/ 2+ B (z
0 \/7_T0

1
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In order to find out the asymptotic solution of (4.35), we consider that y ap-
proaches to Y (7T — 1) and sets zo = 1. The remainder is to evaluate the following two

integrals
1 1 1
—/ B~ (2)e ") dz and / V1= ze PGz,
VT Jo 0

Since B(zg,7) = 0 for all 7 and, for z # 29, B*(2,7) — 0o as 7 — 0 then

1 1 2 B (Z)
— | B Y2 B@gy ~ — 2220 4.36
7y T = .
! . NG
L/‘\/1——26B(”ervx/l——zo——————, (4.37)
0 | B:(20)]

by using lemma 4.7.

The limit of the first integral in (4.35) is asymptotic to the RHS of (4.36). We see

that this asymptotic expression is

/0 erfcB(z)dz ~ 52—\(/?) (4.38)

as zop — 1. By applying (4.37), the second integral of (4.35) tends to zero as zy — 1.

So we obtain the following equation:

a?(r) 2
e_ﬁ ~ O;-ﬂ- <q16—\/77'a(7') — QQ> . (439)

Since Y (T — 7) = e~ V(") (4.39) can be rewritten as

_log? Y(T—7) 27T
e et~ > (Y (T —7) — ¢o). (4.40)

Let Y(T —7) =14 y(7), then (4.40) can be rewritten as

_log?(14y(r) 2T

e e~ (@y(T) o - a2).
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And then, we have

(1 — C]2)7T\/§

o2

log®(1 +y(7))

( QI
202t

q1 — q2

~ log|

| + log

y(r) +1).

Multiplying above equation by 2027 and expanding log?(14(7)) and log(2_y(T)+

1) at 1, we obtain that

— 27 G a
- 27_ N20_27_10 (Q1 QZ>7T +2027 T +—1 27' .
() Bl 1+ 20 () + (7))
This implies that
1+ oI Jy?(r) + 20%7(— L)y (r) + 202710g[(ch T =0
(@1 — g2)? G = o’ |

and that the solution of this quadratic equation is

y(7) = ,
1 + 0-27—( lI1q—1¢12 )2

where

— V2
d = \/0472(—q1 )2 — 20r27'10g[(q1 QZQ)W 7—](1 + 027(—Q1 2).
q1 — 42 o q1 — q2

Here, we select positive term to make sure y(7) > 0. So, we have

o?7(=4-) +d
Y(T — =1 q1—9q2
( T) + 1+ 027 (-2 )2’

q1—3q2

and

o*(ptg)
1+ 027 (1)

q1—q2

X(T—-71)=01+

)e(fh—!n)T‘

However, the above approximation can not be applied to the case ¢ = g2. We use

first order approximation to gie~ V™™ — g, and obtain

VTa(r)

qie” —q ~ —qVTa(r), as T — 0.
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Now, (4.39) can be rewritten as follows:

_ ()

e 27 ~ —\2rr0 2qa(r).

Beginning the iteration scheme from the initial value oy = 0, we obtain that
1/2
a(T) ~ [—202 log (\/§7T7'0'_2q1>i| :

Then

2

V(T — 1)~ o[-0t os(vBrrr20)]

Y

and

1/2

X(T . 7_) ~ e—[—ZUQTlog(\/iﬂ'T0'72q1)]

Finally, we convert (4.21) in terms of Sy, Sy and X (7 — 1) as follows:
_ a s a9
P(Sl, SQ,T) = 516 qlTN(—) - 526 q2TN(—)
o, ~= 0 _ (4.41)
—l—qlSle‘“T/ e N (=2)ds — nggeqﬁ/ N(=)ds,
0 g 0 g

where

as = Tlis (ln(SQXf(lT_s)) + 01 (7 — s)) ,
ay = /77_1_5 (ln(sgxf(r—s)) = Oo(7 — S>) :

4.5 The Exact Solution of the Perpetual AEO

A perpetual option is an option which does not have an expiry date but rather

an infinite time horizon. Namely, the expiry date T for a perpetual option is equal
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to infinity at the initial. The optimal exercise ratio for the perpetual AEO in (4.24)
is a time-invariant constant [36], denoted as Xy(oco). Since 7 is any point in (0,7)
and 0 < s < 7, Xy(T'— 1) and X;(T — s) in (4.24) are both replaced by Xy(o0).

Therefore, the optimal exercise ratio Xr(co) satisfies the following equation

Xp(o0) =1 = Xs(c0)e ™" N(ay) — e ?"N(az)

+Xf(oo)eq”/ Q16Q1SN(€L3)dS—€_q2T/ q2e° N (ay4)ds,
0 0

(4.42)
where
. In X¢(c0) + 07 . In X¢(00) — 07
a; = , A2 = )
o\/T o\/T
! . 16
a3 = —V/T — 8, Gg = —/T — s,
i ot
9 = 5(02 —2q1 + 2q2), 02 = 5(02 +2q1 — 2¢2).
Theorem 4.9. The value of the optimal exercise ratio X¢(oo) is
52
(1 H ﬁ)
Xy(o0) = dat (4.43)

52 '
1\ e
51 +2q10’

Proof. Let u =1 — s, then a3 = %\/ﬂ Using integration by parts to the third term

on the RHS of (4.42), we obtain

/ Qe TTIN (é\/ﬂ) du
0 g (4.44)

5 1 1,6 [T 1
:—N(gl\/F)—i-—eqlT—i-—eqlTl —

— e
2 2" o )y V2ru

Applying the same argument to the forth term in (4.42), we also obtain

/ e TIN (—@\/ﬂ) du
0 7 (4.45)

0 1 1 o [T 1 _ 09 2y,
— _N(__Q\/F) 4L —e®T _ _e(I2T_2/ e (Q2+(\/§20)2) du.
o 2 2 o Jo 2mU

~(arH ()M gy,
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Substituting (4.44)-(4.45) into (4.42), and letting the remaining time 7 tend to infinity,
since the terms e "7 N (%) and e TN (%) both tend to zero, then we get

the following equation

(18 "L o) o0
- — — e 202 U floo
2, 20 Yo ) (4.46)

62 /OO 1 —( 52_|_ ) )
=(=-+= ———e ‘2.2 TRy
(2 20 Jo 27u

By the well-known result

1 /T L ey [1
— —e U—\/—, as T — 00
\/27‘(’ 0 \/a 20

and (4.46), we get (4.43). O

Note that X(c0) in the above theorem is a constant when the parameters o1, oo,
¢1, ¢2 and p are given. Substituting X(oco) into (4.21), the early exercise premium

for the perpetual AEO can be obtained as follows:

Theorem 4.10. The early exercise premium of the perpetual AEQO is

(55 )e 9+ 38 0) ) ().

where D; = \/62 + 2q;02, i =1,2.

In order to prove this theorem, we need to use the moment generating function of

Inverse Gaussian distribution. This function is given as follows, see Berg [5]:

Lemma 4.11. Let X be an Inverse Gaussian random wvariable with mean pu and

variance p? /v and its probability density funciton is written as

pr \Y2 _ve-w?
haliv) = (o) €
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then the moment generating function of Inverse Gaussian random variable is
[e.e]
E [eX] = / e h(z|p, v)de = e,
0
where n(t) = \/v? — 2tpw.

Proof of Theorem 4.10. We first express (4.21) in terms of Sy, Sy and X(T — 7)

as follows:

ln(g—;) + (517') B Sge_q”N(ln(%) — 0T
a1 o/ (4.47)

S / e N()ds — gy She " / e N (%) ds,
0 o 0

P(Sl, SQ,T) = Sle_q”N(

where

as = \/:Ts (ln<32xf(lr—s)) + 61(T — s)> :

ay = \/TITS <IH(SQX;S‘(1T7‘S)) — da(T — s)) .
Replacing X¢(7 — s) by X¢(00) and letting u = 7 — s, the early exercise premium of

the perpetual AEO is reduced to

P(Sl, SQ) = Sl / qle_q“‘N(%)du — SQ/ QQe_qQUN(%)dU, (448)
0 o 0 o
where
1 Sy
= —(In(———— 0

az(S1, S2) \/ﬂ( n(SQXf(oo)) + d1u),
1 S

a’4(517 SQ) = = ! - 52u>7

In(———
vi "X )
when the remaining time 7 tends to infinity. Here, the first two terms of RHS in (4.47)
are both converge to zero since N(z) is bounded, and e~ %7, e~%" both converge to

Zero.
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Applying integration by parts to the first integral of (4.48), we obtain that

o0 _ 51U+61
PN | ——— | d
Q1/0 ) ( oV ) ’
A [T ] 12 _(yutay?
=2 / U \gma) oo (4.49)

0o 1/2
e ) "]
0 2mu

o

where A = In (L>

S2X ¢ (00)

Let pup = % and v; = _;4251, then pvy = ‘:—22. Using Lemma 4.11 to the first term

of RHS in (4.49), we obtain that

o0 1/2 (u—pq)? §14-D
1% _ 231 A 2 1+D1
/ e Y (M) e Tl dii—e 2 Vvit2avip e o A7 (450)
0

2mus

where Dy = /0% + 2q,02.

By expanding (6;u + A)? and letting u = v?, we have
0o 1/2 _4A
ﬂ e nu (L) e_(élzi;i)Q du = Ofe3ibd /OO —1 ef(a1v2+ﬁv_2)dv
20 Jo 2ru o 0o Vo

in (4.49), where a; = % + ¢ and § = %. Note that the following identity can be

obtained from the integral table:

for any positive real number oy, 5. Hence, we obtain

51 > 1 1/2 _ (bputA)? 51 _(D1+61A
—_— —au _— o'2u d = —— 0'2 . 451
2% Jy € ( ) © T ep© (4:51)

2mu

in (4.49). By (4.49), (4.50) and (4.51), we get

T e N (B gy = L (00 ) () (S
/Oqle N(U)du 2(D1 1)6 X0 )
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in (4.48).

The same process can also be applied to the second integral of (4.48) and we have

derived an explict pricing formula for the early exercise premium of AEO. l

To demonstrate the pricing formula in Theorem 4.2, let us consider the following

example.

Example 4.12. The current price and the constant volatility of asset 1 are given as 40
and 40%. For asset 2, the current price and the constant volatility are given as 35 and
40%. The correlation coefficient between two assets is given as p = 10%. Consider the
following three cases: (q1, ¢2)=(0.1, 0.01), (0.05, 0.01) and (0.02, 0.01). From case
1 to case 3, the optimal exercise ratio are 2.1644, 3.5219, and 10.0365, respectively,

and the early exercise premium are 12.5432, 9.2213, and 3.4067, respectively.

4.6 Integral Recursive Methods

Many numerical methods have been discussed for the FBP derived from American
style options (Kim [36], Ju and Zhong [35]). We use the integral recursive (IR)

method, which was proposed by Kim [36], to calculate a numerical solution of (4.19).

In our numerical procedure, all integrals in (4.19) are approximated by the trape-
zoid rule. Let {7;}"_, be a partition of [0,7], A7 = 7,.; — 7 = 7/n and z; denote
the numerical solution of z(7;), i = 1,2,--- ,n. We have known that zq = z(79) =

max(0, 01 log(£)). As i = 1, z; is approximated by solving the following nonlinear
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algebra equation

e(th-%-%af)nﬁ-alrl qz-i-%ag)ﬁ

_ elelJr%U%ﬁN(al(Ith)) 6502T1N< (1]1,7'1)>

12 AT 63<CL’0 T0 CL’()) (CL’l T CL’()) (452)

+€lel+50171—(q1N(%) + G QQITIN(%))
2 o ( U)

ayg(x1, 71, To

(—————))

AT N(64(x0,7'0,x0)) -

9 <QQ

0'27'1

—e2 + qe®™ N

where @y (z,7) = f(x+( —po109)T), Gg(x,T) = \%(m—i—(palag—a%)ﬂ, as(x,1,y) =
\%(x + (03 — po1oa)T — ), and Gy(x, T,y) = %(x + (po1oy — 03)T — y). Here, x4,
which is the only unknown number in (4.52), can be obtained by using the root-finding

method.

Recursively, the general algebra equation for z;, i = 2,3,...,n can be reduced by

e(l]l'*‘%ﬂf)ﬂ"i-awi _ 6(112-*‘%05)71'

— eUlwi+%U%TiN(a/1 (xia Ti) ) = 70-27-ZN< (I’La Tl))

AT ’ as(zo, To, To) - as(z;, 7, Ti-1)
o1Ti+x 0—17—1 N 3 0570540 2 aTi N o T ti-1
+e SN+ ;qle (Bl
rqenn (BT T )y dogn AT ¢ @alT0, T, 2o)
o 2 o
- ay(zj, 75, T5-1) ag(x;, iy Tioq)
2 2T N LA A a7 [\ 04T, Ti, Ti1)
#23 e IN(RERE gt N(REREE)
where x;, i = 1,2,--- ,n are solved sequentially. As n large enough, the optimal

exercise ratio z(7) can be approximated to sufficient accuracy as desired.

Now we substitute {z;}, into (4.47). The value of AEO can be approximated
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by following equation.

pn(yh Y2, Tn)

%(N(a?)(yl? yj-7 70, ZE()))

—I—QZ eqlTJN y1,y2,7']7$] 1)))—|—q161117'n]\/'(a3<y1’yQ’men)))
g

_ 1 2
— p<yljy2,7_n)_|_601y1+2017’n

—e

A n—1 ' a
01y1+ Ung T(N( 4<ylay277-07x0))_l_2Z(q2€qujN(a4<ylay277—]7:[;j 1)))

2 o : o
J=1

(a4(91, yi Tn, wn)))

+q2eq27nN

9

where p(y1, y2, 7) = €(Uly1+%0%7)N(w> - emyﬁ%agﬂj\f(w). And then,
we convert (pn(y1, Y2, Tn), (7)) back to (P,(S1, S2,7,), X(7,)) and obtain the price
of AEO numerically. Obviously, the limit of P, tends to P(Si,Se,7) as n tends to
infinity. Here, we do not approximate (4.24) directly because of that the integral

region in (4.24) is described by the nonlinear function log .S;.

4.7 Numerical Results

In this section, the numerical solution obtained from IR method is compared to our
asymptotic formula. Figure 4.1 displays the graph of the case of that o; = g5 = 0.5,
q1 = 0.02, g = 0.01 and p = 0.5. Figure 4.2 displays the graph of the case of that
o1 =09 =0.5, ¢ = g2 = 0.01 and p = 0.5. The solid curve is numerically computed
by IR method and the dash curve is computed by asymptotic formulas (4.43). These
figures show that the results from our asymptotic formula and IR method are very

close as time near to expiration date.
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2.2

1.8 -~ ]

T

T

1.6

Early Exercise Ratio
A
‘

14 %

1.2

T
1

1O 0.1 0.2 0.3 0.4 0.5
Remainder Time

Figure 4.1: The optimal exercise ratio X (7) as a function of 7 =T — t for ¢; = 0.02,
g2 = 0.01 with given by (4.29)(dash curve) and recursive integration method(solid
curve)
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Figure 4.2: The optimal exercise ratio X (7) as a function of 7 =T — ¢ for ¢; = g2 =
0.01 with given by (4.30)(dash curve) and recursive integration method(solid curve)



