Chapter 4

A-Optimal Designs for p >k

Due to the complexity of g(s,,; p,b,k), the problem of finding families of
A-optimal designs for p>k >3,and p >4 issubdividedinto p>2k-s,,/b
and 2k-s,/b>p>k>3 , that is, when [(2bk-s,,)/pb]=0 and

[(2bk —s,,)/ pb]=1, respectively.
4.1. A-Optimal Designs for [(2bk —s,,)/ pb]=0

For [(2bk —s,,)/pb]=0, or p>2k-s,,/b, one has y, =0, a(s,,)

=2bk —s,,, and

(p-1)? p

9(S405 P,0, k) = + .
2b(k —1) = (p(k —1) + k)s4o / pk +h(s40)/ Pk S40 —h(Sye) /K

Let A, ={(0,2):z=1---,b}, A,={(X2):x=1,---,[k/2]-1,z2=0]1,---,b},
and A=A, UA,. Let s;,=bx+z , then y,=[s,,/bl=x and h(sy,)
=5,,(2y, +1) —by,(y, +1) = (bx + 2)(2x +1) —bx(x+1) =bx* +2zx+z. If we

denote g(S4; P.b,K) by g(x,z), then

g(x’z)zz pk(p_l) -
pbk(k =1) — (p(k =1) + K)(bx + z) + bx* + 2zx + z

32



. p
(bx + z) — (bx* + 2zx + 2) / k

= pk[ (p _1)2 + ! j
2a, —a,(bx+2) +bx? +22x+z  k(bx+2z)—(bx? +22x+12) )’

where a, = pbk(k-1), a, =p(k-1)+k . Note that g(x,0)=g(x-1b) for
x>1. Then the s, value found by minimizing g(s,,;p,b,k) over
1<s,, <b[k/2] in (i) of Theorem 2.2 can be found by minimizing g(x,z) over
(x,z) € A, instead, that is, s, =bt+s,and g(t,s) = (mggAg(x,z). In the
following, a similar procedure as that in Hedayat and Majumdar (1985) is
followed to find families of A-optimal designs.
Lemma 4.1. For fixed value of x, 0<x<[k/2]-1, there exists z,(0<z, <b),
a function of x, such that g(x,z) decreases in zwhen 0<2z<z and increases
in z when z,<z<b. If z,=0, g(x,z) increases in z, and if z; =b, then
g(x,z) decreases in z.

Proof: Taking the derivative of g(x,z) with respective to z, one has

0 —(p-1)?*(2x+1-a
—g(X,Z): pk (p ) ( ; 2) -
oz (2a, —a, (bx + ) + bx? + 22x + 2)

B k—2x-1
(k(bx +z) - (bx? + 22x + 2) )’
and the sign of dg(x,z)/dz is the same as the sign of
—(p-1)?(2x+1-a,)(k(bx +2) - (bx? + 22x + 2) )]

—(k—2x —1)(2a1 —a,(bx +z) +bx* +2zx + 2)2
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=®d(2z), say.
Now let
0,(X)=—(p-1*(2x+1-a,)(k—2x-1)* —(k —2x-1)(2x +1-a,)’
= p(a, —2x-1)(k = 2x - ((p-2)(k —2x-1) - (k - 1)),
o, (X)=-b(p-1°(2x+1-a,)(k - 2x -1)x(k — X)
—(k —2x-1)(2x +1—-a,)(2a, —a,bx + bx?)
= pb(a, — 2x —1)(k —2x = 1)(x(k = x)(p - 2) + (k —1)(2k — X)),
?s(X) = ((p—DbY (2x +1-a,)(x(k — x)}* + (k — 2x —1)(2a, — a,bx + bx?)?
=b*((p-1)?@2x+1-a,)(x(k - X))
+ (k= 2x=1)(p(k —1)(2k — X) + x(x = K)?).
Then ®(z) can be rewritten as ®(z) = @, (X)2* +2¢,(X)2 -, (X). For x in
[0,[k /2] —1], one can see that
k-2x-1>k-2[k/2]+1>k-k+1=1, 4.1)
a,—-2X-1=pk-p+k-2x-1>k-2x-1>1. (4.2)
And through some straightforward calculation one can show that x(k — X)(p —2)
+(k-1)(2k-x)>0 and (p-2)(k—-2x-1)—(k—-1)>0, hence ¢,(x)>0, and
®,(x)>0. Now 0d(z)/0z =2z¢,(x)+2¢,(x) >0 for xe[0,[k/2]-1], hence
®(z) isincreasing in z, therefore ®(z) is either all negative, or increasing from
negative to positive, or all positive for 0<z <b. Since the signs of dg(x,z)/oz

and ®(z) are the same, the lemma is thus proved.
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Lemma 4.2. Suppose 0<x<[k/2]-1. Then a necessary and sufficient
condition for
(i) g(x0)=ming(x2) is g(x0)<g(xD),
(i) g(x,b)= ggzigrg g(x,z) is g(x,b)<g(x,b-1).
Proof: The necessary conditions for both cases are obvious, and the procedure of
proving the sufficient condition for (ii) is similar to that of proving (i), and is thus
omitted.
Now from the proof of Lemma 4.1, g(x,0) <g(x,1) impliesthat ®(z)>0,
thatis, g(x,z) isincreasing inz, (i) is thus proved.
Lemma4.3. (i) Suppose 0<t<[k/2]-1,then g(t,0)<g(tl) implies
9(x,0) <g(x1) for t<x<[k/2]-1,
(i) Suppose O0<t<[k/2]-1,then g(t,b) <g(t,b—1) implies
g(x,b) <g(x,b-1) for 0<x<t.
Proof: (i) Let h,(x) =2a, +bx(x—a,), h,(x)=Dbx(k-x),
h,(x) =2a, + bx(x—a,)—(a, —2x-1) and h,(x) =bx(k —x)+(k-2x-1),
then
9(x,0)—g(x.1)

_ pk(((p =27, (x) + hy () ()0 (X) = (P =)0 (X) + s () ), (), (4))
h, (), (x)h (), (x)

~ pk{(k = 2x=1)h, (h, () - (p —1) (8, — 2x ~1)h, (), (X))
- h, (x)h, (x)h, (x)h, (x)
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= pkf, (x)/(h, (x)h, (x)h; (x)h, (X)), say.
Hence g(x,0)<g(x2) if and only if f(x)<0, f,(x) is a fourth degree
polynomial in x, and

f,(0) = 2a,(k —1)(2a, —a, +1)

= 2pbk(k —1)°(2pbk — p~1) > 0,

f((k-1)/2) —(b(k -1k +1)(a, —k)(p-1) /4)(b(k ~D(k +1)/4)
= —(1/16)p((p-Db(k +1) ¥ (k -1)* < 0.
Now
h,(x) > 2a, + bx(x—a,)—-b(a, —2x-1)
=2a, —b(x+1)(a, —x-1)
> b(x? + (k —1)(3pk — p—k)/2)> 0,
and by (4.2), one has h,(x) > h,(x) >0. By (4.1), one has h,(x)>h,(x)>0.
Observe that
(@) hy(x) isconvexinx, and the minimum value of h,(x) occurs at
Xx=a,/2>(k-1)/2.
(b) hy(x) isconvex in x, and the minimum value of h,(x) occurs at
Xx=a,/2-1/b>(k-1)/2.
(c) k—2x—-1>0 andisdecreasinginxfor 0<x<(k-1)/2.
(d) o((a, —2x —1)h,(x))/ox

= b(6x% — 2((p +1)(k —1) + 2k)x + (p + L)k (k 1)),
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and the minimum value of d((a, —2x —1)h,(x))/dx occurs at

x=((p+1)(k-1)+2k)/6>(k-1)/2,and

%((az—ZX—l)hz(x)){ —(k-D)(p—k/2-1/2)>0.

x=(k-1)/2
Hence (a, —2x-1)h,(x) isincreasingin x for 0<x<(k-1)/2.

(€ h,(x)

is concave in x, and the maximum value of h,(x) occurs at
x=k/2-1/b>(k-1)/2.

For 0<x<(k-1)/2, by (a), (b), (c), and the fact that h (x), h,(x) >0,
one can see that (k —2x—-1)h,(x)h,(x) is decreasing in x; by (d), (e), and the fact
that a, —2x-1, h,(x), h,(x)>0, one can see that (a, —2x-1)h,(x)h,(x) is
increasing in X. Hence f,(x) isdecreasinginxfor 0<x<(k-1)/2.

Now, since f,(0)>0 and f,((k-1)/2)<0, there exists t such that
f,(t)<0,then f (x)<0 for t<x<[k/2]-1, and the result follows.

(i) Let h (x)=2a, —a,(bx+b-1)+bx*+2(b-1)x+b-1,
hy (X) = k(bx + b —1) — (bx? + 2(b —1)x + b —1), then
g(x,b) - g(x,b-1)

~ pk((p—=1)2h, (x+1) +h, (x+ 1) h, (X)hg (X)
- hy (X +1)h, (x +L)hg (x)hg ()

~pkl(p—2h, () +hy (), (x+D)h, (x +1)
h, (x +1)h, (x + )hs (x)hg (x)

 pk((p-D)?%(a, — 2x=Dh, (x +Dhg (X) — (k — 2x —D)h, (x+ D)y (X))
B h, (x +D)h, (x + L)hg (x)hg (x)
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= pkf, (x)/(h, (x + D, (x + Dhg (x)hg (x)), say.
Note that
h(x+1) > 2a, +b(x+1)(x+1—a,) —b(a, — 2x —3)
= 2a, - 2b(x +1)(a, — x—2)
> b((x+1)% + (k —1)(3pk — p—k — 2(k - 2) /(k ~1))/2)> 0,
h,(x+1) =b(x +1)(k - x—1) > 0,
hy (x) = hy (x+1) + (a, - 2x—1) > 0,
he(x) = h,(x +1) — (k —2x =1) > (k - x —1)(b(x +1) —1)> 0.
Hence g(x,b)<g(x,b—1) ifandonlyif f,(x)<0. f,(x) isafourth degree
polynomial in x, and
f,(0) = (p+1b(b~1)(p-1)*(k -2)°
—b(2pk - (p+1))2pbk — (b-1)(p + 1))k —1)°
<b(b-1)(k ~1*((p+1)(p - 1) - (p(2k ~1) ~1")
=b(b-1)((p-3-(2k —=1)?)p?(k —=1)° + (4k + 1) p—2)< 0
if p<2+(2k-1)7,
f,((k=1)/2)=(a, —k)(p —1)*(b(k +1)(k —1) / 4)
= (1/16) p(k —=1)((p - Dbk —1)(k +1))* > 0.
Now through some straightforward calculation, one observe that

(f) hy(x) isconcave in x, and the maximum value of h,(x) occurs at

x=(k-2)/2+1/b>(k-2)/2.
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(@) o((a, —2x—1)h,(x +1))/ox
= b(6x? —2(2(k —1) + (k —1)(p +1) — 2)x + (k = 1)((p +1)(k —2) - 2)),
and the minimum value of 8((a2 —2x —1)h,(x +1))/8x occurs at

x=(pk—p+3k-5)/6>(k-1)/2, and

%((a2 —2x—1)h2(x+1))1 = (k-1)(p-k/2)+(17-K)/2>0.

x=(k=3)/2

Hence (a, —2x-1)h,(x+1) isincreasinginxfor 0<x<(k-3)/2.

(h) h,(x+1) isconvex inx, and the minimum value of h, (x+1) occurs at
x=(a,-2)/2>(k-1)/2.

(i) hg(x) isconvex inx, and the minimum value of h,(x) occurs at
x=(a,-2)/2+1/b>(k-1)/2.

For 0<x<(k-3)/2, by (f), (g), and the fact that a, —2x-1, h,(x+1),
hs(x) >0, one can see that (a, —2x-1)h,(x+1)h,(x) is increasing in x; for
0<x<(k-1)/2, by (c), (h), (i), and the fact that k—-2x-1, h(x+1),
h.(x) >0, one can see that (k—2x-1)h (x+1)h,(x) is decreasing in x. Hence
f,(x) isincreasinginxfor 0<x<(k-3)/2.

Moreover, let h,(x)=(p-1)*(a, — 2x—Dh, (x +)h, (),
hg (X) = (k —2x-1)h, (x +1)h,(x) , then f,(x)=h,(x)—hg(X), and

f,((k-2)/2)-f,((k-3)/2)

=h,((k=2)/2)—h,((k —=3)/2)+hy((k —=3)/2)—hy((k —2) / 2).

Since hg(x) isdecreasing in x and is nonnegative for 0<x<(k—-1)/2, one

39



can obtain that h,((k —3)/2)—hy((k =2)/2)>0.
Note that
h,((k —2)/2)=(a, -k +1)(p—1)°h,(k / 2)h,((k —2) / 2)
= (1/4)b(p(k =1) +1)(p —1)*k*(bk?® /4 1),
h,((k=3)/2)=(a, —k +2)(p—1)*h,((k 1)/ 2)h,((k - 3)/ 2)
= (/4)b(p(k —1) + 2)(p —1)* (k2 —1)(b(k> —1) /4 - 2),
one thus has
h,((k-=2)/2)-h,((k-3)/2)
= (1/4)b(p -1)*(k?(p(k —1) +1)bk? /4 —b(k?> —1)/ 4 +1)
+(b(k? =1)/4-2)p(k -1) - (K> —1) +1))
2(1/4)b(b/4+1)(p—1)2(k2(p(k—1)+1)
+(k(k-1)/2+1)b(k? -1)/4-2))>0
since p>2k-x—z/b>2k—(k-3)/2-1=(3k+1)/2,thatis, f,((k—-2)/2)
— f,((k-3)/2)>0.Hence f,(x) isincreasinginxfor 0<x<(k—2)/2.
Now since f,(0)<0 and f,((k—1)/2)>0, there exists t such that

f,(t)<0,then f,(x)<0 for 0<x<t,and the result follows.

Lemma4.4. (i) For 1<t<[k/2]-1, then g(t,O):(mggAg(x,z) if and only if
g(t,0)<g(t) and g(t,0)<g(t-1b-1),

(i) For t=[k/2],then g([k/2],0):(m§QAg(x,z) if and only if

g([k/2],0) < g([k/2]-1b—1).
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Proof: (i) If g(t,0) <g(t,1), by Lemma 4.2(i),
9(t0) = min g(t,z) <g(t,b) = g(t+10);
and by Lemma 4.3(i), g(t+10)<g(t+11). Then g(t,0) is the minimum of
g(x,z) for x=t,---,[k/2]-1,and z=0,1,---,b.
Similarly, if g(t,0)=g(t-1b)<g(t—-1b-1), by Lemma 4.2(ii),
g(t-1b)= min g(t-12)<g(t-10)=g(t-2b);
and by Lemma 4.3(ii), g(t—2,b)<g(t—2,b-1). Then g(t,0) is the minimum
of g(x,z) for x=0,4---,t-1, and z=0,1---,b . Therefore, g(t,0)
= (QWZ;DA g(x,2) . The necessary is obvious, and (i) is thus proved.
(ii) can be proved by using a similar procedure as that in the previous proof, hence
IS omitted.

Lemma 4.1 to 4.4 can be used to find families of A-optimal type S, block
designs with the control line appearing in t crosses in each block.

Theorem 4.5. Let 1<t<[k/2]-1. A type S, block design S,(p,b,Kk,
Jos 0;,49,4,) having s, =tb, s, =b(2k-t)/p, g,=th/p, g, =2bk-t)/
p(p-1), A, =tb(2k-t)/p, A =b(2k-t)(2k -t-1)/p(p-1), if exists, is

A-optimal when p, b, k,and t satisfy

bl(k — 2t ~1)(p(k —1)(2k - t) — t(k —t) — (a, — 2t —1)(t(p - 1)(k —t) )
< p(a, -2t —1)(k =2t = 1)(t(p - 2)(k —t) + (k —1)(2k — 1)), (4.3)

and
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bl(a, — 2t +1)(t(p - 1)(k 1) — (k — 2t + 1)(p(k —1)(2k —t) — t(k —t) )

< p(a, =2t +1)(k =2t + D(t(p - 2)(k —t) + (k —1)(2k - 1)). (4.4)
For t=[k/2], only inequality (4.4) needs to be satisfied.
Proof: By Lemma 4.4, g(t,0) = (mi)gA g(x,z) ifandonlyif g(t,0)<g(tl) and
g(t,0)<g(t-1b-1) . And in the proof of Lemma 4.3, it is shown that
g(t,0)<g(tl) ifandonlyif f (t)<0,and g(t,0)<g(t-1b-1) ifandonly if

f,(t—1) <0. Inequality (4.3) is an expression for f,(t) <0, and inequality (4.4)

Is an expression for f,(t-1)<0.

42



4.1.1. A-Optimal Designs fort =1

For t =1, inequality (4.3) becomes
b(k ~2)°(4(k - 3)(pk ~1) - (p-1)°)
<(k=3)(p+2k-3)(p(k -1) +k -3), (4.5)
and inequality (4.4) becomes
b((p+1)(p+4k —3)—4pk? )< (p+1)(p+2k —3). (4.6)
Now since that the right hand side of inequalities (4.5) and (4.6) are both
nonnegative, the A-optimality of a type S, block design S,(p,b, k, g,, 9;,
AosA) having s, =b, s, =b(2k-1)/p, g,=b/p, g,=2bk-1)/p(p-1),
Ay =b(2k-1)/p, A4, =2b(2k -1)(k —1)/ p(p—1) can be observed by showing
that the following two inequalities are satisfied.
4(k -3)(pk —1) < (p-1)?, and (4.7)
(p+1)(p+4k —3) <4pk>. (4.8)
Applying inequalities (4.7) and (4.8), one can obtain families of A-optimal
type S, block designs.
Theorem 4.6. For p>2k , k>3 , a type S, block design
So(p, b, k,9,,0,,4,,4) having s,=Dh, s, =b(2k -1)/ p, g, =b/p,
g,=2bk-1)/p(p-1), A4 =b(2k-1)/p, A =2bk-1)(2k-1)/p(p-1), if
exists, is A-optimal when p and k satisfy (i) for k = 3, 6 < p <25, (ii) for

k>4, 4k(k—-3)+2<p<ak(k-1)+1.
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Proof: For k =3, by Theorem 4.5, it suffices to find p satisfies inequality (4.8)
and p > 2k, and the intersectionis 6 < p < 25.
For k>4, let q,(p)=(p-1)*-4(k-3)(pk-1) and
d,(p) = (p+1)(p + 4k —3) — 4 pk>. Observe that
q,(0) =4k —11>0, q,(1) =4k(4-k)-12<0,
q,(4k(k —3) +1)=4k(4—k)-12<0,and g,(4k(k —3)+2)=4k -11>0;
q,(0)=4k-3>0, q,(1) =4k(2-k)-4<0,
q,(4k(k —1) +1)=4k(2-k) -4 <0,and q,(4k(k —1)+2)=4k -3>0.
Hence for 4k(k —3)+2< p <4k(k-1)+1, both inequalities (4.7) and (4.8) are
satisfied, and the theorem follows.
Some families of A-optimal type S, block designs and their construction
methods are given.
Family 1. For p=6, b=0(mod 30), and k =3, that is, b = 30u, where u > 1
Is an integer, a type S, block design S, (6, 30u, 3, 5u, 4u, 25u, 20u) is A-optimal
in D(6 +1,30u,3) , and can be constructed by repeating the following S, (6, 30, 3,
5, 4, 25, 20) design u times in the row direction.

01 (0,2) (0,3) (0,4) (05 (0,6)
(23) (34) (45 (6) (61) (12
(45 (56) (61) @2 (2,3) (34)

01 (0,2) (0,3) (0,4) (0,5 (0,6)
(26) (B 42) (B3) (64) (15
(45) (56) (61) @12 (2,3) (34)
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) (©0,2) (03 (0,4) (05) (0,6)
36) (41 (B2 (63) @4 (25
42) (53) (64 (15 (26) (31

01 (©,2) (0,3) (0,4) (05) (0,6)
(25 (36) (41 (B2) (63) (14
(34) (45 (56) (61) @12) (23

01 (0,2) (0,3) (04) (0,5 (0,6)
(35 (46) (51) (62) (L3) (24
(42) (53 (64) (15 (2,6) (31)

Family 2. For p=7, b=0(mod 21), and k =3, that is, b = 21u, where u > 1
Is an integer, a type S, block design S,(7, 21u, 3, 3u, 2u, 15u, 10u) is A-optimal
inD(7 +1,21u,3), and can be constructed by repeating the following S,(7, 21, 3,
3, 2, 15, 10) design u times in the row direction.

01 (0,2) (0,3) (0,4) (0,5 (0,6) (0,7)
(7,2) (13) (24) (35 (46) (B7) (61
6,3 (7,4) (@15 ((26) (37 (1Y (52

01 (02) (0,3) (0,4) (05 (06) (0,7)
(54) (65 ((76) L7) (21 (B2 43
(7,2) (13) (24) (35 (46) (B7) (61

01 (02) (0,3) (04) (05 (0,6) (0,7)
6,3 (7,4) (15 (26) B7) LY (52
(54) (65 ((76) Q7)) (21) (B2) (43

Family 3. For p=8, b=0(mod56), and k =3, that is, b = 56u, where u > 1
is an integer, a type S, block design S, (8, 56u, 3, 7u, 4u, 35u, 20u) is A-optimal
inD(8+1,56u,3), and can be constructed by repeating the following S, (8, 56, 3,

7, 4, 35, 20) design u times in the row direction.
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01 (0,2) (0,3) (0,4) (05) (0,6) (0,7) (0,8)
(26) 37 (48 G1YH (62 (7,30 B4 (@15
(34) (45 (6) (6,7) (78 (B (12 (23

01 (0,2) (0,3) (0,4) (05 (06) (0,7) (08)
(56) (6,7) (78 (61 1L2) (23) (34) (45)
47 (8 61 (7.2 83 @14 (25 (36)

01 (02 (0,3) (04) (05 (0,6) (0,7) (08)
(38) (41 (B2) (63 (7,4) (B85 (@6) (27
(45) (56) (6,7) (78 (B ((12) (23 (34

01 (0,2) (0,3) (0,4) (05 (0,6) (0,7) (0,8)
(24) (35 (46) (B;7) 68 (71) B2 (13
78 B @2) (23) (34) (45 (56) (6,7)

01 (0,2) (0,3) (0,4) (05 (0,6) (0,7) (0,8)
68 (1) B2 1L3) (24) (35 (46) (b7
37 48 (1) (62 (7,3) (84) (15 (2,6)

01 (0,2) (0,3) (0,4) (05 (0,6) (0,7) (0,8)
27 (38 41 (2) (63 (7.4) 85 (16)
(35 (406) (B7) 68 (71) B2 @L3) (24)

01 (02 (03 (04) (05 (0,6) (0,7) (08
(25) (36) (47 (58 (61) (7.2) (83) (94)
68 ((71) B2 (13 (24) (35 (46) (57

Family 4. For p=9, b=0(mod18),and k =3, thatis, b =18u, whereu>11is
an integer, a type S, block design S,(9,18u, 3, 2u, u,10u, 5u) is A-optimal in
D(9+118u,3), and can be constructed by repeating the following S, (9, 18, 3, 2,

1, 10, 5) design u times in the row direction.

46



01y (02 (03 (04) (05 (06) (0,7) (0,8) (09
(23) (34) (45 (56) 6,7) (78 B9 OBYH @12
(46) (B,7) 68 (79 B1) (92 (1L3) (24) (35

01 (02 (03) (04) (05 (©06) (07) (08 (09
B3) (94) (@5 (26) (37 48 (B9 @®GLYH (7,2
4,7) (58 (69 (71D B2 (993 (L4) (25 (36)

Family 5. For p=11, b=0(mod55), and k =3, that is, b = 55u, where u > 1

Is an integer, atype S, block design S,(11, 55u, 3, 5u, 2u, 25u, 10u) is A-optimal

inD(11+1,55u,3), and can be constructed by repeating the following S, (11, 55,

3,5, 2, 25, 10) design u times in the row direction.

01 (02) (03) (04) (05 (0.6) (07) (08) (09)
(34) (45) (56) (67) (7.8 (89) (910) (1011) (111)
(59) (610) (711) (81) (92) (103) (1L4) (L5) (2.6)

(01) (02) (03) (04) (05 (06) (0,7) (08) (0,9)
(27) (38) (49) (510) (611) (71 (82) (93) (10,4)
(310) (411) (1) (62) (730 (84) (95 (106) (117)

01 (02) (03) (04) (05) (06) (07) (08) (09)
211) (3) (42) (53) (64) (7.5 (86) (9,7) (10,8)
(69 (710) (811) (91) (102) (1L3) (L4) (25) (3,6)

01 (02 (03) (04) (05 (06) (0,7) (08 (09)
(510) (611) (7)) (82) (93) (104) (1L5) (L6) (2,7)
811) (91 (102) (113) (L4) (25 (36) (47) (58)

01 (02 (03 (04 (05 (06) (07) (08 (09

(46) (57) (68 (7,9 (810) (911) (101) (112) (L3)
(7.8) (89) (910) (1011) (111) (12) (23) (34) (45)

47

(010) (0.11)

(12)
(3.7)

(0,10)
(11,5)
18)

(0,10)
(11,9)
(4,7)

(0,10)
(338)
(6,9)

(0,10)
(2,4)
(5.6)

(23)
(4.8)

(0,12)
(16)
(2,9)

(0,12)
(110)
(5.8)

(0.12)
(4,9)
(7.10)

(0,12)
(39)
(6,7)



4.1.2. A-Optimal Designs for t > 2

We now extend the result to the general t value by using the same
procedure as before.

Now since that the right hand side of the inequalities (4.3) and (4.4) are both
nonnegative, the inequalities are satisfied if and only if the left hand sides are less
than or equal to 0. Let the left hand side of inequality (4.3) be bqg,(p), and the
left hand side of inequality (4.4) be bg,(p), then
6:(p) = (k ~D)(t(k 1)) p ~(k — 2t ~D)((k D)2k ~ 1)) + (k + 2t ~D(t(k ~t) ' Jp

+2t(k —1)(k —t)(2k —t)(k — 2t —=1) — (k — 4t = 1)(t(k - 1)},
A, (p) = (k=1)(t(k — 1)) p* - ((k =2t +1)((k =12k —1))° + (k + 2t - 3)(t(k —t))z)p
+2t(k —1)(k —t)(2k —t)(k — 2t +1) — (k — 4t + 3)(t(k —1))’.
The conditions that q,(p) >0, and q,(p) <0 are given in the following

Theorem 4.7.

Theorem 4.7. For p>2k-t+1, a type S, block design S,(p,b,
K, do, 9;,4,,4,) having s, =th, s, =b(2k-t)/p, g,=tb/p, g,=2bk-t)
Ip(p-1), A =tb(2k—-t)/p, A =b2k-t)2k-t-1)/p(p-1), if exists, is
A-optimal when p, k,and t satisfy

(i) for k=2t 2t+1,

(k =2t +1)((k —1)(2k —t))* + 2(t = D(t(k — 1))’
(k =D)(t(k 1))’

2k —t+1<p<
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(k —2t—1)((k —1)(2k —t)}* + 2(k —t)*t®

(i) for k>2t+2, (kDK —t))2

+1<p

(k-2 +1)((k —1)(2k —t)f + 22(t ~D(t(k —t)) |
(k=D(t(k -1))

Proof: For k=2t,2t+1, by Theorem 4.5, it suffices to find p satisfies
q,(p)<0 and p=2k-t+1,and the intersection is as shown above.
For k >2t+2, notice that both q,(p) and qg,(p) are convex in p, and
both have two real positive roots, say r,, r,,and r,,r,, respectively. Observe that
0,(0) = 2t(k —1)(k —t)(2k —t)(k — 2t —=1) — (k — 4t = 1)(t(k —t)’ >0,
05 (1) = (k= 1)(t(k =) = ((k — 2t —2)((k —1)(2k = 1)) + (k + 2t ~)(t(k —t) )
+2t(k —1)(k —t)(2k —t)(k — 2t =1) — (k — 4t - 1)(t(k - t))°
= —2(k - 1)t + (k —1)(2k —t)(k — 2t —1)(k (3t + 2 — 2k) — t — 2t?)

—(k—4t-1)(t(k -t)¥ <0,

g ((k —2t-1)((k —1)(2k — 1)} + 2(k —t)2t3]
’ (k-D(t(k-t))

= (k=2 —1)((k D)2k — ) + 2(k — )26 [(k — 2t ~1)((k —1)(2k 1))
+2(k —t)%t% — (k =2t —=1)((k = 1)(2k - 1)}
~(k+ 2t -1tk 1)) )/ (k - Dtk - 1))
+2t(k ~1)(k - t)(2k — t)(k — 2t 1) — (k — 4t — 1)(t(k - 1))’

= (k —1)(2k —t)(k — 2t —1)(k (3t + 2 — 2k) —t — 2t?)

—(k—2t-1)(t(k -t)}* <0,
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(k —2t—1)((k —1)(2k —t) )’ + 2(k —t)?t® 21l50 since
’ (k=D(t(k-t)y
(k =2t =1)((k —1)(2k —1))* + 2(k —t)?t°

(k—D(tk 1)) +1

_ (k=2t-1)((k —1)(2k —1))* + (k + 2t - )(t(k — 1)
(k=D(t(k —t)

_ (k=2t-1)((k —1)(2k —1))* + (k + 2t - (t(k — 1))
(k=D(t(k - 1)

>,

Jlk =2t = 1)((k = 1)@k = 1) + (k + 2t~ D)(t(k 1) | + 4k —1)(t(k — 1)y (t,k)
2(k = 1)(t(k —t))°

+

,where h, (t,k) = t(k —t)(k — 4t —1) — 2(k —~1)(2k —t)(k — 2t 1) < 0,

(k —2t—1)((k —1)(2k — 1)}’ + 2(k —1)?t®
(k=D(t(k —t))’

then q,(p)>0 forp<0,andp=> +1.

Observe also that
0. (0) = 2t(k —1)(k —t)(2k —t)(k — 2t +1) — (k — 4t + 3)(t(k — 1))’ >0,
0, () = (k -1tk —t)F — ((k — 2t + 1)((k ~1)(2k — )} + (k + 2t = 3)(t(k - 1))
+2t(k —1)(k —t)(2k —t)(k — 2t +1) — (k — 4t + 3)(t(k — 1)}’
= 2(1-t)(t(k ) + (k —1)(2k — t)(k — 2t + 1)(k (3t + 2 — 2k) —t — 2t°)

—(k-4t+3)(t(k -1))* <0,

g ((k —2t+1)((k —1)(2k —t) )’ + 2(t = 1)(t(k — t))ZJ
) (k=D(tk -t))

= (k= 2t +2)((k —1)(2k = )] + 2t —2)(t(k — 1) N(k — 2t + 1)((k —1)(2k 1))
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+2(t=1)(t(k —t)f — (k = 2t +1)((k —1)(2k — 1))’

~(k+2t-3)(tk - 1) )/ (k- Dtk ~1))?)

+2t(k —1)(k —t)(2k —t)(k — 2t +1) — (k — 4t + 3)(t(k — 1)}
= (k —1)(2k —t)(k — 2t + 1)(k(3t + 2 — 2k) — 2t — 2t?)

—(k=2t+1)(t(k -1))* <0,

%[w—zpuxw—nak—of+ia—naw—oy44J>0Smm
(k=D)(t(k —t))

(k =2t +1)((k —1)(2k 1)) + 2(t = D)(t(k — 1))
(k =Dtk —t))’

2
+1

_ (k=2t+D)((k -1)(2k —1))° + (k + 2t = 3)(t(k 1))’
(k=)(t(k ~ 1))

r:(k-m+n«k—nak—of+(k+m—3xuk—0f
) (k=D(t(k-t)y

+J«k—m+n«k—nek—0f+(k+ﬁ—3ﬂﬂk—0ff+Mk—DG&—UfmJLM

2(k —1)(t(k —t))°

,where hy (t,k) = t(k —t)(k — 4t —3) — 2(k ~1)(2k —t)(k — 2t +1) <0,

(k =2t +21)((k —1)(2k 1)) + 2(t = D)(t(k — 1))’

(k—D(t(k — 1)) e

then q,(p) <0 for 1<p<

theorem follows.

Some families of A-optimal type S, block designs for t = 2, together with

their construction methods are giving in the following.
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A type S, block design S,(p,b, Kk, g,,0,, 4,, 4) with s, =2b, has the

following values for s, g,, 9;, 45, 4,, and

s, =2bk-1)/p, g,=2b/p, g,=2b(k-2)/ p(p-1),

A, =4bk -1/ p, A4 =2bk-1)(2k -3)/ p(p-1).
For these designs to exist, s, 9,, 9;, 45, 4, must all be integers.
Family 6. For p=7, b=0(mod 21), and k =4, that is, b = 21u, where u > 1
Is an integer, a type S, block design S, (7, 21u, 4, 6u, 2u, 12u, 15u) is A-optimal
inD(9+1,36u,4), and can be constructed by repeating the following S, (7, 21, 4,
6, 2, 12, 15) design u times in the row direction.

(0,4) (05 (06) (0,7) (01) (0,2) (0,3
01 (0,2) (0,3) (0,4) (05 (0,6) (0,7)
(7,2) (13 (2,4) (35 (46) (57) (623)
6,3) (74) (15 ((26) 37) 41 (2

(0,3 (0,4) (05 (0,6) (0,7) (0 (0,2
01 (0,2) (0,3) (0,4) (05 (06) (0,7)
(7,2) (13) (24) (35 (46) (B7) (61
(54) (65 ((76) @L7) (21 (2 (453

0,2) (0,3) (04) (05 (0,6) (0,7) (0))
01 (02) (0,3) (04) (05 (0,6) (0,7)
6,3) (7,4) (15 (26) (37) (41) (52
(54) (65 ((7.6) Q7)) (21) 32 (493
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Family 7. For p=9, b=0(mod 36), and k =5, that is, b = 36u, where u > 1
is an integer, a type S, block design S,(9, 36u, 5, 8u, 3u, 64u, 28u) is A-optimal
inD(9 +1,36u,5), and can be constructed by repeating the following S, (9, 36, 5,
8, 3, 64, 28) design u times in the row direction.

(05 (06) (0,7) (08 (09 (01 (0,2) (0,3) (04)
01 (02) (03 (04) (05 (06) (0,7) (08 (0,9
92) 13 (24) (35 (46) (B7) (68 (79 (83
83) (94) (15 (26) (37) 48 (B9 ®GLH (7.2
(7,4) 85 (96) @7 (28 (B9 A1) B2) (653

(0,4) (05 (06) (0,7) (08 (0,9 (01 (0,2) (0,3
01y (2 (03) (04 (05 (06) (0,7) (08 (0,9
9,2) (@3) (24) (35 (46) B7) 68 (79 (B
B3) (94) @5 (26) (37) 48 (B9 6YH (7,2
(65 ((7.6) B7) (98 @19 (21 G2 43 (B4

(0,3) (0,4) (05 (06) (0,79 (08 (0,9 (01 (0,2
(01 (0,2) (0,3) (0,4) (05 (06) (0,7) (0,8) (0,9
92) 13 (24) (35 (46) B7) (68 (7,9 BY
(7,4) (85 (96) @7) (28 (B9 41 (B2) (63
6,5 (76) 87) (98 19 (21 (32) 43 (B4

(0,2) (0,3) (0,4) (05 (06) (0,7) (08 (0,9 (01
01 (0,2) (0,3) (0,4) (05 (0,6) (0,7) (0,8 (09
83) (94) (15 (26) (37) (48 (B9 (61 (7,2
(7,4) (85 (96) L7 (28 (B9 “4YH (B2) (63
6,5 ((76) B87) (98 (19 (21 (32 43 (54
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Family 8. For p=10, b=0(mod 45), and k =5, thatis, b = 45u, where u > 1
is an integer, a type S, block designS, (10, 45u, 5, 9u, 3u, 72u, 28u) is A-optimal
inD(10 +1,45u,5) , and can be constructed by repeating the following S, (10, 45,

5,9, 3, 72, 28) design u times in the row direction.

0.1
(0.2)
(3.4)
(5.7)
(6.8)

(0.1)
(0.3)
(5.9)
(6,10)
(7.8)

(0.3)
(0.4)
19)
(2,6)
(5.8)

(0.7)
(0.9)
(1.4)
(36)
(5,10)

(0.2)
(0.3)
(4,5)
(6.8)
(7.9)

(0.2)
(0.4)
(6,10)
(7.1)
(8,9)

(0.4)
(0.5)
(2,10)
@3.7)
(6.9)

(0,8)
(0,10)
(2.5)
(4,7)
(6.1)

(0.3)
(0.4)
(5.6)

(0.4)
(0.5)
(6,7)

(7,9) (810)

(8.10)

(0.3)
(0.5)
(7.1)
(8,2)

(CAY

(0.4)
(0,6)
(8,2)
(9.3)

(9,10) (10,1)

(0.5)
(0,6)
(CNY
(4.8)
(7,10)

(0.9)
(0.1)
(3,6)
(5.8)
(7.2)

(0.6)
(0.7)
(4.2)
(5.9)
(CAY

(0,10)
(0.2)
(4.7)
(6.9)
(8.3)

(0.5)
(0,6)
(7.8)
(CAY
(10,2)

(0.5)
(0.7)
(9.3)
(10,4)
(1.2)

(0.7)
(0.8)
(5:3)
(6,10)
(9.2)

(0.1)
(0.3)
(58)
(7,10)
(9.4)

(0.6)
(0.7)
(89)
(10,2)
(13)

(0.6)
(0.8)
(10,4)
(15)
(23)

(0.8)
(0.9)
(6,4)
(7.1)
(10,3)

(0.2)
(0.4)
(6.9)
(CAY)
(10,5)

0.7)
(0.8)

(0.8)

(0.9)

0,9) (0,10)

(910) (10)

@3
(24)

(0.7)
(0,9)
(15)
(2,6)
(34)

(0.9)
(0,10)
(7.9)
(8.2)
(1.4)

(0.3)
(0.5)
(7,10)
(9.2)
(1.6)

(24)
(3,5

(0.8)
(0,10)
(2,6)
(37)
(4.5)

(0,10)
0,1)
(8,6)
9.3)
(2,5)

(0.4)
(0,6)
8.1
(10,3)
(2,7)

(1.2)
(35)
(4.6)

(0.9)
(0.1)
(37)
(4.8)
(5.6)

(0.1)
(0.2)
9.7)
(10,4)
(3,6)

(0.5)
(0.7)
(9.2)
(1.4)
(38)

(0.4)
(0.9)
1.2)
(38)
(6.7)

(0.5)

(0,10)

(23)
(4.9)
(7.8)

(0.6)
(0.1)
(34)

(5.10)

(8.9)
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(0.7)
(0.2)
(4.5)
(6.1)
(9,10)

(0.8)
(0.3)
(5.6)
(7,2)
(10,1)

(0,10)
0.1
(2.3)
(4.6)
(5.7)

(0,10)
(0,2)
(4.8)
(5.9)
(6,7)

(0.2)
(0.3)
(10,8)
(L5)
(4.7)

(0,6)
(0,8)
(10,3)
(2,9)
(4.9)



Family 9. For p=11, b=0(mod55), and k =6, that is, b = 55u, where u > 1

is an integer, a type S, block design S,(11,55u,6,10u, 4u,100u, 45u) is

A-optimal inD(11+1,55u,6), and can be constructed by repeating the following

S, (11, 55, 6, 10, 4, 100, 45) design u times in the row direction.

(0.6)
@)
(112)
(10,3)
(9.4)
(8,5)

(0.5)
(Y
(112)
(10,3)
(9.4)
(7.6)

(0.4)
0.1)
(11,2)
(10,3)
(8,5)
(7.6)

03
0,1)
(11,2)
9.4)
(8,9)
(7,6)

(0,7)
(0,2)
(13)
(114)
(10,5)
(9.6)

(0,6)
(0,2)
13)
(11,4)
(10,5)
87)

(0.5)
(0,2)
(L3)
(11,4)
(9.6)
(8,7)

(0,4)
(0.2)
(13)
(10,5)
(9.6)
(8,7)

(0.8)

(0.3)

(2.4)
(L5)

(116)
(10,7)

(0,7)
(0.3)
(2.4)
(15)
(11,6)
(9.8)

(0,6)
(0,3)
(2,4)
15)
(10,7)
(9.8)

(0,5)
(0,3)
(2,4)
(11,6)
(10,7)
(9.8)

(0,9 (010) (0,11

(0.4)
(3,5)
(2,6)
@7)
(118)

(08)
(0.4)
(35)
(2,6)
€7
(10,9)

(0,7)
(0,4)
(35)
(2,6)
(118)
(10,9)

(0,6)
(0,4)
(39)
A7)
(118)
(10,9)

(0.5)
(4,6)
3.7)
(2.8)
19)

(0.9)
(0.5)
(4.6)
(37)
(28)
(11,10)

(0.8)
(0,5)
(4,6)
(37)
19)
(11,10)

0,7)
(0,5)
(4,6)
(2,8)
19)
(11,10)

(0.6)
(5.7)
(4.8)
(3.9)
(2,10)

(0,10)
(0.6)
(5.7)
(4.8)
(39)
(111)

(0,9)
(0,6)
(57)
(4.8)
(2,10)
(111)

(0,8)
(0,6)
(5,7)
(39)
(2,10)
(111)

55

(0.0)
(0.7)
(6.,8)
(5.9)
(4,10)
(311)

(0,12)
(0,7)
(6.8)
(59)
(4,10)
(21)

(0,10)
(0.7)
(6.8)
(59)
(311)
(21

(0,9)
0,7)
(6,8)
(4.10)
(311)
(27

(0,2)
(0.8)
(7.9)
(6.10)
(5.11)
(4.1)

(0.1
(0.8)
(7.9)
(6,10)
(511)
(32)

(0,11)
(0,8)
(7,9)
(6,10)
(4)
(32)

(0,10)
(0.8)
(7.9)
(5.11)
(41)
(32)

(0.3)
(0.9)
(80)
(7.11)
(6.0)
(5.2)

(0,2)
(0,9)
(8,10)
(7.12)
(6.1)
(4.3)

(0.1)
(0.9)
(80)
(7.11)
(52)
(4.3)

(0,11)
(0,9)
(8.10)
(6,1)
(5,2)
(4.3)

(0.4)
(0,10)
.11
(81)
(7.2)
(6,3)

(0.3)
(0,10)
(9.11)
(81)
(7.2)
(54)

(0.2)
(0,10)
(9.11)
(81)
(6,3)
(54)

0.1)
(0.10)
(9.11)
(7.2)
(6,3)
(54)

(0.5)
(0.11)
(10.1)
(9.2)
(8:3)
(7.4)

(0,4)
(0.11)
(102)
(9.2)
83)
(6,5)

©0.3)
(0.11)
(102)
(9.2)
(7.4)
(6,5)

(0.2)
(0.11)
(10)
(83)
(7.4)
(6,5)



(0.2)
(01)

(103) (114)
94) 105 (116)
(96) @107)

(85)
(7.6)

(03
0.2)

87)

(04)
03
(15)

(9.8)

05 (06 (07) (08 (09) (010 (011)
©04) (05 (06 (07) (08 (09) (010
26) (37) 48 (9 (610 (71) (B
w7 (28 (B9 410 (G1) 6y (7.2
118 @9 (210 (G1) 4y (2 (63
109) (11100 @A) (21D @(GB2 43 (54

56

01
(011
(9.2)
(83)
(7.4)
(6,5)



4.2. A-Optimal Designs for [(2bk —s,,)/ pb]=1

For [(2bk —s,,)/ pb]=1, or k< p<2k—-s,,/b, one has y, =1, a(s,,)

=3(2bk —s,,) —2pb, hence

k(p-1)2
0(540: PubK) = Pk(p—1)
2pbk(k 3+ p/k)— (p(k —3) + K)S,y + N(Syo)
++,and
Sdo_h(sdo)/k
k(p-1)72
9(x.2) bkip -1

- 2pb(k(k —3) + p) — (p(k —3) + k)(bX + z) + bx* + 27X + z

. p
(bx + z) — (bx* + 2zx + 2) [ k

— ok (p_l)z N 1

-P 2a; —aj(bx +z) +bx* +2zx+z  k(bx+2z) - (bx* +22x+2) )’
where al':pb(k(k—3)+ p), a,=pk-3)+k, and g(x,0)=g(x-1b) for
x>1.

Applying the same procedure as that in section 4.1, that is, from Lemma 4.1

to Lemma 4.4, we have the following Lemma 4.8 to 4.11.

Lemma 4.8. For fixed value of x, 0<x<[k/2]-1, there exists z,(0<z, <b),
a function of x, such that g(x,z) decreases in zwhen 0<z<z and increases
in z when z,<z<b. If z,=0, g(x,z) increases in z, and if z; =b, then

g(x,z) decreases in z.

Proof: Taking the derivative of g(x,z) with respective to z, one has
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0 -(p-1)*(2x+1-a;
9 g(x,2) = pk (P-1)( 2 2) :
oz (23] — aj (bx + ) + bx? + 22x + 2)

B k—2x-1 ]
(k(bx + z) — (bX? + 22x + 2) |
and the sign of 0g(x,z)/0z is the same as the sign of
—(p-1)2(@x +1-ay)(k(bx + 2) - (X" + 22x + 7))
— (k —2x —1)(2a] — a} (bx + z) + bx? + 22x + 2
=0'(z), say.
Now let
P3(0) = ~(p-1)?(2x +1-a})(k ~ 2x~1)” — (k - 2x~1)(2x+1-a})?
= p(a; —2x-1)(k —2x-1)((p - 2)(k -2x-1) - (k -3)),
@1(x) = -b(p~1)*(2x +1-a;)(k — 2x = 1)x(k - X)
— (k= 2x—1)(2x +1—aj)(2a] — ajbx + bx?)
= pb(a; —2x —1)(k —2x =1)(2p + (k = 3)(2k — x) + (p - 2)x(k — X)),
P4(X) = (p~1)?b* (2x+1-a)(x(k — X))* + (k — 2x ~1)(2a] — ajbx + bx’)’
= b?((p -1 (2x+1-ay)(x(k X))
+(k—2x-1)(2p? + p(k —3)(2K — X) + X(X k))z).
Then ®'(z) can be rewritten as ®'(z) = ;(x)2” + 2¢;(x)z — g (x) . For x in
[0,[k /2] 1], one can see that

a,—-2x-1=pk-3)+k-2x-1>2k-2x-1>1. 4.9
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And through some straightforward calculation one can show that
X(k=x)(p-2)+(k—3)(2k —x) >0 and (p-2)(k—-2x-1)—(k—-3)>0, hence
o/ (x)>0 , and ¢@y(x)>0 . Now od'(z)/0z=2z¢,(x)+2¢/(x)>0 for
x €[0, [k/2]-1], hence ®'(z) is increasing in z, therefore ®'(z) is either all
negative, or increasing from negative to positive, or all positive for 0<z <b.
Since the signs of o6g(x,z)/oz and ®'(z) are the same, the lemma is thus
proved.

The proof of Lemma 4.9 is the same as Lemma 4.2, hence is omitted.
Lemma 4.9. For 0<x <[k/2]-1. Then a necessary and sufficient condition for
() 9(x0)=ming(x,z) is g(x,0)<g(x)),

(i) g(x,b)=ggzisrlg(x, z) is g(x,b)<g(x,b-1).

Lemma4.10. (i) Suppose 0<t<[k/2]-1,then g(t,0)<g(t,)) implies
g(x,0) <g(x) for t<x<[k/2]-1,

(i) Suppose 0<t<[k/2]-1,then g(t,b)<g(t,b—1) implies
g(x,b) <g(x,b-1) for 0<x<t.

Proof: (i) Let h/(x) =2a; +bx(x—a;), and

hi(x) = 2a; + bx(x—a;) — (a, —2x —1), then

9(x,0)-g(x1)

_ pk(((p =2)2h, (0 +h () s (0, (x) = (P = D, (x) + K5 () i (x)h, (x))
h; (x)h, (O3 ()N, (x)
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_ pk{(k = 2x=1)h; (x)h;(x) = (p —1)? (&} — 2x —1h, (x)h,(x))
- hy(x)h, (x)h; (x)h, (x)

= pkf," (x)/(h; (x)h, (x)hs(x)h, (x)), say.
Hence g(x,0)<g(x,1) if and only if f'(x)<0, f,'(x) is a fourth degree
polynomial in x, and
f,"(0) = 2a;(k —1)(2a; —a, +1)
= 2pb(k —1)(k(k —3) + p)(p(k — 3)(2bk —1) + 2bp? —k +1)> 0,
f'((k-1)/2)= —(b(k -1k +1)(a, —k)(p-1)* /4)(b(k ~1)(k+1)/4)
= —(1/16) p((p - Db(k +1))*(k —1)°* < 0.
Now
hi(x) > 2a; + bx(x —a;) —b(a, -2x-1)
=2a; —b(x+1)(a, —x-1)
>b(x? + p(k —3)(3k —1)/ 2+ k(3k +1)/2)> 0,
and by (4.9), one has h/(x) > h;(x)>0.
Observe that
(@) h/(x) isconvex inx, and the minimum value of h/(x) occurs at
x=a,/2>(k-1)/2.
(b) hz(x) isconvex in x, and the minimum value of h;(x) occurs at
x=a,/2-1/b>(k-1)/2.
() k—2x—-1>0 andisdecreasinginxfor 0<x<(k-1)/2.

(d) o((a; —2x—1)h,(x))/éx
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= b(6x2 — 2(p(k — 3) + 3k —1)x + (p + Dk (k —1) — 2pk),
and the minimum value of 6((a} —2x —1)h,(x))/éx occurs at

x=(p(k-3)+3k-1)/6>(k—3)/2, and

%((aé—ZX—l)hz(x))( =(k-3)(8p-k/2-9/2)>0.

x=(k—3)/2

Hence (a, —2x-1)h,(x) isincreasingin x for 0<x<(k-3)/2.

(e) h,(x) is concave in x, and the maximum value of h,(x) occurs at
x=k/2-1/b>(k-1)/2.

For 0<x<(k-1)/2, by (a), (b), (c), and the fact that k —2x—-1, h/(x),
h;(x) >0, one can see that (k—2x-1)h/(x)h;(x) is decreasing in x; for
0<x<(k-3)/2, by (d), (e), and the fact that a, —2x—-1, h,(x), h,(x)>0,
one can see that (a, —2x—1)h,(x)h,(x) is increasing in x. Hence f,'(x) is
decreasing inx for 0<x<(k-3)/2.

Moreover, let h,,(x) = (k —2x-1)h/(x)h;(x),

h,(X) = (p-1)%(a, — 2x —1)h,(x)h,(x), then f'(x)=h,(x)-h,(x), and
f,'((k-2)/2)- f,'((k-3)/2)
=h,((k-2)/2)—h,((k-=3)/2)+h,((k —=3)/2)-h,((k —2)/2).
Since h;,(x) is decreasing in x and is nonnegative for 0<x <(k-1)/2, one
can obtain that hy,((k —3)/2)—h,((k —2)/2)<0.

Note that

h((k —2)/2)= (p-1)(a; —k + Dh,((k - 2)/ 2)h,((k ~2)/2)
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= (1/4)b(p —1)*(p(k — 3) + 1)(k? — 4)(b(k? — 4) / 4 +1),
h,((k=3)/2)=(p-1)*(a; —k + 2)h,((k —=3)/2)h,((k = 3)/ 2)
= (1/4)b(p -1)*(p(k —3) + 2)(k* —9)(b(k> —9) / 4+ 2),
one thus has
h,((k =3)/2)—h,((k —2)/2)
= 1/ 4)b(p -1D?*((p(k —3) +1)(k? — 4)(b(k? —9) / 4 —b(k? —4) /4 +1)
+(b(k? —9) /4 +2)k? —5p(k —3) ~14))
s(1/4)b(p—1)2((p(k—3)+1)(k2—4)(1—5b/4)
+(b(k? —9) /4 +2)k(15— 4k) /2 -14))< 0.
Hence f,'((k-2)/2)-f,'((k-3)/2)>0. That is, f,'(x) is decreasing in x
for 0<x<(k-2)/2.
Now, since f,'(0)>0 and f,'((k—1)/2)<0, there exists t such that

f,'(t)<0,then f'(x)<0 for t<x<[k/2]-1, and the result follows.
(i) Let hl(x) =2a] —aj(bx+b—-1)+bx* +2(b-1)x+b -1, then
9(x,b)—g(x,b-1)

~pk((p=D2h, (x+1) + h(x + 1) e ()hy (%)
B h; (x + ), (x + 1)h; (X)hg (x)

~pk((p=D2hy (x) + hy () i (x + Dh, (x +1)
i (x + 1)h, (x + 1)hi ()N, ()

~pk((p—1)2(@, — 2x = 1yh, (x + 1)hy (%) — (k — 2x —h{(x + )hi(x))
) h; (x + Dh, (x + D (x)hs ()

62



= pkf," (x)/(h;(x + Dh, (x + )hi (X)hg (X)), say.
Note that
h/(x+1) > 2a] + b(x +1)(x +1—a}) —b(a, — 2x — 3)
= 2a/ - 2b(x +1)(a} — X — 2)
>b((x+1)% + (1/2)(k ~1)(3p(k —3) + 2p® —k -1)+1)> 0,
h,(x+1) =b(x +1)(k - x—1) > 0,
hy(x) = h(x+1)+ (a, - 2x—1) > 0,
he(x) =h,(x+1) — (k —2x —1) > (k - x —1)(bx + b—1) > 0.
Hence g(x,b)<g(x,b—1) ifandonlyif f,'(x)<0. f,'(x) isafourth degree
polynomial in x, and
f,"(0) =b(b-1)(a; -)(p-1)°(k -1)°
— (k—1)(2a; —b(a; ~1))2a; - (b-1)(a; - 1))
<b(b-1)(a; -1)(p-D)*(k -1)°
~b(b -k ~1)(2k ~1)(a; ~1)(2p(k(k ~3) + p) - (a; ~1)))
<b(b-1)(a, ~)(k -1)*((p-1? - (2p(k(k - 3) + p)- (a; - 1))
=b(b-1)(a, -1)(k —1)2(- p> = (2+ (k- 3)(2k —~1))p+k)<0
for p>k,
f,'((k —1)/2)=(a, — K)(p—1)*(b(k +1)(k —1)/4Y’

= (1/16) p(k - 3)((p - 1)b(k> —1)f > 0.
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Now through some straightforward calculation, one observe that
(f) hy(x) isconcave in x, and the maximum value of h,(x) occurs at
x=(k-2)/2+1/b>(k-2)/2.
(@) l(a; —2x ~1h,(x +1))/ox
= b(6x2 —2(p(k =3) + 3k = 5)x + (k —2)(a) —1) — 2(k —1)),
and the minimum value of 6((a} —2x —1)h,(x +1))/6x occurs at

X=(pk—p+3k-5)/6>(k-2)/2,and

%((a; —2x—1)h2(x+1))( =2pk-3)—(k-4)(k/2+2)>0.

x=(k-4)/2

Hence (a, —2x-1)h,(x+1) isincreasinginxfor 0<x<(k-4)/2.

(h) h/(x+1) isconvex in x, and the minimum value of h/(x+1) occurs at
x=(a,-2)/2>(k-2)/2.

(i) hi(x) isconvex inx, and the minimum value of h;(x) occurs at
x=(a,-2)/2+1/b>(k-2)/2.

For 0<x<(k—-4)/2, by (f), (9), and the fact that a, —2x—-1, h,(x+1),
hs(x) >0, one can see that (a, —2x—1)h,(x+1)h,(x) is increasing in x; for
0<x<(k-2)/2, by (c), (h), (i), and the fact that k—2x-1, h/(x+1),
hi(x) >0, one can see that (k —2x—-1)h/(x+1)h.(x) is decreasing in x. Hence
f,'(x) isincreasinginxfor 0<x<(k—-4)/2.

Moreover, let h!(x) = (p-1)%(a, —2x —1)h, (x + 1)h,(x),

hy(x) = (k — 2x —Dh!/(x + Dh!(x), then f,"(x) = h!(x) - h!(x), and
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f,'(k—3)/2)— f,'((k—4)/2)
= hy((k ~3)/2)~ hi((k — 4)/2)+ hy((k — 4)/2)~ hy((k ~ 3)/2),
f,'(k-2)/2)-f,"((k-3)/2)
=h)((k=2)/2)—hi((k =3)/2)+h((k -3)/2)— h}((k —2)/2).
Since h{(x) is decreasing in x and is nonnegative for 0<x < (k—2)/2, one
can obtain that h;((k —4)/2)> hi((k —3)/2)> h}((k =2)/2)> 0.
Note that
hy((k —4)/2) = (p-1)*(a) —k + 3)h,((k — 2)/ 2)n, ((k — 4) /2)
= (1/4)b(p —1)*(p(k — 3) + 3)(k? — 4)(b(k® — 4) /4 - 3),
hy((k —3)/2)=(p—1)2(a) —k + 2)h,((k —1) / 2)h((k —3) / 2)
= (1/4)b(p —1)*(p(k — 3) + 2)(k* —=1)(b(k> —1) / 4 - 2),
hy((k —2)/2) = (p—-1)*(a}, —k +1)h, (k/ 2)h, ((k —2)/2)
= (1/4)b(p-1)*(p(k —3) +1)k?(bk? /4 -1),
one thus has
hy((k —3)/2)-hi((k —4)/2)
= W/ 4)b(p -1*((p(k —3) + 2)(k* —=1)(b(k? —1) / 4 —b(k? —4) [ 4+1)
+(b(k? = 4)/4-3)3p(k —3) —k? +10))
> (1/4)b(p —1)*((p(k — 3) + 2)(k* —1)(3b/ 4 +1)

+(b(k? - 4)/4 - 3)k(2k —9) +10))> 0
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since p>k,and
hi((k—2)/2)~ hy((k -3)/2)
= 1/ 4)b(p -1)*((p(k —3) + 1)k (bk? /4 —b(k? —1) /4 +1)
+(b(k? —1)/4-2)p(k -3)—k? +2))>0 when k=5,
and one can see that, through straightforward calculation, for k =3 and 4,
hi((k =3)/2)-hi((k =2)/2)+hi((k —2)/2)—hi((k —3)/2)> 0, that is,
f,'(k-3)/2)-f,'(k-4)/2)>0 and f,'((k-2)/2)-f,'((k-3)/2)>0.
Hence f,'(x) isincreasingin x for 0<x<(k-2)/2.
Now since f,"(0)<0 and f,'((k—1)/2)>0, there exists t such that
f,'(t)<0,then f,'(x)<0 for 0<x<t,and the result follows.
The proof of Lemma 4.11 is the same as Lemma 4.4, hence is omitted
Lemma4.11. (i) For 1<t<[k/2]-1,then g(t,0) = &QEQA g(x,z) ifandonly if
g(t,0)<g(tlD and g(t,0)<g(t-1,b-1),
(i) For t=[k/2],then g([k/2],0) :(gnlggAg(x,z) if and only if
g([k/2],0)<g([k/2]-1,b-1).
Lemma 4.8 to 4.11 can be used to find families of A-optimal type S, block
designs with the control line appearing in t crosses in each block.
Theorem 4.12. Let 1<t<[k/2]-1. A type S, block design S,(p,Db,k,
9o 9y, Ags 4,) having s, =tb, s, =b(2k-t)/p, g,=tb/p, g, =2b(k-t)/

p(p-1) , A, =tb(@k-t)/p, A =b(k-t)(2k-t-3)+2p)/p(p-1) , if
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exists, is A-optimal when p, b, k,and t satisfy
b((k —2t-1)(p(k —3)(2k —t) + 2p® —t(k — 1)} —(a, — 2t —1)(t(p —1)(k —t))z)
< p(a, -2t -1k -2t -1)(t(p - 2)(k —t) + (k —3)(2k —t) + 2p), (4.10)
and
b((a; —2t+1)(t(p—1)(k — 1) — (k — 2t +1)(p(k — 3)(2k —t) +2p? —t(k —t))z)
< p@, -2t +1)(k =2t + D(t(p - 2)(k —t) + (k = 3)(2k —t) + 2p). (4.12)
When t=[k/2], only inequality (4.11) needs to be satisfied.
Proof: Similar to Theorem 4.5, now

() = (k— 2t =Dh;(Hhi() - (p—1)(a} — 2t ~h, (Dh, (D),

f,'(t-1) = (p-1)%(a, — 2t + L)h, (t)hy (t) — (k — 2t + )h; ()h. (L),
then by Lemma 4.10 and 4.11, and through some straightforward calculations,
inequalities (4.10) and (4.11) are thus derived.

Notice that the right hand side of the inequalities (4.10) and (4.11) are both
nonnegative, the inequalities are satisfied if and only if the left hand sides are less
than or equal to 0. Let the left hand side of inequality (4.10) be bg.(p), and the
left hand side of inequality (4.11) be bg,(p), then
05(p) = 4(k — 2t —1) p° + (k — 3)(4(2k —t)(k — 2t —1) — (t(k — 1)} )p*

(k= 2t = 1)(((k = 3)(2k — ) — 4t (k — t)(k — 2t —1) + (k + 2t = B)(t(k — ) Jp

+(k =4t + D) (t(k — ) — 2t(k - 3)(k —t)(2k —t)(k — 2t — 1),
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05 (p) = 4(k — 2t + 1) p° + (k — 3)(4(2k —t)(k — 2t +1) — (t(k — 1)} }p?
(k= 2t +1)((k — 3)(2Kk — ) —dt(k —t)(k — 2t +1) + (K + 2t = 7)(t(k — 1) )p
+(k -4t +5)(t(k —t))* = 2t(k —3)(k —t)(2k —t)(k = 2t +1).

Since both qg.(p) and q,(p) are third degree polynomial in p, finding a range

of p with both limits functions of k and t, such that q.(p) <0, g(p)=0 is not

straightforward. However, by using a computer, one can obtain the values of p

that satisfy q.(p) <0, qgs(p) =0, for given values of k and t. Table 4.1 of such

p <30 is listed in the following.

Table 4.1. A Catalog of A-Optimal Designs

with p <30

k t

3 1 4<p<5
4 2 4<p<6
5 2 5<p<8
6 3 6<p<9
7 3 7<p<ll
8 3 8<p<13
9 4 9<p<10
10 4 10<p<16
11 4 11< p<18
12 4 16<p<20
13 5 13<p<15
14 5 14< p<20
15 5 17<p<25
16 5 21< p<27

68



17 5 27<p<29
17 6 17< p<19
18 6 18< p<23
19 6 21< p<27
20 6 25< p <30
21 6 29< p<30

Some families of A-optimal type S, block designs for t = 1, together with
their construction methods are given in the following.
Family 10. For p=4, b=0(mod12), and k =3, thatis, b =12u, whereu>1
is an integer, a type S, block design S,(4,12u, 3, 3u,4u,15u,18u) is
A-optimal inD(4+112u,3), and can be constructed by repeating the following
S,(4,12, 3, 3, 4, 15, 18) design u times in the row direction.

01 (0,2) (0,3) (0,4)
32 (13 (21) @13
24) B4 14 (21

01 (0,2) (0,3) (0,4)
32 @13 (21 @13
(34) (14) (24) (32

01 (0,2) (0,3) (0,4)
24) (34) 14 (21
(34) 14) (24 (32
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Family 11. For p=5, b=0(mod5), and k =3, thatis, b = 5u, where u > 1 is
an integer, a type S, block design S,(5,5u,3,u,u,5u,5u) is A-optimal in
D(5+1,5u,3), and can be constructed by repeating the following S,(5, 5, 3, 1, 1,
5, 5) design u times in the row direction.

0,1) (0,2) (0,3) (0,4) (05)
5.2) (13) (24) (35 (41
43) (B4) @5 (21 (32

Some families of A-optimal type S, block designs for t = 2, together with
their construction methods are given in the following.
A type S, block design S,(p, b, k, 9o, 9;, 4, 4,) with s, =2b, has the
following values for s, g,, 9,, 4,, 4,, and
s, =2b(k-1)/p, 9,=2b/p, g, =2b(k-2)/p(p-1),
Ay =4bk=1)/p, A =2b((k —1)(2k —5)+ p)/ p(p—1).

For these designs to exist, s, 9,, 9;, 45, 4, must all be integers.
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Family 12. For p=4, b=0(mod12), and k =4, thatis, b = 12u, whereu>1

is an integer, a type S, block design S,(4,12u, 4, 6u, 4u, 36u, 26u)

is

A-optimal inD(4+112u,4), and can be constructed by repeating the following

S,(4,12, 4,6, 4, 36, 26) design u times in the row direction.

(0.1)
(0.1)
(32)
(24)

(0.1)
(0.1)
(32)
(34)

(0.1)
(0.1)
(24)
(34)

(0.2)
(0.2)
(13)
(34)

(0,2)
(0,2)
(1.3)
(1.4)

(0.2)
(0,2)
(34)
(1.4)

(0.3)
(0.3)
(21)
(1.4)

(0.3)
(0.3)
(21)
(24)

(0.3)
(0.3)
(1.4)
(24)

(0.4)
(0.4)
(13)
(21)

(0.4)
(0.4)
(13)
(32)

(0.4)
(0.4)
(21)
(32)

Family 13. For p=5, b=0(mod5), and k =4, thatis, b = 5u, whereu>1is

an integer, a type S, block design S, (5, 5u, 4, 2u, u,12u, 7u) is A-optimal in

D(5+15u,4), and can be constructed by repeating the following S,(5, 5, 4, 2, 1,

12, 7) design u times in the row direction.

(01 (0,2) (0,3) (0,4) (0,5)
0,1) (0,2) (0,3) (0,4) (05)
52) (13) (24) (35 (4)
(43) (54)

(L5)

(21) (32



Family 14. For p=6, b=0(mod 30), and k =4, thatis, b = 30u, whereu>1
is an integer, a type S, block design S,(6,30u, 4,10u, 4u, 60u, 30u) is
A-optimal inD(6+1,30u,4), and can be constructed by repeating the following
S, (6, 30, 4, 10, 4, 60, 30) design u times in the row direction.

(0,6) (0,6) (0,6) (0,6) (0,6) (0,)
01y (0,2 (03 (0,4) (0,5 (0,6)
52) 13 (24 G5 @41 35
43 (B4 @5 21H) (B2 (24

03) (04 (05 (O (02) (03
(01) (02) (03 (04) (05 (06)
(52) (13) (24) (35 (41 (52)
(46) (56) (16) (26) (36) (41

05 (@O (02 (03 (04) (05)
01 (0,2) (0,3) (0,4) (05 (0,6)
32) (43) (B4 @15 (21 @3
(46) (56) (L6) (2,6) (36) (24)

(0,4) (05 (01) (0,2) (0,3) (0,4)
01 (0,2) (0,3) (0,4) (0,5 (0,6)
32) (43 (B4 @15 21 @@€3
(56) (16) (26) (36) (46) (52)

(02) (03 (04) (05 (01 (0.2)
(01 (02) (03) (04) (05 (0.6)
(43) (54) (15 (21) (32) (41
(56) (L6) (26) (36) (46) (35)
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Family 15. For p=5, b=0(mod10), and k =5, thatis, b = 10u, where u > 1
is an integer, a type S, block design S,(5,10u,5, 4u,3u, 32u, 25u) is
A-optimal inD(5+110u,5), and can be constructed by repeating the following
S, (5,10, 5, 4, 3, 32, 25) design u times in the row direction.

05 (01 (0,2) (0,3) (0,4
0,1 (0,2) (0,3) (0,4) (05)
5.2) (13) (24) (5 (4
43) (B4) @5 (21 (32
(32) (43 (4) @15 (21

05 (01 (0,2) (0,3) (0,4
0,1) (0,2) (0,3) (0,4) (05)
5,2) (13) (24) (35 (4
43) (54) @5 (21 32
41 (2) 1L3) (24) (35

Family 16. For p=6, b=0(mod 30), and k =5, that is, b = 30u, where u>1
is an integer, a type S, block design S, (6, 30u, 5, 10u, 6u, 80u, 52u) is A-optimal
inD(6+1,30u,5) , and can be constructed by repeating the following S, (6, 30, 5,
10, 6, 80, 52) design u times in the row direction.

01 (02) (0,3) (0,4) (05 (0,6)
0,1 (0,2) (0,3) (0,4) (05 (0,6)
52) @3) (24) (35 41 @13
43) (B4 @5 (21 G2 41
(56) (16) (26) (36) (46) (52)
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(01) (0,2) (0,3) (0,4) (05 (0,6)
(01) (0,2) (0,3) (0,4) (05 (0,6)
52) (13 (24) (35 @41 13
(46) (56) (16) (26) (36) (24)
32) (43) (B4) @15 (21) (35

(01 (0,2) (0,4) (0,4) (05 (0,6)
01 (0,2) (0,3) (0,4) (0,5 (0,6)
32) (43) (B4) @15 (21 (35
(46) (56) (16) (26) (36) (41
(56) (16) (26) (36) (46) (52

01 (0,2) (0,3) (0,4) (05 (0,6)
(01 (0,2) (0,3) (0,4) (05 (0,6)
52) (1,3) (24) (35 (1Y @13
43 (B4) @15 21 (B2 (24
(46) (56) (16) (26) (36) (52)

0,1 (0,2) (0,3) (0,4) (05 (0,6)
0,1 (0,2) (0,3) (0,4) (05 (0,6)
(43) (54) @5 (21) (32) (24
(32) (43) (B4) @5 (21) (35
(56) (16) (26) (36) (46) (41

Family 17. For p=7, b=0(mod 7), and k =5, thatis, b = 7u, whereu > 1 is
an integer, a type S, block design S,(7,7u,5,2u,u,16,9u) is A-optimal in
D(7+1,7u,5), and can be constructed by repeating the following S,(7, 7,5, 2, 1,
16, 9) design u times in the row direction.

(01 (02) (03) (04) (05) (06) (07)
01 (02) (03) (04) (05) (06) (0,7)
(7.2) (13) (24) (35) (46) (57) (61
(63) (74) 15 (26) 37 () (G2
(54) (65 (76) (L7 (21) (32) (43
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Remark: For p>5 is an odd number, b=up, and k=(p+3)/2, atype S,
block design S,(p,up, (p+3)/2,2u,u, 2u(p+1),u(p+2)) constructed by the
following method is either an A-optimal design or an efficient design.
Consider the initial block {(C,0),(C,1),(0,2),(p-13),...,((p+3)/2,(p+1)/2)}
Cyclically developing the initial block, mod p, where C denotes the control line, 0
denotes the pth test lines, and control line C is unchanged during the cyclical
procedure, will vyields a type S, block design S,(p, p,(p+3)/2 2,
1,2(p+1),p+2). A type S, block design S,(p,up,(p+3)/2, 2u,u,
2u(p+1),u(p+2)) can be constructed by repeating the S,(p, p, (p+3)/2, 2,
1,2(p+1), p+2) design u times in the row direction. It is an A-optimal design
for p =5, 7, and is an efficient design for 9 < p <29 with a lower bound to the
efficiency 0.8859 inD(p+1, p,(p+3)/2). For example, for p=9, b=9, and
k=6, that is, u=1, the following design isa S,(9, 9, 6, 2, 1, 20, 11) design,
and a lower bound to the efficiency is 0.9883.

09 (01 (©02) (053 (04) (05 (06) (0,7) (0,8)
01y (0,2) (03) (04) (05 (06) (0,7) (08 (0,9
(92) (13) (24) (35 (46) (B7) 68 (79 (B
83 (94) @5 (26) (37) (48 (B9 6L (7.2
(7,4) (85) (96) (L7) (28) (39 41 (B2) (63
(65) (76) 87 (98 19 (21 (B2 (43 (54)

Some families of A-optimal type S, block designs for t = 3, together with
their construction methods are given in the following.

A type S, block design S,(p,b, Kk, 9., 9,, 4, 4,) with s, =3b, has the

75



following values for s, g,, 9,, 4,, 4,, and

s, =b(2k-3)/p, g,=3b/p, g,=2b(k-3)/p(p-1),

A, =3b(2k —=3)/p, A, =2b((k—3)(2k —3)+ p)/ p(p—1).
For these designs to exist, s, 9,, 0,, 45, 4, must all be integers.
Family 18. For p=7, b=0(mod 21),and k =6, thatis, b = 21u, whereu>1
is an integer, a type S, block design S, (7, 21u, 6, 9u, 3u, 81u, 34u) is A-optimal
inD(7+1,21u,6), and can be constructed by repeating the following S,(7, 21, 6,
9, 3, 81, 34) design u times in the row direction.

(0,3 (0,4) (05 (0,6) (0,7) (01 (0,2)
(0,4) (05 (0,6) (0,7) (01 (0,2) (0,3
01 (02) (0,3) (0,4) (05 (0,6) (0,7)
(7,2) (13) (24) (35 (46) (B7) (61)
6,3) (74) @15 ((26) B7) 41 (B2
(54) (65 ((76) L7 (21) B2 (493

05 (06) (0,7) (01 (0,2) (0,3) (0,4)
0,79 (01) (0,2) (0,3) (0,4) (0,5 (0,6)
01 (02) (03 (04) (05 (06) (0,7)
(7,2) (13 (24) (35 (46) (7)) (61
6,3) (74) (15 ((26) B37) 41 (52
(54) (65 (76) L7) (21) ((B2) (43

0,2) (0,3) (0,4) (05 (06) (0,7) (043)
(06) (0,7) (01 (0,2) (0,3) (0,4) (0,5
01 (02) (0,3) (0,4) (05 (0,6) (0,7)
(7,2) (13) (2,4) (35 (46) (57) (673)
6,3) (74) (15 ((26) (37) 41 (52
(54) (65 (76) L7) (21) (B2) (43
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Family 19. For p=9, b=0(mod 36), and k =6, thatis, b = 36u, where u>1
is an integer, a type S, block design S,(9,36u, 6,12u, 3u,108u, 36u) is
A-optimal inD(9+1,36u,6), and can be constructed by repeating the following
S, (9, 36, 6, 12, 3, 108, 36) design u times in the row direction.

(0,3) (0,4) (05 (06) (0,79 (0,8) (09 (01 (0,2
08) (09 (01 (0,2) (0,3 (0,4) (05 (06) (0,7
(01 (0,2) (0,3 (0,4) (05 (06) (0,79 (0,8) (0,9
92) 13 (24) (35 (46) (b7 (68 (79 (BY
(7,4) 85 (96) @7 (28 (39 41 41 (623
(6,5 (76) 87) (98 (19 (21 (32 (43 (54

05 (06) (0,7) (08 (0,9 (01 (02) (0,3 (0,4
0,6) (0,7) (08 (0,9 (01 (02) (0,3) (0,4) (05)
01 (0,2) (0,3) (0,4) (05 (0,6) (0,79 (0,8) (0,9
92) 13 (2,4) (35 (46) (57) (68 (7,9 (8)Y)
B83) (94) (15 (26) (37) (48 (B9 6L (7,2
(7,4) (85 (96) @7 (28 (39 @41 (B2) (63

0,7) (08) (09 (©O1) (02) (03 (04) (05 (0,6)
(0,4) (05 (06) (0,7) (08 (09 (04) (05 (0,6)
01 (0,2) (0,3) (04) (05 (06) (0,7) (0,8 (09
92) 13 (24) (35 (46) (B7) (68 (7,9 (81
83) (94) (15 (26) (37) 48 (B9 61V (7.2
6,5 (76) 87 (98 19 (21 B2) (43 (B4

(0,2) (0,3) (0,4) (05 (06) (0,7) (0,8 (0,9 (01)
(09 (1) (0,2) (0,3) (0,4) (05 (0,6) (0,7) (0,8
01 (0,2) (0,3) (0,4) (05 (06) (0,7) (0,8 (09
6,5 ((76) 87) (98 (19 (21 (32 43 (54
83) (94) (15 (26) (37) (48 (B9 (61) (7,2
(7,4) (85 (96) (L7) (28 (39 41 (B2) (63
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Family 20. For p=7, b=0(mod 21),and k =7, thatis, b = 21u, whereu>1
is an integer, atype S, block design S,(7, 21u, 7, 9u, 4u, 99u, 51u) is A-optimal
inD(7 +1,21u,7) , and can be constructed by repeating the following S, (7, 21, 7,
9, 4, 99, 51) design u times in the row direction.

(0,3) (0,4) (05 (0,6) (0,7) (01) (0,2)
(0,4) (05 (0,6) (0,7) (01)) (0,2) (0,3
01 (0,2) (0,3) (0,4) (0,5 (0,6) (0,7)
(7,2) (13) (24 (35 (46) (B7) (61
6,3) (74) (15 ((26) B7) 41 (B2
(54) (65 ((76) L7 (21) (B2 (493
(7,2) (13) (24) (35 (46) (7)) (61)

(05 (06) (0,7) (01 (0,2) (0,3) (0,4)
0,79 (01) (0,2) (0,3) (0,4) (0,5 (0,6)
01 (0,2) (0,3) (0,4) (0,5 (0,6) (0,7)
(7,2) (13 (2,4) (35 (46) (57 (61)
6,3) (7,4) (15 ((26) (37) (41 (52
(54) (65 (76) L7 (21) ((32) (43
6,3) (74) (15 ((26) (37) 41 (52

0,20 (0,3) (04 (05 (0,6) (0,7 (01
0,6) (0,7) (01) (0,2) (0,3) (0,4) (05)
0y (0,20 (0,3 (0,4 (05 (06) (0,7
(7,2) 13) (24) (35 (46) (B,7) (6)
63 (7,4) (@15 (26) GB7 Ay (52
(5,4) (65 ((76) @7) (21D (32 (43
(5,4) (65 ((76) @7) (21D (32 (43
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Family 21. For p=9, b=0(mod 36), and k =7, thatis, b = 36u, where u>1
Is an integer, a type S, block design S,(9, 36u, 7,12u, 4u,132u,53u) is
A-optimal inD(9+1,36u,7), and can be constructed by repeating the following
S,(9,36, 7,12, 4,132, 53) design u times in the row direction.

©y @©1y @©O1Y @©O1Y @Oy Oy ©OY ©OY (02
0,2) (0,3) (0,4) (0,5 (06) (0,7) (08 (0,9 (0,3
0y (02 (033 (04 (05 (0,6) (0O,7) (08 (09
92) (13) (24) (35 (46) (B;7) (68 (7,9 (4Y
B83) (94 @5 (26) 37 48 (B9 6L (7,2
(7,4) B85 96) A7) (28 (B9 GYH (B2 (63
65 ((7.6) B7) 98 @19 21 G2 43 (B4

0,2) (02) (0,2) (0,2) (0,2) (0,2) (0,30 (0,3) (0,3
(0,4) (05) (06) (0,7) (08 (0,9 (0,4) (05 (0,6)
01 (02) (03) (04) (05 (06) (0,7) (08 (09
92) 13 (24) (35 (46) (57) (68 (79 (8)Y)
83) (94) (15 (26) (37 48 (B9 6LV (7.2
(7,4) (85 (906) @7 (28 (39 41 (B2) (63
6,5 (76) 87 (98 19 (21 B2) (43 (54

03 (03 (03 (04) (04) (04) (04) (04 (05)
0,7) (0,8 (0,9 (05 (06) (0,7) (08) (0,9 (0,6)
01 (02 (03 (04 (05 (@©6) (07 (08 (09
92) (13) (24) (35 (46) (B7) (68 (79 (BY)
B83) (94 @5 (26) 37) (48 (B9 (6L (7,2
(7,4) 85 6) @7) (28 (B9 G&YH (G2) (63
65 ((7.6) B7) (98 19 (21 G2 43 (B4

(0,5 (05 (05 (06) (06) (06) (0,7) (0,7) (08)
0,7) (08 (09 (0,7) (08 (09 (08 (09 (09
01y (02) (03 (04) (05 (06) (0,7) (08 (09
92) 13 (2,4) (35 (46) (57) (68 (7,9 (821
83) (94) (15 (26) (37) 48 (B9 ®GYH (7.2
(7,4) (85 (96) @7 (28 (39 41 (B2) (653
6,5 (76) 87 (98 (19 (21 (B2 (43 (54
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Family 22. For p=11, b=0(mod55), and k =8, that is, b = 55u, whereu > 1
is an integer, a type S, block design S,(11,55u,8,15u, 5u, 195u, 76u) is
A-optimal inD(11+1,55u,8), and can be constructed by repeating the following
S, (11, 55, 8, 15, 5, 195, 76) design u times in the row direction.

oy ©,) @©1) @©O1Y @O @©O1Y @O @Oy @©O1) Oy (©2
02 (03 (04 (05 (06) (©7) (08 (09 (@00 (O11) (O3
01 (@©2 (03 (04 (05 (©6) (©O7) (08 (09 (0100 (011
(112) (@3) (24) (35 (46) (7)) (68 (79 (B10) (911 (101
(10,3) (114) (@15 (26) (37 (48 (9 (10) (711) (B (92
(94) (105 @16) @7) (28 (39 (4100 (1 (LY (7.2) (83
(85 (96) (10,7) (118 (19 (2100 (311 (41 (2) (63 (7.4
(v6) (87) (98 (109 @11100 (A1) (21 B2) (43 (B4 (65

02 (02 (02 (@©2 (©O2 (02 (02 (02 (O3 (03 (03
(0,4 (05 (o6) (0,7) (08 (09 (010) (011) (04) (05 (0,6)
01y (@©2 (03 (@04 (©5 (6) (O7) (08 (09 (010) (011)
(112) (@13) (24) (@5 (46) (GB7) (68 (79 (B810) (911 (101
(10,3) (114) (@15 (26) (37 (48 (B9 (6G1L) (711 BGYH (92
(9,4) (105 (116) @1L7) (28 (39 (4100 (511 (6L (7.2 (83
85 (96) (10,7) (118 (19 (2100 (311)) 41 (B2) (63 (7.4
(v6) (B7) (98 (10,9 @11100 (111)) (21) ((B2) (43 (B4 (65

03 (03 (@©3 (@03 (03 (@©O4 (@©4) (@©4) (@©O4 (@©O4 (©4
(0,7) (08 (09 (0100 (011) (05 (06) (0,7) (08 (09 (010
01y (@©2 (03 (04 (05 (@©6) (@©O7) (08 (09 (010) (011)
(112) (13) (24 (@35 (@46) B7) B8 (79 (810 (911 (@101)
(10,3) (114) (@5 (26) (37 (48 (B9 (6100 (711) B (92
(9,4) (105 (@116) (17 (28 (39 (4100 (b1 (61 (7.2) (83
(85 (96) (107) (118 (19 (2100 (311 (41 (B2) (63) (7.4
(v6) (87 (98) (109 (11100 (111 (21 ((B2) (43 (B4 (65
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0,4)
(011)
(0,1)
(11,2)
(10,3)
9.4)
(8,9)
(7.6)

(0,6)
(0,11)
(0.1)
(11,2)
(10,3)
(9.4)
(85)
(7.6)

(0.5)
(0,6)
(0.2)
(13)
(11,4)
(10,5)
(9.6)
(8,7)

(0.7)
(0.8)
(0.2)
(13)
(114)
(10,5)
(9.6)
87)

(0.5)
(0.7)
(0.3)
(24)
(15)
(116)
(10,7)
(9.8)

(0.7)
(0.9)
(0.3)
(24)
(15)
(116)
(10,7)
(9.8)

(0.5)
(0.8)
(0.4)
(35)
(2,6)
L7)
(11,8)
(10,9)

(0.7)
(0,10)
(0.4)
(35)
(2,6)
@7
(118)

(0.5)
(0.9)
(0.5)
(4,6)
(37)
(2.8)
(19)

(0,5)
(0,10)
(0.6)
(5.7)
(4.8)
(39)
(210)

(1110) (L11)

(0.7)
(0,112)
(0.5)
(4.6)
(37)
(2.8)
(19)

(0.8)
(0.9)
(0.6)
(5.7)
(4.8)
(39)
(2,10)

(10,9) (1110) (L111)

81

(0,5)
(0.11)
(0.7)
(6.8)
(59)
(4.10)
(311)
(21)

(0.8)
(0,10)
(0.7)
(6,8)
(59)
(4,10)
(311)
(21)

(0.6)
(0.7)
(0.8)
(7.9)
(6,10)
(511
(41)
(32)

(0,8)
(0,11)
(0,8)
(7.9)
(6,10)
(511)
(4)
(32)

(0.6)
(0.8)
(0.9)
(8,10)
(711)
(6.1)
(5.2)
(4.3)

(0.9)
(0,10)
(0.9)
(8.10)
(7.11)
(6.0)
(5.2)
(4.3)

(0.6)
(0.9)
(0,10)
(911)
81
(7.2)
(6.3)
(5.4)

(0,9)
(0.11)
(0,10)
(9.11)
81)
(7,2)
(6,3
(54)

(0.6)
(0,10)
(0.11)
(102)
(9.2)
(83)
(7.4)
(6,5)

(0,10)
(011)
(0,11)
(102)
(9,2)
(83)
(7.4)
(6,9)
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