
Chapter 4 

A-Optimal Designs for p    k ≥

Due to the complexity of , the problem of finding families of 

A-optimal designs for , and  is subdivided into  

and , that is, when 
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[ 1/)2( 0 ] =− pbsbk d , respectively. 
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where , )1(1 −= kpbka kkpa +−= )1(2 . Note that ),1()0,( bxgxg −=  for 

 Then the  value found by minimizing  over 

 in (i) of Theorem 2.2 can be found by minimizing  over 

, instead, that is, 

.1≥x 0s ),,;( 0 kbpsg d

]2/[1 0 kbsd ≤≤ ),( zxg

Λ∈),( zx sbts +=0 , and ),(min),( zxgstg
),( zx Λ∈

= . In the 

following, a similar procedure as that in Hedayat and Majumdar (1985) is 

followed to find families of A-optimal designs. 

Lemma 4.1. For fixed value of x, 1]2/[0 −≤≤ kx , there exists ( ), 

a function of x, such that  decreases in z when 

1z bz ≤≤ 10

),( zxg 10 zz ≤≤  and increases 

in z when . If bzz ≤≤1 01 =z ,  increases in z, and if , then 
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and the sign of zzxg ∂∂ ),(  is the same as the sign of  

( )222 )2()()12()1( zzxbxzbxkaxp ++−+−+−− 2

21 2)(2)12( zzxbxzbxaaxk
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)(zΦ=

222

, say. 

Now let  

222 )12)(12()12)(12()1()( axxkxkaxpx −+−−−−−−+−−=ϕ  

         ( ))1()12)(2()12)(12( 2 −−−−−−−−−= kxkpxkxap , 

)()12)(12()1()( 2 xkxxkaxpbx −−−−+−−=ϕ 21

212

 

)2)(12)(12( 2bxbxaaaxxk +−−+−−−  

( ))2)(1()2)(()12)(12( xkkpxkxxkxapb −2 −+−−−−−−= ,  

( ) ( ) 2222 )2)(12()()12()1()( bxbxaaxkxkxaxbpx +−−−+−−+−=ϕ 2120  

( )( 222 )()12()1( xkxaxpb −−+−= 2  

( ) )2)()2)(1()12( kxxxkkpxk −+−−−−+ . 

Then  can be rewritten as . For )(zΦ )()(2)()( 01
2

2 xzxzxz ϕϕϕ −+=Φ x  in 

, one can see that  ]1]2/[,0[ −k

111]2/[212 =+−≥+−≥−− kkkkxk

2

,               (4.1) 

1121212 ≥−−>−−+−=−− xkxkppkxa .           (4.2) 

And through some straightforward calculation one can show that  

 and 

)2)(( −− pxkx

0)2)(1( >−−+ xkk 0)1()12)(2( >−−−−− kxkp , hence 0)(1 >xϕ , and 

0)(2 >xϕ . Now 0)(2)(2)( 12 ≥+=∂Φ∂ xxzzz ϕϕ  for ]1]2/[,0[ −∈ kx , hence 

 is increasing in z, therefore )(zΦ )(zΦ  is either all negative, or increasing from 

negative to positive, or all positive for bz ≤≤0 . Since the signs of zzxg ∂∂ ),(  

and  are the same, the lemma is thus proved. )(zΦ
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Lemma 4.2. Suppose 1]2/[0 −≤≤ kx

0 bz≤≤

. Then a necessary and sufficient 

condition for 

(i)  is ),(min)0,( zxgxg = )1,()0,( xgxg ≤ , 

(ii)  is ),(min),( zxgbxg =
0 bz≤≤

)1,(),( −≤ bxgbxg . 

Proof: The necessary conditions for both cases are obvious, and the procedure of 

proving the sufficient condition for (ii) is similar to that of proving (i), and is thus 

omitted. 

Now from the proof of Lemma 4.1, )1,()0,( xgxg ≤  implies that , 

that is,  is increasing in z, (i) is thus proved.  

0)( >Φ z

),( zxg

1]2/[Lemma 4.3. (i)  Suppose 0 −≤< kt )1,()0,( tgtg, then ≤  implies  

)1,()0,( xgxg ≤ 1]2/[ for −≤≤ kx

1]2/[ −≤

t , 

< kt )1,(),(, then −≤ btgbtg

)1,(),(

 implies  

−≤ bxgbxg tx for ≤≤0 . 

(ii) Suppose 0

Proof: (i) Let )(2)( 211 axbxaxh −+= , )()(2 xkbxxh −= , 

)12()(2)( 2213 −−−−+= xaaxbxaxh  and )12()()( −−4 +−= xkxkbxxh , 

then  
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))()()()(()( xhxhxhxhxpkf= 43211

1

, say. 

Hence  if and only if )1,()0,( xgxg ≤ 0)( ≤xf ,  is a fourth degree 

polynomial in x, and 

)(xf1

2111 )12)(1(2)0( +−−= aakaf  

0)12()1(2 3 >−−−= ppbkkpbk , 

( ) ( )( )4/)1)(1(4/)1)()(1)(1(2/)1( 2 +−−−+−−=− kkbpkakkbkf 21

2213

 

( ) 0)1()1()1()16/1( 32 <−+−−= kkbpp . 

Now  

)12()(2)( −−−−+> xabaxbxaxh  

)1)(1(2 21 −−+−= xaxba  

( ) 02/)3)(1(2 ≥−−−+≥ kppkkxb , 

and by (4.2), one has . By (4.1), one has .  0)()( >≥ xhxh 31 24

2

2

012 ≥−− xk 2/)1(0

0)()( >≥ xhxh

Observe that 

(a)  is convex in x, and the minimum value of  occurs at 

. 

)(1 xh )(1 xh

2/)1(2/ −>= kax

(b)  is convex in x, and the minimum value of  occurs at 

. 

)(3 xh )(3 xh

2/)1(/12/ −>−= kbax

(c)  and is decreasing in x for −≤≤ kx . 

(d) ( ) xxhxa ∂−−∂ )()12( 22  

( )( ))1()1(2)1)(1(26 2 −+++−+−= kkpxkkpxb , 
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and the minimum value of ( ) xxhxa ∂−−∂ )()12( 22  occurs at 

( ) 2/)1(62)1)(1( −>+−+= kkkpx , and  

( ) 0)2/12/)(1()()12(
2/)1(

22 >−−−=−−
∂
∂

−=

kpkxhxa
x kx

. 

Hence )()12( xhxa − 22 −  is increasing in x  for 2/)1(0 −≤≤ kx .  

(e)  is concave in x, and the maximum value of occurs at 

. 

)(4 xh )(4 xh

2/)1(/12/ −≥−= kbkx

For 2/)1(0 −≤≤ kx , by (a), (b), (c), and the fact that , , 

one can see that  is decreasing in x; by (d), (e), and the fact 

that , , , one can see that 

)(1 xh 0)(3 >xh

)()()12( 31 xhxhxk −−

122 −− xa )(2 xh 0)(4 >xh )()()12( 422 xhxhxa −−  is 

increasing in x. Hence  is decreasing in x for )(xf1 2/)1(0 −≤≤ kx .  

Now, since  and 0)0(1 >f ( ) 02/)1(1 <−kf , there exists t such that 

, then  for 0)( ≤tf1 1 0)( ≤xf 1]2/[ −≤≤ kxt , and the result follows. 

(ii) Let , 1)1(2)1(2)( 2
215 −+−++−+−= bxbbxbbxaaxh

( )1)1(2)1()( 2 −+−+−−+= bxbbxbbxkxh6
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( ))()()1()1()( xhxhxhxhxpkf 65212 ++= , say. 

Note that  

)32()1)(1(2)1( 2211 −−−−+++>+ xabaxxbaxh  

)2)(1(22 21 −−+−= xaxba  

( )( ) 02)1/()2(23)1()1( 2 ≥−−−−−−++≥ kkkppkkxb , 

0)1)(1()1( >−−+=+ xkxbxh2

215

, 

0)12()1()( >−−++= xaxhxh ,  

( ) 01)1()1()12()1()( >26 −+−−>−−−+= xbxkxkxhxh . 

Hence  if and only if )1,(),( −≤ bxgbxg 0)(2 ≤xf .  is a fourth degree 

polynomial in x, and 

)(xf 2

2 )0(f 32 )1()1)(1()1( −−−+= kpbbp  

( )( ) 3)1()1)(1(2)1(2 −+−−+−− kpbpbkppkb  

( )( )223 1)12()1)(1()1)(1( −−−−+−−< kpppkbb  

( )( ) 02)14()1()12(3)1( 322 <−++−−−−−= pkkpkpbb  

 if , 2)12(2 −+≤ kp

( ) ( )22 4/)1)(1()1)((2/)1( −+−−=− kkbpkakf 22  

( ) 0)1)(1()1()1()16/1( 2 >+−−−= kkbpkp . 

Now through some straightforward calculation, one observe that 

(f)  is concave in x, and the maximum value of  occurs at 

. 

)(6 xh )(6 xh

2/)2(/12/)2( −>+−= kbkx

 38



(g) ( ) xxhxa ∂+−−∂ )1()12( 22  

( ) ( )( )2)2)(1()1(2)1)(1()1(226 2 −−+−+−+−+−−= kpkxpkkxb , 

and the minimum value of ( ) xxhxa ∂+−−∂ )1()12( 22  occurs at 

2/)1(6/)53( −>−+−= kkppkx , and  

( ) 02/)17()2/)(1()1()12(
2/)3(

22 >−+−−=+−−
∂
∂

−=

kkpkxhxa
x kx

. 

Hence )1()12( +− 22 − xhxa  is increasing in x for 2/)3(0 −≤≤ kx . 

(h)  is convex in x, and the minimum value of )1(1 +xh )1(1 +xh  occurs at 

. 2/)1(2/)2( −>−= kax 2

2

(i)  is convex in x, and the minimum value of  occurs at 

. 

)(5 xh )(5 xh

2/)1(/12/)2( −>+−= kbax

For 2/)3(0 −≤≤ kx , by (f), (g), and the fact that 122 −− xa , , 

, one can see that 

)1(2 +xh

0)(6 >xh )()1()12( 622 xhxhxa +−−  is increasing in x; for 

, by (c), (h), (i), and the fact that 2/)1(0 −≤≤ kx 12 −− xk , , 

, one can see that 

)1(1 +xh

0)(5 >xh )()1()12( 51 xhxhxk +−−  is decreasing in x. Hence 

 is increasing in x for )(xf 2 2/)3(0 −≤≤ kx . 

Moreover, let , )()1()12()1()( 622
2

7 xhxhxapxh +−−−=

)()1()12()( xhxhxkxh + 518 −−= , then )()()( xhxhxf 872 −= , and  

( ) ( 2/)3(2/)2( −−− kfkf )22  

( ) ( ) ( ) ( )2/)2(2/)3(2/)3(2/)2( 8877 −−−+−−−= khkhkhkh . 

Since  is decreasing in )(xh8 x  and is nonnegative for 2/)1(0 −≤≤ kx , one 
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can obtain that ( ) ( ) 02/)2(2/)3( 88 >−−− khkh . 

Note that  

( ) ( )2/)2()2/()1)(1(2/)2( 2 −−+−=− khkhpkakh 6227  

( ) )14/()1(1)1()4/1( 222 −−+−= bkkpkpb , 

( ) ( ) ( )2/)3(2/)1()1)(2(2/)3( 2 −−−+−=− khkhpkakh 6227  

( ) ( )24/)1()1()1(2)1()4/1( 222 −−−−+−= kbkpkpb ,  

one thus has  

( ) ( 2/)3(2/)2( −−− khkh )77  

( )( )( 14/)1(4/1)1()1()4/1( 2222 +−−+−−= kbbkkpkpb   

( )( ))1)1()1(24/)1( 22 +−−−−−+ kkpkb  

( )( 1)1()1)(14/()4/1( 22 +−−+≥ kpkpbb  

( )( )) 024/)1(12/)1( 2 >−−+−+ kbkk   

since 2/)13(12/)3(2/2 +=−−−>−−> kkkbzxkp , that is,  

. Hence  is increasing in x for 

( )2/)2(2 −kf

( ) 02/)3( >−− kf2 2 )(xf 2/)2(0 −≤≤ kx .  

Now since  and 0)0(2 <f ( ) 02/)1(2 >−kf , there exists t such that 

, then  for 0)( ≤tf 2 2 0)( ≤xf tx ≤≤0 , and the result follows. 

Lemma 4.4. (i) For 1]2/[1 −≤≤ kt , then ),(min)0,( zxgtg
),( zx Λ∈

=  if and only if  

)1,()0,( tgtg ≤ )1,1()0,( −−≤ btgtg

),( zx Λ∈

,  and 

(ii) For , then ]2/[kt = ),(min)0],2/([ zxgkg =  if and only if  

)1,1]2/([)0],2/([ −−≤ bkgkg . 
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Proof: (i) If , by Lemma 4.2(i), )1,()0,( tgtg ≤

,,1,0
)0,1(),(),(min)0,( +=<= tgbtgztgtg

= bz
; 

and by Lemma 4.3(i), )1,1()0,1( +≤+ tgtg . Then  is the minimum of 

 for , and 

)0,(tg

),( zxg 1]2/[,, −= ktx bz ,,1,0= . 

)1,1(),1()0,( −−≤−= btgbtgtg

,,1,0 bz

, by Lemma 4.2(ii), Similarly, if 

),2()0,1(),1(min),1( btgtgztgbtg −=−<−=−
=

; 

and by Lemma 4.3(ii), )1,2(),2( −−≤− btgbtg . Then  is the minimum 

of  for 

)0,(tg

),( zxg 1,,1,0 −= tx , and bz ,,1,0= . Therefore,  

. The necessary is obvious, and (i) is thus proved. 

)0,(tg

),(min zxg=
),( zx Λ∈

0

(ii) can be proved by using a similar procedure as that in the previous proof, hence 

is omitted. 

Lemma 4.1 to 4.4 can be used to find families of A-optimal type  block 

designs with the control line appearing in t crosses in each block. 

S

Theorem 4.5. Let 1]2/[1 −≤≤ kt . A type  block design  0S ,,,(0 kbpS

),,, 1010 λλgg  having , tbs =0 ptkbs /)2(1 −= , ptbg /0 = ,  

, 

/)(21 tkbg −=

)1( −pp ptktb /)2(0 −=λ , )1(/)12)(2(1 −−−−= pptktkbλ , if exists, is 

A-optimal when p , , , and  satisfy b k t

( ) ( )( )2
2

2 ))(1()12()()2)(1()12( tkpttatkttkkptkb −−−−−−−−−−−  

( ))2)(1())(2()12)(12( 2 tkktkpttktap −−+−−−−−−≤ ,          (4.3) 

and  
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( ) ( )( )22
2 )()2)(1()12())(1()12( tkttkkptktkpttab −−−−+−−−−+−  

( ))2)(1())(2()12)(12( 2 tkktkpttktap −−+−−+−+−≤

]2/[kt =

),( zx Λ∈

.             (4.4) 

For , only inequality (4.4) needs to be satisfied. 

Proof: By Lemma 4.4,  if and only if  and ),(min)0,( zxgtg = )1,()0,( tgtg ≤

)1,1()0,( −−≤ btgtg . And in the proof of Lemma 4.3, it is shown that 

 if and only if )1,()0,( tgtg ≤ 0)(1 ≤tf , and )1,1()0,( −−≤ btgtg  if and only if 

. Inequality (4.3) is an expression for 0)1(2 ≤−tf 0)(1 ≤tf , and inequality (4.4) 

is an expression for . 0)1( ≤−tf2
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4.1.1. A-Optimal Designs for t = 1 

For , inequality (4.3) becomes  1=t

( )22 )1()1)(3(4)1( −−−−− ppkkkb  

( )3)1()32)(3( −+−−+−≤ kkpkpk ,              (4.5) 

and inequality (4.4) becomes 

( ) )32)(1(4)34)(1( 2 −++≤−−++ kpppkkppb .            (4.6) 

Now since that the right hand side of inequalities (4.5) and (4.6) are both 

nonnegative, the A-optimality of a type  block design  0S ,,,,,( 100 ggkbpS

), 10 λλ  having , bs =0 pkbs /)12(1 −= , pbg /0 = , )1(/)1(21 −−= ppkbg , 

pkb /)12( −=0λ , )1(/)1)(12(21 −−−= ppkkbλ  can be observed by showing 

that the following two inequalities are satisfied. 

2)1()1)(3(4 −≤−− ppkk , and                       (4.7) 

24)34)(1( pkkpp ≤−++ .                         (4.8) 

Applying inequalities (4.7) and (4.8), one can obtain families of A-optimal 

type  block designs. 0S

Theorem 4.6. For , , a type  block design kp 2≥ 3≥k 0S

),,,,,,( 10100 λλggkbpS  having ,0 bs =  ,/)12(1 pkbs −=   

, 

,/0 pbg =

)1(/)1(21 −−= ppkbg pkb /)12(0 −=λ , )1(/)12)(1(21 −−−= ppkkbλ , if 

exists, is A-optimal when p  and  satisfy (i) for k = 3, k 256 ≤≤ p , (ii) for 

, 4≥k 1)1(42)3(4 +−≤≤+− kkpkk . 
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Proof: For , by Theorem 4.5, it suffices to find p satisfies inequality (4.8) 

and , and the intersection is 

3=k

kp 2≥ 256 ≤≤ p

2

1 1

. 

For  let  and 

. Observe that 

,4≥k )1)(3(4)1()( 2
1 −−−−= pkkppq

24)34)(1()( pkkpppq −−++=

0114)0( >−= kq , 012)4(4)1( <−−= kkq , 

( ) 012)4(41)3(41 <−−=+− kkkkq , and ( ) 01142)3(4 >−1 =+− kkkq ; 

034)0( >−= kq2 2, 04)2(4)1( <−−= kkq , 

( ) 04)2(41)1(42 <−−=+− kkkkq , and ( ) 0342)1(4 >−2 =+− kkkq . 

1)1(42)3(4 +−≤≤+− kkpkk

0

Hence for , both inequalities (4.7) and (4.8) are 

satisfied, and the theorem follows. 

Some families of A-optimal type  block designs and their construction 

methods are given. 

S

Family 1. For , , and 6=p )30(mod0=b 3=k , that is, b = 30u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (6, 30, 3, 

5, 4, 25, 20) design u times in the row direction. 

0S )20,25,4,5,3,30,6(0 uuuuuS

)3,30,16( uD + 0S

)4,3()3,2()2,1()1,6()6,5()5,4(
)2,1()1,6()6,5()5,4()4,3()3,2(
)6,0()5,0()4,0()3,0()2,0()1,0(
 

)4,3()3,2()2,1()1,6()6,5()5,4(
)5,1()4,6()3,5()2,4()1,3()6,2(
)6,0()5,0()4,0()3,0()2,0()1,0(
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)1,3()6,2()5,1()4,6()3,5()2,4(
)5,2()4,1()3,6()2,5()1,4()6,3(
)6,0()5,0()4,0()3,0()2,0()1,0(
 

)3,2()2,1()1,6()6,5()5,4()4,3(
)4,1()3,6()2,5()1,4()6,3()5,2(
)6,0()5,0()4,0()3,0()2,0()1,0(
 

)1,3()6,2()5,1()4,6()3,5()2,4(
)4,2()3,1()2,6()1,5()6,4()5,3(
)6,0()5,0()4,0()3,0()2,0()1,0(
 

Family 2. For 7=p , , and )21(mod0=b 3=k , that is, b = 21u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (7, 21, 3, 

3, 2, 15, 10) design u times in the row direction. 

0S )10,15,2,3,3,21,7(0 uuuuuS

)3,21,17( uD + 0S

)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
 

)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

Family 3. For , , and 8=p )56(mod0=b 3=k , that is, b = 56u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (8, 56, 3, 

7, 4, 35, 20) design u times in the row direction. 

0S )20,35,4,7,3,56,8(0 uuuuuS

)3,56,18( uD + 0S
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)3,2()2,1()1,8()8,7()7,6()6,5()5,4()4,3(
)5,1()4,8()3,7()2,6()1,5()8,4()7,3()6,2(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
 

)6,3()5,2()4,1()3,8()2,7()1,6()8,5()7,4(
)5,4()4,3()3,2()2,1()1,8()8,7()7,6()6,5(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)4,3()3,2()2,1()1,8()8,7()7,6()6,5()5,4(
)7,2()6,1()5,8()4,7()3,6()2,5()1,4()8,3(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)7,6()6,5()5,4()4,3()3,2()2,1()1,8()8,7(
)3,1()2,8()1,7()8,6()7,5()6,4()5,3()4,2(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)6,2()5,1()4,8()3,7()2,6()1,5()8,4()7,3(
)7,5()6,4()5,3()4,2()3,1()2,8()1,7()8,6(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)4,2()3,1()2,8()1,7()8,6()7,5()6,4()5,3(
)6,1()5,8()4,7()3,6()2,5()1,4()8,3()7,2(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)7,5()6,4()5,3()4,2()3,1()2,8()1,7()8,6(
)4,9()3,8()2,7()1,6()8,5()7,4()6,3()5,2(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

Family 4. For , , and 9=p )18(mod0=b 3=k , that is, b = 18u, where u ≥ 1 is 

an integer, a type  block design  is A-optimal in 

, and can be constructed by repeating the following (9, 18, 3, 2, 

1, 10, 5) design u times in the row direction.  

0S )5,10,,2,3,18,9(0 uuuuuS

)3,18,19( uD + 0S
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)5,3()4,2()3,1()2,9()1,8()9,7()8,6()7,5()6,4(
)2,1(
)9,0(

)1,9(
)8,0(

)9,8(
)7,0(

)8,7(
)6,0(

)7,6()6,5()5,4()4,3()3,2(
)5,0()4,0()3,0()2,0()1,0(

 

)6,3()5,2()4,1()3,9()2,8()1,7()9,6()8,5()7,4(
)2,7(
)9,0(

)1,6(
)8,0(

)9,5(
)7,0(

)8,4(
)6,0(

)7,3()6,2()5,1()4,9()3,8(
)5,0()4,0()3,0()2,0()1,0(

 

Family 5. For , , and 11=p )55(mod0=b 3=k , that is, b = 55u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (11, 55, 

3, 5, 2, 25, 10) design u times in the row direction. 

0S )10,25,2,5,3,55,11(0 uuuuuS

)3,55,111( uD + 0S

)8,4()7,3()6,2()5,1()4,11()3,10()2,9()1,8()11,7()10,6()9,5(
)3,2()2,1()1,11()11,10()10,9()9,8()8,7()7,6()6,5()5,4()4,3(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
 

)9,2()8,1()7,11()6,10()5,9()4,8()3,7()2,6()1,5()11,4()10,3(
)6,1()5,11()4,10()3,9()2,8()1,7()11,6()10,5()9,4()8,3()7,2(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)8,5()7,4()6,3()5,2()4,1()3,11()2,10()1,9()11,8()10,7()9,6(
)10,1()9,11()8,10()7,9()6,8()5,7()4,6()3,5()2,4()1,3()11,2(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)10,7()9,6()8,5()7,4()6,3()5,2()4,1()3,11()2,10()1,9()11,8(
)9,4()8,3()7,2()6,1()5,11()4,10()3,9()2,8()1,7()11,6()10,5(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)7,6()6,5()5,4()4,3()3,2()2,1()1,11()11,10()10,9()9,8()8.7(
)5,3()4,2()3,1()2,11()1,10()11,9()10,8()9,7()8,6()7,5()6,4(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
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2≥t4.1.2. A-Optimal Designs for   

We now extend the result to the general t  value by using the same 

procedure as before. 

Now since that the right hand side of the inequalities (4.3) and (4.4) are both 

nonnegative, the inequalities are satisfied if and only if the left hand sides are less 

than or equal to 0. Let the left hand side of inequality (4.3) be , and the 

left hand side of inequality (4.4) be , then 

)(3 pbq

)( pbq4

( ) ( ) ( )( )ptkttktkktkptktkpq 2222
3 )()12()2)(1()12()()1()( −−++−−−−−−−=

         ( )2)()14()12)(2)()(1(2 tkttktktktkkt −−−−−−−−−+ , 

( ) ( ) ( )( )ptkttktkktkptktkpq 2222
4 )()32()2)(1()12()()1()( −−++−−+−−−−=

         ( )2)()34()12)(2)()(1(2 tkttktktktkkt −+−−+−−−−+ . 

The conditions that , and 0)( ≥pq3 4 0)( ≤pq  are given in the following 

Theorem 4.7. 

Theorem 4.7. For 12 +−≥ tkp , a type  block design  0S ,,(0 bpS

),,,, 1010 λλggk  having  ,0 tbs = ,/)2(1 ptkbs −=  ,/0 ptbg =   

, 

)(21 tkbg −=

)1(/ −pp ptktb /)2(0 −=λ , )1(/)12)(2(1 −−−−= pptktkbλ , if exists, is 

A-optimal when p , , and  satisfy k t

12,2 += ttk(i)  for ,  

( ) ( )
( )2

22

)()1(
)()1(2)2)(1()12(12

tktk
tktttkktkptk

−−
−−+−−+−

≤≤+− , 
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(ii)  for 22 +≥ tk , ( )
( )

p
tktk

ttktkktk
≤+

−−
−+−−−− 1

)()1(
)(2)2)(1()12(

2

322

 

                         ( ) (
( )

)
2

22

)()1(
)()1(2)2)(1()12(

tktk
tktttkktk

−−
−−+−−+−

≤ . 

Proof: For 12,2 += ttk , by Theorem 4.5, it suffices to find p satisfies 

 and , and the intersection is as shown above.  0)( ≤pq4 12 +−≥ tkp

For 22 +≥ tk , notice that both  and  are convex in p, and 

both have two real positive roots, say , and , respectively. Observe that 

)(3 pq )(4 pq

21 43, rr , rr

( ) 0)()14()12)(2)()(1(2)0( 2 >−−−−−−−−−= tkttktktktkktq3

3

, 

)1(q ( ) ( ) ( )( )222 )()12()2)(1()12()()1( tkttktkktktktk −−++−−−−−−−=  

( )2)()14()12)(2)()(1(2 tkttktktktkkt −−−−−−−−−+  

( )232 2)223()12)(2)(1()(2 ttktktktkkttk −−−+−−−−+−−=

( ) 0)()14( 2 <−−−− tkttk , 

( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−−
−+−−−−

2

322

3 )()1(
)(2)2)(1()12(

tktk
ttktkktkq   

( )( ) ( )( 2322 )2)(1()12()(2)2)(1()12( tkktkttktkktk −−−−−+−−−−=  

( )232 )2)(1()12()(2 tkktkttk −−−−−−+   

( ) ) ( )( )22 )()1()()12( tktktkttk −−−−+−  

( )2)()14()12)(2)()(1(2 tkttktktktkkt −−−−−−−−−+   

( )22)223()12)(2)(1( ttktktktkk −−−+−−−−=   

( ) 0)()12( 2 <−−−− tkttk , 
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( )
( )

01
)()1(

)(2)2)(1()12(
2

322

3 >⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−−
−+−−−−

tktk
ttktkktkq  since 

( )
( )

1
)()1(

)(2)2)(1()12(
2

322

+
−−

−+−−−−
tktk

ttktkktk   

( ) ( )
( )2

22

)()1(
)()12()2)(1()12(

tktk
tkttktkktk

−−
−−++−−−−

=  

( ) ( )
( )2

22

2 )()1(
)()12()2)(1()12(

tktk
tkttktkktkr

−−
−−++−−−−

=>  

( ) ( )( ) ( )
( )2

9
3222

)()1(2
),()()1(4)()12()2)(1()12(

tktk
kthtktktkttktkktk

−−

−−+−−++−−−−
+

, where 0)12)(2)(1(2)14)((),(9 <−−−−−−−−= tktkktktktkth , 

then  for , and0)(3 ≥pq 0≤p ( )
( )

1
)()1(

)(2)2)(1()12(
2

322

+
−−

−+−−−−
≥

tktk
ttktkktkp . 

Observe also that 

=)0(q4 ( ) 0)()34()12)(2)()(1(2 2 >−+−−+−−−− tkttktktktkkt , 

)1(q4 ( ) ( ) ( )( )222 )()32()2)(1()12()()1( tkttktkktktktk −−++−−+−−−−=  

( )2)()34()12)(2)()(1(2 tkttktktktkkt −+−−+−−−−+   

( ) ( )22 2)223()12)(2)(1()()1(2 ttktktktkktktt −−−++−−−+−−=  

( ) 0)()34( 2 <−+−− tkttk , 

( ) ( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−−
−−+−−+−

2

22

4 )()1(
)()1(2)2)(1()12(

tktk
tktttkktkq  

( ) ( )( ) ( )( 222 )2)(1()12()()1(2)2)(1()12( tkktktktttkktk −−+−−−+−−+−=         
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( ) ( )22 )2)(1()12()()1(2 tkktktktt −−+−−−−+  

( ) ) ( )( )22 )()1()()32( tktktkttk −−−−+−  

( )2)()34()12)(2)()(1(2 tkttktktktkkt −+−−+−−−−+  

( )222)223()12)(2)(1( ttktktktkk −−−++−−−=  

( ) 0)()12( 2 <−+−− tkttk , 

( ) ( )
( )

01
)()1(

)()1(2)2)(1()12(
2

22

4 >⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−−
−−+−−+−

tktk
tktttkktkq  since 

( ) ( )
( )

1
)()1(

)()1(2)2)(1()12(
2

22

+
−−

−−+−−+−
tktk

tktttkktk   

( ) ( )
( )2

22

)()1(
)()32()2)(1()12(

tktk
tkttktkktk

−−
−−++−−+−

=  

( ) ( )
( )2

22

4 )()1(
)()32()2)(1()12(

tktk
tkttktkktkr

−−
−−++−−+−

=>  

( ) ( )( ) ( )
( )2

10
3222

)()1(2
),()()1(4)()32()2)(1()12(

tktk
kthtktktkttktkktk

−−

−−+−−++−−+−
+

, where 0)12)(2)(1(2)34)((),(10 <+−−−−−−−= tktkktktktkth , 

then  for 0)(4 ≤pq ( ) ( )
( )2

22

)()1(
)()1(2)2)(1()12(1

tktk
tktttkktkp

−−
−−+−−+−

≤≤ . The 

theorem follows. 

Some families of A-optimal type  block designs for t = 2, together with 

their construction methods are giving in the following. 

0S

 51



A type  block design 0S ),,,,,,( 10100 λλggkbpS  with , has the 

following values for 

bs 20 =

10101 ,,,, λλggs , and  

pkbs /)1(2 −=1 0, pbg /2= , )1(/)2(21 −−= ppkbg , 

pkb /)1(4 −0 =λ , )1(/)32)(1(21 −−−= ppkkbλ . 

For these designs to exist, 10101 ,,,, λλggs  must all be integers. 

Family 6. For , , and 7=p )21(mod0=b 4=k , that is, b = 21u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (7, 21, 4, 

6, 2, 12, 15) design u times in the row direction. 

0S )15,12,2,6,4,21,7(0 uuuuuS

)4,36,19( uD + 0S

)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()7,0()6,0()5,0()4,0(

 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)2,0()1,0()7,0()6,0()5,0()4,0()3,0(

 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)1,0()7,0()6,0()5,0()4,0()3,0()2,0(
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Family 7. For , , and 9=p )36(mod0=b 5=k , that is, b = 36u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (9, 36, 5, 

8, 3, 64, 28) design u times in the row direction. 

0S )28,64,3,8,5,36,9(0 uuuuuS

)5,36,19( uD + 0S

)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0()9,0()8,0()7,0()6,0()5,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()9,0()8,0()7,0()6,0()5,0()4,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)2,0()1,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)1,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
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Family 8. For , , and 10=p )45(mod0=b 5=k , that is, b = 45u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (10, 45, 

5, 9, 3, 72, 28) design u times in the row direction. 

0S )28,72,3,9,5,45,10(0 uuuuuS

)5,45,110( uD + 0S

)7,5()6,4()5,3()4,2()3,1()2,10()1,9()10,8()9,7()8,6(
)6,4()5,3()4,2()3,1()2,10()1,9()10,8()9,7()8,6()7,5(
)3,2()2,1()1,10()10,9()9,8()8,7()7,6()6,5()5,4()4,3(
)1,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
)10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)7,6()6,5()5,4()4,3()3,2()2,1()1,10()10,9()9,8()8,7(
)9,5()8,4()7,3()6,2()5,1()4,10()3,9()2,8()1,7()10,6(
)8,4()7,3()6,2()5,1()4,10()3,9()2,8()1,7()10,6()9,5(
)2,0()1,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0(
)10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(

 

)7,4()6,3()5,2()4,1()3,10()2,9()1,8()10,7()9,6()8,5(
)5,1()4,10()3,9()2,8()1,7()10,6()9,5()8,4()7,3()6,2(
)8,10()7,9()6,8()5,7()4,6()3,5()2,4()1,3()10,2()9,1(
)3,0()2,0()1,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0(
)2,0()1,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0(

 

)9,4()8,3()7,2()6,1()5,10()4,9()3,8()2,7()1,6()10,5(
)5,2()4,1()3,10()2,9()1,8()10,7()9,6()8,5()7,4()6,3(
)3,10()2,9()1,8()10,7()9,6()8,5()7,4()6,3()5,2()4,1(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0()10,0()9,0(
)6,0()5,0()4,0()3,0()2,0()1,0()10,0()9,0()8,0()7,0(

 

)1,10()10,9()9,8()8,7()7,6(
)2,7()1,6()10,5()9,4()8,3(
)6,5()5,4()4,3()3,2()2,1(
)3,0()2,0()1,0()10,0()9,0(
)8,0()7,0()6,0()5,0()4,0(
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Family 9. For , , and 11=p )55(mod0=b 6=k , that is, b = 55u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(11, 55, 6, 10, 4, 100, 45) design u times in the row direction. 

0S )45,100,4,10,6,55,11(0 uuuuuS

)6,55,111( uD +

0S

)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0()11,0()10,0()9,0()8,0()7,0()6,0(

 

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0(

 

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0(

 

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)2,0()1,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0(
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)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)1,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
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4.2. A-Optimal Designs for [ ] 1/)2( 0 =− pbsbk d  

For [ ] 1/)2( 0 =− pbsbk d , or bskpk d /2 0−≤≤ , one has ,  

, hence  

11 =y )( 0dsa

pbsbk 2)2(3 −−= d 0

)())3(()/3(2
)1(),,;(

00

2

0
dd

d shskkpkpkpbk
ppkkbpsg

++−−+−
−

=   

kshs
p

/)(−
+

dd 00

, and 

zzxbxzbxkkppkkpb
ppkzxg

+++++−−+−
−

=
2))()3(())3((2

)1(),( 2

2

 

          
kzzxbxzbx

p
/)2()( 2 ++−+

+  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−+

+
++++′−′

−
=

)2()(
1

2)(2
)1(

22
21

2

zzxbxzbxkzzxbxzbxaa
ppk , 

where , ( )pkkpba +−=′ )3(1 kkpa +−=′ )3(2 , and ),1()0,( bxgxg −=  for 

 .1≥x

Applying the same procedure as that in section 4.1, that is, from Lemma 4.1 

to Lemma 4.4, we have the following Lemma 4.8 to 4.11.  

Lemma 4.8. For fixed value of x, 1]2/[0 −≤≤ kx , there exists ( ), 

a function of x, such that  decreases in z when 

1z bz ≤≤ 10

),( zxg 10 zz ≤≤  and increases 

in z when . If bzz ≤≤1 01 =z ,  increases in z, and if , then 

 decreases in z. 

),( zxg bz =1

),( zxg

),( zxg zProof: Taking the derivative of  with respective to , one has 
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( )⎜
⎜
⎝

⎛

++++′−′

′−+−−
=

∂
∂

22
21

2
2

2)(2
)12()1(),(

zzxbxzbxaa
axppkzxg

z
 

( ) ⎟
⎟
⎠

⎞

++−+

−−
− 22 )2()(

12
zzxbxzbxk

xk  

and the sign of zzxg ∂∂ ),(  is the same as the sign of  

( )222 )2()()12()1( zzxbxzbxkaxp ++−+′−+−− 2

21

)(zΦ

 

( )22 2)(2)12( zzxbxzbxaaxk ++++′−′−−−  

′=

222

, say. 

Now let  

222 )12)(12()12)(12()1()( axxkxkaxpx ′−+−−−−−′−+−−=′ϕ  

         ( ))3()12)(2()12)(12( 2 −−−−−−−−−′= kxkpxkxap , 

)()12)(12()1()( 2 xkxxkaxpbx −−−′−+−−=′ϕ 21

212

 

)2)(12)(12( 2bxbxaaaxxk +′−′′−+−−−  

( ))()2()2)(3(2)12)(12( xkxpxkkpxkxapb −2 −+−−+−−−−′= ,  

22222 )2)(12())()(12()1()( bxbxaaxkxkxaxbpx +′−′−−+−′−+−=′ϕ 2120  

( ( )222 )()12()1( xkxaxpb −′−+−= 2  

( ) )22 )()2)(3(2)12( kxxxkkppxk −+−−+−−+ . 

Then  can be rewritten as . For )(zΦ′ )()(2)()( 01
2

2 xzxzxz ϕϕϕ ′−′+′=Φ′ x  in 

, one can see that ]1]2/[,0[ −k

2 11212)3(12 ≥−−≥−−+−=−−′ xkxkkpxa .         (4.9) 
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And through some straightforward calculation one can show that 

0)2)(3()2)(( >−−+−− xkkpxkx  and 0)3()12)(2( >−−−−− kxkp , hence 

0)(1 >′ xϕ , and 0)(2 >′ xϕ . Now 0)(2)(2)( 12 ≥′+′=∂Φ′∂ xxzzz ϕϕ  for 

, hence  is increasing in z, therefore ]1]2/[,0[ −∈ kx )(zΦ′ )(zΦ′  is either all 

negative, or increasing from negative to positive, or all positive for . 

Since the signs of 

bz ≤≤0

zzxg ∂∂ ),(  and )(zΦ′  are the same, the lemma is thus 

proved. 

The proof of Lemma 4.9 is the same as Lemma 4.2, hence is omitted. 

Lemma 4.9. For 1]2/[0 −≤≤ kx

0 bz≤≤

. Then a necessary and sufficient condition for 

(i)  is ),(min)0,( zxgxg = )1,()0,( xgxg ≤ , 

(ii)  is ),(min),( zxgbxg =
0 bz≤≤

)1,(),( −≤ bxgbxg . 

Lemma 4.10. (i)  Suppose 0 1]2/[ −≤< kt )1,()0,( tgtg, then ≤  implies 

)1,()0,( xgxg 1]2/[≤  for −≤≤ kx

1]2/[ −≤

t , 

(i) Suppose 0 < kt )1,(),(, then −≤ btgbtg

)1,(),(

 implies  

−≤ bxgbxg tx for . ≤≤0

Proof: (i) Let )(2)( 211 axbxaxh ′−+′=′ , and 

)12()(2)( 2213 −−′−′−+′=′ xaaxbxaxh , then  

)1,()0,( xgxg −  

( ) ( )( )
)()()()(

)()()()()1()()()()()1(

4321

2134
2

4312
2

xhxhxhxh
xhxhxhxhpxhxhxhxhppk

′′
′′+−−′′+−

=  
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( )
)()()()(

)()()12()1()()()12(

4321

422
2

31

xhxhxhxh
xhxhxapxhxhxkpk

′′
−−′−−′′−−

=  

( ))()()()()(' 43211 xhxhxhxhxpkf ′′=

1

, say. 

Hence  if and only if )1,()0,( xgxg ≤ 0)(' ≤xf ,  is a fourth degree 

polynomial in x, and 

)(' xf1

2111 )12)(1(2)0(' +′−′−′= aakaf  

( )( ) 012)12)(3()3()1(2 2 >+−+−−+−−= kbpbkkppkkkpb , 

( ) ( )( )4/)1)(1(4/)1)()(1)(1(2/)1(' 2 +−−−′+−−=− kkbpkakkbkf 21  

( ) 0)1()1()1()16/1( 32 <−+−−= kkbpp . 

Now  

)12()(2)( 2213 −−′−′−+′>′ xabaxbxaxh  

)1)(1(2 21 −−′+−′= xaxba  

( ) 02/)13(2/)13)(3(2 ≥++−−+≥ kkkkpxb , 

and by (4.9), one has 0)()( >31 ′≥′ xhxh . 

Observe that 

(a)  is convex in x, and the minimum value of )(1 xh′ )(1 xh′  occurs at 

. 2/)1(2/ −>′= kax 2

(b)  is convex in x, and the minimum value of )(3 xh′ )(3 xh′  occurs at 

. 2/)1(/12/ −>−′= kbax 2

012 ≥−− xk 2/)1(0(c)  and is decreasing in x for −≤≤ kx . 

(d) ( ) xxhxa ∂−−′∂ )()12( 22  
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( )( )pkkkpxkkpxb 2)1()1(13)3(26 2 −−++−+−−= , 

and the minimum value of ( ) xxhxa ∂−−′∂ )()12( 22  occurs at 

( ) 2/)3(6/13)3( −>−+−= kkkpx , and  

( ) 0)2/92/3)(3()()12(
2/)3(

22 >−−−=−−′
∂
∂

−=

kpkxhxa
x kx

. 

Hence )()12( xhxa − 22 −′  is increasing in x  for 2/)3(0 −≤≤ kx . 

(e)  is concave in x, and the maximum value of  occurs at 

. 

)(4 xh )(4 xh

2/)1(/12/ −≥−= kbkx

For 2/)1(0 −≤≤ kx , by (a), (b), (c), and the fact that 12 −− xk , , 

, one can see that 

)(1 xh′

0)(3 >′ xh )()()12( 31 xhxhxk ′′−−  is decreasing in x; for 

, by (d), (e), and the fact that 2/)3(0 −≤≤ kx 122 −−′ xa , , , 

one can see that  is increasing in x. Hence  is 

decreasing in x for .  

)(2 xh 0)(4 >xh

)()()12( 422 xhxhxa −−′ )('1 xf

2/)3(0 −≤≤ kx

Moreover, let )()()12()( 3111 xhxhxkxh ′′−−= , 

, then )()()12()1()( 2 xhxhxapxh −−′−= 42212 12111 )()()(' xhxhxf −= , and  

( ) ( 2/)3('2/)2(' −−− kfkf )11  

( ) ( ) ( ) ( )2/)2(2/)3(2/)3(2/)2( 12121111 −−−+−−−= khkhkhkh . 

Since  is decreasing in x and is nonnegative for )(11 xh 2/)1(0 −≤≤ kx , one 

can obtain that ( ) ( ) 02/)2(2/)3( 1111 <−−− khkh . 

Note that  

( ) ( ) ( )2/)2(2/)2()1()1(2/)2( 2 −−+−′−=− khkhkapkh 42212  
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( ) ( )14/)4()4(1)3()1()4/1( 222 +−−+−−= kbkkppb , 

( ) ( ) ( )2/)3(2/)3()2()1(2/)3( 2 −−+−′−=− khkhkapkh 42212  

( ) ( )24/)9()9(2)3()1()4/1( 222 +−−+−−= kbkkppb ,  

one thus has  

( ) ( 2/)2(2/)3( −−− khkh )1212  

( ) ( )( 14/)4(4/)9()4(1)3()1()4/1( 2222 +−−−−+−−= kbkbkkppb  

( )( ))14)3(524/)9( 22 −−−+−+ kpkkb  

( )( )4/51)(4(1)3()1()4/1( 22 bkkppb −−+−−≤  

( )( )) 0142/)415(24/)9( 2 <−−+−+ kkkb .  

Hence ( ) ( ) 02/)3('2/)2(' 11 >−−− kfkf . That is,  is decreasing in )('1 xf x  

for . 2/)2(0 −≤≤ kx

Now, since  and 0)0('1 >f ( ) 02/)1('1 <−kf , there exists t such that 

, then  for 0)(' ≤tf1 1 0)(' ≤xf 1]2/[ −≤≤ kxt , and the result follows. 

(ii) Let , then 1)1(2)1(2)( 2 −+−++−+′−′=′ bxbbxbbxaaxh 215

)1,(),( −− bxgbxg  

( )
)()()1()1(

)()()1()1()1(

6521

6512
2

xhxhxhxh
xhxhxhxhppk

′++′
′+′++−

=  

( )
)()()1()1(

)1()1()()()1(

6521

2156
2

xhxhxhxh
xhxhxhxhppk

′++′
++′′+−

−  

( )
)()()1()1(

)()1()12()()1()12()1(

6521

51622
2

xhxhxhxh
xhxhxkxhxhxappk

′++′
′+′−−−+−−′−

=  
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( ))()()1()1()(' 65212 xhxhxhxhxpkf ′++′=

2211

, say. 

Note that  

)32()1)(1(2)1( −−′−′−+++′>+′ xabaxxbaxh  

)2)(1(22 21 −−′+−′= xaxba  

( )( ) 0112)3(3)1)(2/1()1( 22 >+−−+−−++≥ kpkpkxb , 

0)1)(1()1( >−−+=+ xkxbxh2

215

, 

0)12()1()( >−−′++=′ xaxhxh ,  

0)1)(1()12()1()( >26 −+−−>−−−+= bbxxkxkxhxh . 

Hence  if and only if )1,(),( −≤ bxgbxg 0)('2 ≤xf .  is a fourth degree 

polynomial in x, and 

)(' xf 2

2 2)0('f 22 )1()1)(1)(1( −−−′−= kpabb  

( )( ))1)(1(2)1(2)1( 2121 −′−−′−′−′−− abaabak  

22 )1()1)(1)(1( −−−′−< kpabb 2  

( )( )))1()3(2)1)(12)(1)(1( −′22 −+−−′−−−− apkkpakkbb  

( )( ))1()3((2)1()1)(1)(1( 22 −′−+−−−−−−< apkkppkabb 22  

( )( ) 0)12)(3(2)1)(1)(1( 22 <+−−+−−−−′−= kpkkpkabb 2

kp ≥

 

 for , 

( ) ( )22 4/)1)(1()1)((2/)1(' −+−−′=− kkbpkakf 22  

( ) 0)1()1()3()16/1( 22 >−−−= kbpkp . 
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Now through some straightforward calculation, one observe that 

(f)  is concave in x, and the maximum value of  occurs at 

. 

)(6 xh )(6 xh

2/)2(/12/)2( −>+−= kbkx

(g) ( ) xxhxa ∂+−−′∂ )1()12( 22  

( )( ))1(2)1)(2(53)3(26 2 −−−′−+−+−−= kakxkkpxb 2 , 

and the minimum value of ( ) xxhxa ∂+−−′∂ )1()12( 22  occurs at 

2/)2(6/)53( −>−+−= kkppkx , and  

( ) 0)22/)(4()3(2)1()12(
2/)4(

22 >+−−−=+−−′
∂
∂

−=

kkkpxhxa
x kx

. 

Hence )1()12( +− 22 −′ xhxa  is increasing in x for 2/)4(0 −≤≤ kx . 

(h)  is convex in x, and the minimum value of )1(1 +′ xh )1(1 +′ xh  occurs at 

. 2/)2(2/)2( −>−′= kax 2

(i)  is convex in x, and the minimum value of )(5 xh′ )(5 xh′  occurs at 

. 2/)2(/12/)2( −>+−′= kbax 2

For 2/)4(0 −≤≤ kx , by (f), (g), and the fact that 122 −−′ xa , , 

, one can see that 

)1(2 +xh

0)(6 >xh )()1()12( 622 xhxhxa +−−′  is increasing in x; for 

, by (c), (h), (i), and the fact that 2/)2(0 −≤≤ kx 12 −− xk , , 

, one can see that 

)1(1 +′ xh

0)(5 >′ xh )()1()12( 51 xhxhxk ′+′−−  is decreasing in x. Hence 

 is increasing in x for )(' xf 2 2/)4(0 −≤≤ kx . 

Moreover, let , )()1()12()1()( 622
2

7 xhxhxapxh +−−′−=′

)()1()12()( xhxhxkxh ′+′ 518 −−=′ , then )()()(' xhxhxf 872 ′−′= , and  
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( ) ( 2/)4('2/)3(' −−− kfkf )22  

( ) ( ) ( ) ( )2/)3(2/)4(2/)4(2/)3( 8877 −′−−′+−′−−′= khkhkhkh , 

( ) ( 2/)3('2/)2(' −−− kfkf )22  

( ) ( ) ( ) ( )2/)2(2/)3(2/)3(2/)2( 8877 −′−−′+−′−−′= khkhkhkh . 

Since  is decreasing in )(8 xh′ x  and is nonnegative for 2/)2(0 −≤≤ kx , one 

can obtain that ( ) ( ) ( ) 02/)2(2/)3(2/)4( >888 −′>−′>−′ khkhkh . 

Note that  

( ) ( ) ( )2/)4(2/)2()3()1(2/)4( 2 −−+−′−=−′ khkhkapkh 6227  

( ) ( )34/)4()4(3)3()1()4/1( 222 −−−+−−= kbkkppb , 

( ) ( ) ( )2/)3(2/)1()2()1(2/)3( 2 −−+−′−=−′ khkhkapkh 6227  

( ) ( )24/)1()1(2)3()1()4/1( 222 −−−+−−= kbkkppb ,  

( ) ( )2/)2()2/()1()1(2/)2( 2 −+−′−=−′ khkhkapkh 6227  

( ) )14/(1)3()1()4/1( 222 −+−−= bkkkppb , 

one thus has  

( ) ( 2/)4(2/)3( −′−−′ khkh )77  

( ) ( )( 14/)4(4/)1()1(2)3()1()4/1( 2222 +−−−−+−−= kbkbkkppb  

( )( ))10)3(334/)4( 22 +−−−−+ kkpkb  

( )( )14/3)(1(2)3()1()4/1( 22 +−+−−≥ bkkppb  

( )( )) 010)92(34/)4( 2 >+−−−+ kkkb   
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since , and kp ≥

)77 ( ) ( 2/)3(2/)2( −′−−′ khkh  

( ) ( )( 14/)1(4/1)3()1()4/1( 2222 +−−+−−= kbbkkkppb  

( )( )) 02)3(24/)1( 22 >+−−−−+ kkpkb  when , 5≥k

and one can see that, through straightforward calculation, for  and 4, 3=k

( ) ( ) ( ) ( ) ,02/)3(2/)2(2/)2(2/)3( 7788 >−′−−′+−′−−′ khkhkhkh  that is, 

 and ( ) ( ) 02/)4('2/)3(' 22 >−−− kfkf ( ) ( ) .02/)3('2/)2(' 22 >−−− kfkf  

Hence  is increasing in )(' xf2 x  for 2/)2(0 −≤≤ kx .  

Now since  and 0)0('2 <f 0)2/)1(('2 >−kf , there exists t such that 

, then  for 0)(' ≤tf 2 2 0)(' ≤xf tx ≤≤0 , and the result follows. 

The proof of Lemma 4.11 is the same as Lemma 4.4, hence is omitted 

Lemma 4.11. (i) For 1]2/[1 −≤≤ kt , then ),(min)0,(
),( zx

zxgtg
Λ∈

=  if and only if  

)1,()0,( tgtg )1,1()0,(≤  and  −−≤ btgtg

zxgkg
Λ∈

, 

(ii) For , then ]2/[kt = ),(min)0],2/([
),( zx

=  if and only if  

)1,1]2/([)0],2/([ −−≤ bkgkg

0

. 

Lemma 4.8 to 4.11 can be used to find families of A-optimal type  block 

designs with the control line appearing in t crosses in each block. 

S

Theorem 4.12. Let 1]2/[1 −≤≤ kt . A type  block design  0S ,,,(0 kbpS

),,, 1010 λλgg  having , tbs =0 ptkbs /)2(1 −= , ptbg /0 = ,  

, 

/)(21 tkbg −=

)1( −pp ptktb /)2( −0 =λ , ( ) )1(2)32)(2( −1 +−−−= ppptktkbλ , if 
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exists, is A-optimal when p , , , and  satisfy b k t

( ) ( )( )2
2

22 ))(1()12()(2)2)(3()12( tkpttatktptkkptkb −−−−′−−−+−−−−  

( )ptkktkpttktap 2)2)(3())(2()12)(12( 2 +−−+−−−−−−′≤ ,        (4.10) 

and  

( ) ( )( )222
2 )(2)2)(3()12())(1()12( tktptkkptktkpttab −−+−−+−−−−+−′  

( )ptkktkpttktap 2)2)(3())(2()12)(12( 2 +−−+−−+−+−′≤ .          (4.11) 

When , only inequality (4.11) needs to be satisfied. ]2/[kt

422311

516222

6

=

Proof: Similar to Theorem 4.5, now  

)()()12()1()()()12()(' 2 ththtapththtktf −−′−−′′−−= ,  

)()()12()()()12()1()1(' 2 ththtkththtaptf ′′+−−+−′−=− , 

then by Lemma 4.10 and 4.11, and through some straightforward calculations,  

inequalities (4.10) and (4.11) are thus derived. 

Notice that the right hand side of the inequalities (4.10) and (4.11) are both 

nonnegative, the inequalities are satisfied if and only if the left hand sides are less 

than or equal to 0. Let the left hand side of inequality (4.10) be , and the 

left hand side of inequality (4.11) be , then 

)(5 pbq

)( pbq

( )( ) 223 )()12)(2(4)3()12(4)( ptkttktkkptkpq −−−−−−+−−=5

)

  

( ) (( )ptkttktktkttkktk 22 )()52()12)((4)2)(3()(12( −−++−−−−−−−−+

        , ( ) )12)(2)()(3(2)()14( 2 −−−−−−−+−+ tktktkkttkttk
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( )( ) 223 )()12)(2(4)3()12(4)( ptkttktkkptkpq −−+−−−++−=6

)

 

( ) (( )ptkttktktkttkktk 22 )()72()12)((4)2)(3()12( −−+++−−−−−+−+

        . ( ) )12)(2)()(3(2)()54( 2 +−−−−−−+−+ tktktkkttkttk

Since both  and  are third degree polynomial in p, finding a range 

of p with both limits functions of k and t, such that 

)(5 pq )(6 pq

0)(5 ≤pq ,  is not 

straightforward. However, by using a computer, one can obtain the values of p 

that satisfy , , for given values of k and t. Table 4.1 of such 

 is listed in the following. 

0)(6 ≥pq

0)(5 ≤pq 0)(6 ≥pq

30≤p

Table 4.1.  A Catalog of A-Optimal Designs  
with 30≤p  

k t p 

3 1 54 ≤≤ p  

4 2 64 ≤≤ p  

5 2 85 ≤≤ p  

6 3 96 ≤≤ p  

7 3 117 ≤≤ p  

8 3 138 ≤≤ p  

9 4 109 ≤≤ p  

10 4 1610 ≤≤ p  

11 4 1811 ≤≤ p  

12 4 2016 ≤≤ p  

13 5 1513 ≤≤ p  

14 5 2014 ≤≤ p  

15 5 2517 ≤≤ p  

16 5 2721 ≤≤ p  
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17 5 2927 ≤≤ p  

17 6 1917 ≤≤ p  

18 6 2318 ≤≤ p  

19 6 2721 ≤≤ p  

20 6 3025 ≤≤ p  

21 6 3029 ≤≤ p  

Some families of A-optimal type  block designs for t = 1, together with 

their construction methods are given in the following. 

0S

Family 10. For , , and 4=p )12(mod0=b 3=k , that is, b = 12u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(4, 12, 3, 3, 4, 15, 18) design u times in the row direction. 

0S )18,15,4,3,3,12,4(0 uuuuuS

)3,12,14( uD +

0S

)1,2()4,1()4,3()4,2(
)3,1()1,2()3,1()2,3(
)4,0()3,0()2,0()1,0(
 

)2,3()4,2()4,1()4,3(
)3,1()1,2()3,1()2,3(
)4,0()3,0()2,0()1,0(

 

)2,3()4,2()4,1()4,3(
)1,2()4,1()4,3()4,2(
)4,0()3,0()2,0()1,0(
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Family 11. For 5=p , , and )5(mod0=b 3=k , that is, b = 5u, where u ≥ 1 is 

an integer, a type  block design  is A-optimal in 

, and can be constructed by repeating the following (5, 5, 3, 1, 1, 

5, 5) design u times in the row direction. 

0S )5,5,,,3,5,5(0 uuuuuS

)3,5,15( uD + 0

0

S

)2,3()1,2()5,1()4,5()3,4(
)1,4()5,3()4,2()3,1()2,5(
)5,0()4,0()3,0()2,0()1,0(

 

Some families of A-optimal type  block designs for t = 2, together with 

their construction methods are given in the following. 

S

A type  block design 0S ),,,,,,( 10100 λλggkbpS  with , has the 

following values for 

bs 20 =

10101 ,,,, λλggs , and  

pkbs /)1(2 −=1 0, pbg /2= , )1(/)2(21 −−= ppkbg , 

pkb /)1(4 −0 =λ , ( ) )1(/)52)(1(21 −+−−= pppkkbλ . 

For these designs to exist, 10101 ,,,, λλggs  must all be integers. 
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Family 12. For , , and 4=p )12(mod0=b 4=k , that is, b = 12u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(4, 12, 4, 6, 4, 36, 26) design u times in the row direction. 

0S )26,36,4,6,4,12,4(0 uuuuuS

)4,12,14( uD +

0S

)1,2()4,1()4,3()4,2(
)3,1()1,2()3,1()2,3(
)4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0(

 

)2,3()4,2()4,1()4,3(
)3,1()1,2()3,1()2,3(
)4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0(

 

)2,3()4,2()4,1()4,3(
)1,2()4,1()4,3()4,2(
)4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0(

 

Family 13. For 5=p , , and )5(mod0=b 4=k , that is, b = 5u, where u ≥ 1 is 

an integer, a type  block design  is A-optimal in 

, and can be constructed by repeating the following (5, 5, 4, 2, 1, 

12, 7) design u times in the row direction. 

0S )7,12,,2,4,5,5(0 uuuuuS

)4,5,15( uD + 0S

)2,3()1,2()5,1()4,5()3,4(
)1,4()5,3()4,2()3,1()2,5(
)5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0(

 

 71



Family 14. For , , and 6=p )30(mod0=b 4=k , that is, b = 30u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(6, 30, 4, 10, 4, 60, 30) design u times in the row direction. 

0S )30,60,4,10,4,30,6(0 uuuuuS

)4,30,16( uD +

0S

)4,2()2,3()1,2()5,1()4,5()3,4(
)5,3()1,4()5,3()4,2()3,1()2,5(
)6,0()5,0()4,0()3,0()2,0()1,0(
)1,0()6,0()6,0()6,0()6,0()6,0(

 

)1,4()6,3()6,2()6,1()6,5()6,4(
)2,5()1,4()5,3()4,2()3,1()2,5(
)6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()5,0()4,0()3,0(

 

)4,2()6,3()6,2()6,1()6,5()6,4(
)3,1()1,2()5,1()4,5()3,4()2,3(
)6,0()5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0()5,0(

 

)2,5()6,4()6,3()6,2()6,1()6,5(
)3,1()1,2()5,1()4,5()3,4()2,3(
)6,0()5,0()4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0()5,0()4,0(

 

)5,3()6,4()6,3()6,2()6,1()6,5(
)1,4()2,3()1,2()5,1()4,5()3,4(
)6,0()5,0()4,0()3,0()2,0()1,0(
)2,0()1,0()5,0()4,0()3,0()2,0(
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Family 15. For 5=p , , and )10(mod0=b 5=k , that is, b = 10u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(5, 10, 5, 4, 3, 32, 25) design u times in the row direction. 

0S )25,32,3,4,5,10,5(0 uuuuuS

)5,10,15( uD +

0S

)1,2()5,1()4,5()3,4()2,3(
)2,3()1,2()5,1()4,5()3,4(
)1,4()5,3()4,2()3,1()2,5(
)5,0()4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0()5,0(

 

)5,3()4,2()3,1()2,5()1,4(
)2,3()1,2()5,1()4,5()3,4(
)1,4()5,3()4,2()3,1()2,5(
)5,0()4,0()3,0()2,0()1,0(
)4,0()3,0()2,0()1,0()5,0(

 

Family 16. For , , and 6=p )30(mod0=b 5=k , that is, b = 30u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (6, 30, 5, 

10, 6, 80, 52) design u times in the row direction.  

0S )52,80,6,10,5,30,6(0 uuuuuS

)5,30,16( uD + 0S

)2,5()6,4()6,3()6,2()6,1()6,5(
)1,4()2,3()1,2()5,1()4,5()3,4(
)3,1()1,4()5,3()4,2()3,1()2,5(
)6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0(
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)5,3()1,2()5,1()4,5()3,4()2,3(
)4,2()6,3()6,2()6,1()6,5()6,4(
)3,1()1,4()5,3()4,2()3,1()2,5(
)6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0(

 

)2,5()6,4()6,3()6,2()6,1()6,5(
)1,4()6,3()6,2()6,1()6,5()6,4(
)5,3()1,2()5,1()4,5()3,4()2,3(
)6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()4,0()2,0()1,0(

 

)2,5()6,3()6,2()6,1()6,5()6,4(
)4,2()2,3()1,2()5,1()4,5()3,4(
)3,1()1,4()5,3()4,2()3,1()2,5(
)6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0(

 

)1,4()6,4()6,3()6,2()6,1()6,5(
)5,3()1,2()5,1()4,5()3,4()2,3(
)4,2()2,3()1,2()5,1()4,5()3,4(
)6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0(

 

Family 17. For 7=p , , and )7(mod0=b 5=k , that is, b = 7u, where u ≥ 1 is 

an integer, a type  block design  is A-optimal in 

, and can be constructed by repeating the following (7, 7, 5, 2, 1, 

16, 9) design u times in the row direction. 

0S )9,16,,2,5,7,7(0 uuuuS

)5,7,17( uD + 0S

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
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Remark: For  is an odd number, 5≥p upb = , and 2/)3( += pk , a type  

block design 

0S

))2(),1(2,,2,2/)3(,,(0 +++ pupuuupuppS  constructed by the 

following method is either an A-optimal design or an efficient design. 

( ){ }.2/)1(,2/)3(,),3,1(,)2,0(,)1,(,)0,(blockinitialtheConsider ++− pppCC …

Cyclically developing the initial block, mod p, where C denotes the control line, 0 

denotes the pth test lines, and control line C is unchanged during the cyclical 

procedure, will yields a type  block design  

 A type  block design  

 can be constructed by repeating the  

 design u times in the row direction. It is an A-optimal design 

for p = 5, 7, and is an efficient design for 

0S ,2,2/)3(,,(0 +pppS

).2),1(2,1 ++ pp 0S ,,2,2/)3(,,(0 uupuppS +

))2(),1(2 ++ pupu ,2,2/)3(,,(0 +pppS

)2),1(2,1 ++ pp

299 ≤≤ p  with a lower bound to the 

efficiency 0.8859 in )2/)3(,,1( ++ pppD . For example, for 9=p , , and 

, that is, , the following design is a (9, 9, 6, 2, 1, 20, 11) design, 

and a lower bound to the efficiency is 0.9883. 

9=b

6=k 1=u 0

0

0 10100

S

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0()9,0(

 

Some families of A-optimal type  block designs for t = 3, together with 

their construction methods are given in the following. 

S

A type  block design S ),,,,,,( λλggkbpS  with , has the bs 3=0
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following values for 10101 ,,,, λλggs , and  

pkbs /)32( −=1 0, pbg /3= , )1(/)3(21 −−= ppkbg , 

pkb /)32(3 −0 =λ , ( ) )1(/)32)(3(2 −1 +−−= pppkkbλ . 

For these designs to exist, 10101 ,,,, λλggs  must all be integers. 

Family 18. For 7=p , , and )21(mod0=b 6=k , that is, b = 21u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (7, 21, 6, 

9, 3, 81, 34) design u times in the row direction. 

0S )34,81,3,9,6,21,7(0 uuuuuS

)6,21,17( uD + 0S

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()7,0()6,0()5,0()4,0(
)2,0()1,0()7,0()6,0()5,0()4,0()3,0(

 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0()7,0(
)4,0()3,0()2,0()1,0()7,0()6,0()5,0(

 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0()7,0()6,0(
)1,0()7,0()6,0()5,0()4,0()3,0()2,0(
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Family 19. For , , and 9=p )36(mod0=b 6=k , that is, b = 36u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(9, 36, 6, 12, 3, 108, 36) design u times in the row direction. 

0S )36,108,3,12,6,36,9(0 uuuuuS

)6,36,19( uD +

0S

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()1,4()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0()9,0()8,0(
)2,0()1,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0(

 

)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0()9,0()8,0()7,0()6,0(
)4,0()3,0()2,0()1,0()9,0()8,0()7,0()6,0()5,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()9,0()8,0()7,0()6,0()5,0()4,0(
)6,0()5,0()4,0()3,0()2,0()1,0()9,0()8,0()7,0(

 

)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0()9,0(
)1,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
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Family 20. For 7=p , , and )21(mod0=b 7=k , that is, b = 21u, where u ≥ 1 

is an integer, a type  block design is A-optimal 

in , and can be constructed by repeating the following (7, 21, 7, 

9, 4, 99, 51) design u times in the row direction. 

0S )51,99,4,9,7,21,7(0 uuuuuS

)7,21,17( uD + 0S

)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()2,0()1,0()7,0()6,0()5,0()4,0(
)2,0()1,0()7,0()6,0()5,0()4,0()3,0(

 

)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()3,0()2,0()1,0()7,0(
)4,0()3,0()2,0()1,0()7,0()6,0()5,0(

 

)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)3,4()2,3()1,2()7,1()6,7()5,6()4,5(
)2,5()1,4()7,3()6,2()5,1()4,7()3,6(
)1,6()7,5()6,4()5,3()4,2()3,1()2,7(
)7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)5,0()4,0()3,0()2,0()1,0()7,0()6,0(
)1,0()7,0()6,0()5,0()4,0()3,0()2,0(
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Family 21. For , , and 9=p )36(mod0=b 7=k , that is, b = 36u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(9, 36, 7, 12, 4, 132, 53) design u times in the row direction. 

0S )53,132,4,12,7,36,9(0 uuuuuS

)7,36,19( uD +

0S

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
)2,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()9,0()8,0()7,0()6,0()5,0()4,0(
)3,0()3,0()3,0()2,0()2,0()2,0()2,0()2,0()2,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()9,0()8,0()7,0()6,0()5,0()9,0()8,0()7,0(
)5,0()4,0()4,0()4,0()4,0()4,0()3,0()3,0()3,0(

 

)4,5()3,4()2,3()1,2()9,1()8,9()7,8()6,7()5,6(
)3,6()2,5()1,4()9,3()8,2()7,1()6,9()5,8()4,7(
)2,7()1,6()9,5()8,4()7,3()6,2()5,1()4,9()3,8(
)1,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,9(
)9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)9,0()9,0()8,0()9,0()8,0()7,0()9,0()8,0()7,0(
)8,0()7,0()7,0()6,0()6,0()6,0()5,0()5,0()5,0(
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Family 22. For , , and 11=p )55(mod0=b 8=k , that is, b = 55u, where u ≥ 1 

is an integer, a type  block design  is 

A-optimal in , and can be constructed by repeating the following 

(11, 55, 8, 15, 5, 195, 76) design u times in the row direction.  

0S )76,195,5,15,8,55,11(0 uuuuuS

)8,55,111( uD +

0S

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)3,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0(
)2,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0()1,0(

 

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)6,0()5,0()4,0()11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0(
)3,0()3,0()3,0()2,0()2,0()2,0()2,0()2,0()2,0()2,0()2,0(

 

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)10,0()9,0()8,0()7,0()6,0()5,0()11,0()10,0()9,0()8,0()7,0(
)4,0()4,0()4,0()4,0()4,0()4,0()3,0()3,0()3,0()3,0()3,0(
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)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)10,0()9,0()8,0()7,0()11,0()10,0()9,0()8,0()7,0()6,0()11,0(
)6,0()6,0()6,0()6,0()5,0()5,0()5,0()5,0()5,0()5,0()4,0(

)5,6()4,5()3,4()2,3()1,2()11,1()10,11()9,10()8,9()7,8()6,7(
)4,7()3,6()2,5()1,4()11,3()10,2()9,1()8,11()7,10()6,9()5,8(
)3,8()2,7()1,6()11,5()10,4()9,3()8,2()7,1()6,11()5,10()4,9(
)2,9()1,8()11,7()10,6()9,5()8,4()7,3()6,2()5,1()4,11()3,10(
)1,10()11,9()10,8()9,7()8,6()7,5()6,4()5,3()4,2()3,1()2,11(
)11,0()10,0()9,0()8,0()7,0()6,0()5,0()4,0()3,0()2,0()1,0(
)11,0()11,0()10,0()11,0()10,0()9,0()11,0()10,0()9,0()8,0()11,0(
)10,0()9,0()9,0()8,0()8,0()8,0()7,0()7,0()7,0()7,0()6,0(
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