Chapter 2

Preliminaries

The diallel cross experiments involving p(p+1)/2 distinct crosses are
considered. Let d be a block design for a diallel cross experiment with p test lines,
one control line, and b blocks of size k each. Let s, denote the number of times
line i occursincrossesind, i=0,1,...,p, let g, denotethe number of times
the cross (i,i") appearsind, Vi=i',i,i'=0,1, ..., p, and let n = bk denote
the total number of crosses in d. The model for design d is then assumed to be

Y, =yl +A T+A,f+E,
where Y, is the nx1 vector of observed responses, u is the overall mean, 1
denotes the nx1 vector of 1’s, 7 =(z,7,,--,7,)" is the vector of p + 1 general
combining ability effects, Bz(ﬂ1,~--,ﬂb)’ is the vector of b block effects,
Ay, A,, are the corresponding design matrices, that is, the (s,h)th elememt of
A,, 1s 1 if the sth observation pertains to line h, and is zero, otherwise; and the
(s,))th element of A,, is 1 if the sth observation pertains to block I, and is zero,
otherwise; & is the nx1 vector of uncorrelated random errors with mean zero
and constant variance o . The coefficient matrix of the reduced normal

equations for estimating 7 is

C, =G, —(L/K)N N},



where G, = Aj Ay = (i) Ggi =Sqi» and Ny =Aj A, =(ng), Ny Is the
number of times line i occurs in block j. Note that the row sums and column sums
of C, are all zero. In this thesis, our focus is on the estimation of the test line
versus control contrasts (z, —7,,---,7, —7,)", and by Bechhofer and Tamhane
(1981), and Das, Gupta, and Kageyama (2002), the information matrix,
M, =(my;), for the estimation of (7, —7,,---,7, —7,)" is obtained by deleting

the first row and first column of C,, and

M. = Sgi — (1/k)zt;:1n§ij ,fOI’ i= i’.

Let D(p+21Db,k) be a collection of all connected designs with p test lines,
one control line, b blocks of size k. A design d*e D(p+1Db,k) is said to be
A-optimal if it minimizes > Var(7; —7,), where 7, -7, is the best linear
unbiased estimator (BLUE) of 7, —z,, i = 1, ... , p, over all designs in
D(p+1Db,k), that is, d* satisfies

L Var(Tys = Ty) = deDT)i?b,k) L var(7g —740) , Or

trMz = min trM .
deD(p+1b,k)

For a design d € D(p+1,b,k), applying the averaging technique in Kiefer
(1975), Majumdar and Notz (1983), and Jacroux and Majumdar (1989), one can
show that

trM ;' >trM ",

where M, = (1/p!)>._zM 7z, is the average of all possible permutations of the



p test lines on M, and = is the corresponding px p permutation matrix. We

should note that M, is completely symmetric, that is, M, = al , +bJ, ., where

p.p?

I, isthe pxp identity matrix,and J isa pxp matrix of 1's. Among all
designs in D(p+1Db,k), a group of designs having completely symmetric
information matrices is called a type S block design by Choi, Gupta, and
Kageyama (2002).

Definition 2.1. (Choi, Gupta, and Kageyama (2002)) A design d € D(p +1,b,k)
is a type S block design if Vizi'= 1, ..., P, 0G40 =90 g =9
1 NgoiNg; = Aor@nd Y ngng =4, where g,,9,, 4, and 4, are integers.

A type S block design if it further satisfies that the control line as well as the
p test lines appears as evenly as possible in each block is called a type S, block
design by Das, Gupta, and Kageyama (2002), and their A-optimality property has
also been shown.
Definition 2.2. (Das, Gupta, and Kageyama (2002)) A type S block design d is
said to be a type Sp block design, denoted as S,(p, b, k, 9y, 9,, 45, 4,), if it
satisfies [Nnyo; —Ngop [ <L [Ng —Ngy [ <1, fori,i'=1, ..., p;j,j'=1,...,b.

Through straightforward calculation, a type Sp block design d has the
following properties.

(1) S4o = P,

(i) sy ==35gp =0 +(p-1)g, =s;, say,



(ii)) pg, +(p(p-1)/2)g, =bk,
(iv) Z?:lngoj' = p(2kg, - 4y),
(V) X.n5 =2k(ge+(p-Dgy)-(p-DA4 -4, i=1,...,p,

(Vi) My =((pA+ %)/ k=0~ Pg,)l, + (g, ~ A4 /k)J,, and

the eigenvalues u, 1=1...,p,of M, are u, =4,/k-0,,

Hyo == Hyp =4 + pA) k=9gy - pg,.
Let
—17?
O(540i PR = —— Py (- ,
Sqo —N(S40) /K 20k =545 —a(S40) /K= (540 —N(Sye) /K)/ P
where  a(sy,) = (2bk —s40)(2y, +1) — pby, (y; +1) ,  h(S4e) = S40(2Y, +1)

—by,(y,+1), vy, =[(2bk —s,,)/ pb], vy, =[s,,/b], and [] is the greatest
integer function. Das, Gupta, and Kageyama (2002) show that for a design
d e D(p+1b,k), trM;* >trM ;' > g(s,,; p,b,k), and the equalities holds when
M, is completely symmetric. Using the above inequality, the A-optimality of

type S, block design is thus proved.

Theorem 2.1. (Das, Gupta, and Kageyama (2002)) Suppose s, is an integer
defined by g(s,; p,b,k) = Kngdigc 9(S40; P, 0, K), wherec=bkif (i) p=5,k=3,

(i) p =4, k is odd or (iii) p = 3, else ¢ = b[k/2]. Then a type S, block design

So(p: b, k, 90191’/10’/11) with go:SO/p 1 91:(31—90)/([3—1) )

Ao = (2ksy —=h(sy))/ p, A =(2ks, —h(s;) - 4,)/(p-1) and s, =(2bk—sy)/p



is optimal inD(p +1,b,k).
However, the theorem can be generalized as follows. Let s, = (ks,,
g )/ pk, then in Das, Gupta, and Kageyama (2002) one has trM ;* > u;
+(p—-1)%(2bk —s,, —a(Sy,)/ K — 15,) " =86, , say.
Lemma 2.2. For given values of p, b, and k, suppose d € D(p+1,b,k) has
Zi":lzkj.:lnjij =a(Sy,), and sy, >b[k/2]. Then there exists d*e D(p+1,b,k)
having 37 37" nl; =a(ss) With s, <b[k/2], and satisfying 6,. <6,
unless p=3.
Proof: In the proof of Lemma 2.4 of Das, Gupta and Kageyama (2002), they set
Ngwoj = Ngoj 1T Nyo; <[K/2] and ng.; =k —nyq; if nyy, >[k/2], and show
that gy = uy,, and 2bk —s,, —1(s4,)/k decreases as s,, increases except
when (i) p =5, k=3, (ii) p = 4, k odd, and (iii) p = 3. In the following, one can
show that (i) and (ii) can be released.

Let w(sy,)=2bk —s,, —a(sg)/k. In (i), w(sy)=(2/3)(6b—-s,,)1-Y,)
+5by, (y, +1)/3 where vy, =[(6b—s,,)/5b]. For 0<s,, <b, then y, =1, and
w(Sq0) =10b/3 is a constant. For b<s,,<6b , then y =0, w(sy)
=2(6b—-s,,)/3 is a decreasing function in s,,. Moreover, y(b)-w(b+1)
=2/3. Hence if sy, >b[k/2]=b, there exists a design d* having S,., <b
and 6,.<6,.

Similarly, in (ii), w(s4,)=(2b—-s,,/k)(k -2y, —1) +4by, (y, +1)/k, where



y, = [(2bk —s,,)/4b]=[k/2—s,,/4b]. For 0<s,, <2b, then y, =(k-1)/2,
and w(s,,)=b(k*-1)/k is a constant. For 2b<s,, <2bk and fix value vy,,
w(S4) IS a decreasing function in s,,. Moreover, denote s'=(2+4u)b,

s =(6+4u)b, where u>0 isan integer, then

_[(k=1)/2-u, whens,, =5,
= (k-3)/2-u, whens,, =s",

w(s)—w(s")=8b(u+1)/k >0, and
w(2b)-w(2b+1)=2/k.
Hence w(s,,) is a decreasing function whenever 2b<s,, <2bk. Thus, if
Sqo > b[k /2], there exists a design d* having S,., <blk/2]=b(k-1)/2 and
0, <0,.
A less restrictive and more efficient theorem, in searching for the “best”
value of s,,, is given in the following.
Theorem 2.3. For given values of p, b, and k, a type S, block design
So(p, b, Kk, 94, 9;, 4, 4,) is A-optimal if it satisfies
(i) s, isa positive integer such that g(so;p,b,k):Krgchg(sdo;p,b,k),where
c=bk if p=3,else c=Dblk/2],
(i) s, =(2bk—s,)/p,
(i) go=s,/p, 9; =(5,—9o)/(P-1),

(iV) 2'o = (2k50 - h(so))/ P, /11 = (stl - h(sl) - j“o)/(p _l)-
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