
7 Ë“

7.1 ÕG˛È

ÊTÜvÈå�_�v, �GÕG˛È (Gaussian State Space Form) u�àí	x, øO�cí�

G(4ÕG˛È$�Ñ:

yt = ct + Z tαt + εt , εt ∼ N (0,Gt), (1)

αt+1 = dt + Ttαt + ηt , ηt ∼ N (0,Ht), (2)

(2)˚Ñ¿¾j˙�,(3)˚Ñ]�j˙�w2 yt Ñ�‚ t íhôM, αt Ñ� t ‚íÕG‰b,[h¿

M§ø.ªhô‰bí	à� Bb1cq,

1. –áÕG α1|0 ¯¯ ì‘K, w‘K�ÌbÑ a1|0 , ‘Ku‰æä³Ñ P1|0 í�G}º:

α1|Y0 ∼ N (a1|0, P1|0)

2. Gt D Ht ©ø‚Ì.óÉ : E(G′
tHt) = 0

úÕG˛È_�íû˝, uÊ#ì.°ím7Õ¯5-, ‚à¬˙, ã¿, �Ë, íj¶, V°¦ÕG

‰bD_�íÔ4� Bb�H¥ú�R�j¶í|êõ:

• ¬˙: #ì Ft , ı�?×) αt , 6ÿu�Îh¿j˙�2í¿¾ÏÏ�

• ã¿: #ì Ft ,ã¿ αt+h C yt+h �

• �Ë: ,l αt #ì FT , 6ÿuÊ�yÖhm75-, y�å,lÕG‰b�
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7.2 Kalman filter Rû

Kalman filter íRû¬˙, ×¾«àÖ‰¾�G}º-Þ�_4”,

E(x |y, z) = E(x |y)+6xz6
−1
zz z. (3)

Var(x |y, z) = Var(x |y)−6xy6
−1
zz 6xz. (4)

I Yt−1 [ƒ t − 1 ‚5‡hôMíÕ¯, Bbíñ™uÊ#ìÕG‰bí–U}º5-, Ê‹ph

hô55(, °û-ø‚ÕGí‘K}º� Bbø− p(yt |α1, · · · , αt , Yt−1) = p(yt |αt) ,

p(αt+1|α1, · · · , αt , Yt) = p(αt+1|αt) , °v at+1 Ñ t ‚v, ú αt+1 í|7,l,

at+1 = E(αt+1|Yt) (5)

Pt+1 = Var(αt+1|Yt) (6)

α1 ∼ N (a1, P1) (7)

Pt+1 [,lÏÏíu‰æbä³� Ê#ì at D pt -, Bb;bl� at+1, DPt+1,

at+1 = E(Ttαt + Rtηt |Yt) (8)

= Tt E(αt |Yt),

pt+1 = Var(Ttαt + Rtηt |Yt) (9)

= TtVar(αt |Yt)T ′

t + Rt Qt R′

t

I ν [hh¿M¦)vFl�í,lÏÏ,

νt = yt − E(yt |Yt−1) = yt − E(Z tαt + εt |Yt−1) = yt − Z tαt
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ÄÑ Yt−1‹,νt F¨Öím7D Yt ó°, FJ E(αt |Yt) = E(αt |Yt−1, νt) , BbªJ/q)ƒ-

�4”

E(νt |Yt−1) = E(yt − Z tat |Yt−1)

= E(Z tαt + εt − Z tat |Yt−1) = 0 (10)

E(νt) = E[E(νt |Yt−1)] = 0 (11)

Cov(y j , νt) = E[νt y j ] = E[E(νt y j |Yt−1)]

= E[y j E(νt |Yt−1)] = 0, j = 1, · · · , t − 1 (12)

;W,H¥<4”, J£ (3) �,

E(αt |Yt) = E(αt |Yt−1, νt)

= E(αt |Yt−1)+ Cov(αt , νt)[Var(νt)]−1νt

= at + Mt F−1
t νt , (13)

w2 Mt = Cov(αt , νt), Ft = Var(νt) Ñã¿ÌjÏ�

Mt D Ft íl�à-

Mt = Cov(αt , νt) = E[E{αt(Z tαt + εt − Z tat)
′
|Yt−1}]

= E[E{αt(αt − at)
′Z ′

t |Yt−1}] = Pt Z ′

t ,

Ft = Var(Z tαt + εt − Z tat) = Z t Pt Z ′

t + Ht
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�� (8)D (13) �)ƒ:

at+1 = Ttat + Tt Mt F−1
t νt

= Ttat + Ktνt , t = 1, · · · , n (14)

Kt = Tt Mt F−1
t = Tt Pt Z ′

t F−1
t . (15)

7 (9) �2í Var(αt |yt) ªJ (4) )ƒ

Var(αt |Yt) = Var(αt |Yt−1, νt)

= Var(αt |Yt−1 − Cov(αt , νt)[Var(νt)]−1Cov(αt , νt)
′

= Pt − Mt F−1
t M ′

t

= Pt − Pt Z ′

t F−1
t Z t Pt (16)

�� (9) �:

Pt+1 = Tt Pt L ′

t + Rt Qt R′

t , t = 1, · · · , n.

L t = Tt − Kt Z t

Kalman Filter �âhš…íªp, úÕGíã¿, BbcÜø-LHj˙�:

αt = dt + Ttαt + Ktνt , Pt+1 = Tt Pt L ′

t + Rt Qt R′

t

νt = yt − Z tαt − ct , Ft = Z Pt Z ′

t + Ht

Kt = Tt Pt Z ′

t F−1
t , L t = Tt − Kt Z t

Shepherd úÀ‰¾íÓœš�íqìÑ

yt = exp(ht/2)εt (17)

⇒y∗
= log(y2) = ht + log

(
ε2

t

)
(18)

ht+1 = µ(1 − φ)+ φht + ηt (19)
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BbJ¹¸�G}ºV_ÒúbµjÓœ‰b,#ìNý‰b st -

log
(
ε2

t

)
|st = i ∼ N

(
mi , υ

2
i

)
,

ªú (1),(2) �D (18) , (19) �ªø ct = mi , G t = (υi , 0) , γt = ht , Z t = 1, dt = µ(1 − φ) ,

Tt = φ , Ht = (0, ση),Rt = 1 , |(–áM‘K h1|Y0 ∼ N
(
µ, σ 2

η /
(
1 − φ2))�

7.3 Simulation smoother Rû

ÊË�F�hôM5-, úß×áí‚š˚Ñ_Ò�Ë¶, _Ò�Ë¶ (simulation smoother) uâ

de Jong and Shepherd (1995) FT|� JbçRÑ¶Rû, ¬˙Ý�õµ, /2ÈàƒrÖ distur-

bance smoothing ¸ stae smoothing íRû!‹, Ì�~¡5 Koopman (2001)� Ê¤�|.b¥

	� ílì2ÕG,lÏÏ

xt = αt − at , V (xt) = Pt

νt = yt − Z tat = Z tαt + εt − Z tat

= Z t xt + εt (20)

xt+1 = L t xt + Rtνt − Ktεt (21)

Ê¥³, BblRû¿¾j˙�D]�j˙�ÏÏáí�Ë,l,#ìFhôM y1, · · · , yn -, ,l

ε̂t = E(εt |y)D η̂t = E(ηt |y) �

ÄÑ E(εt |Yt−1) = 0 � * (20) �Bb)ƒ E
(
εtν

′
t
)

= E
(
εt x ′

j

)
Z ′

j +E
(
εtε

′

j

)
, / E(εt x ′

t) = 0

for t = 1, · · · , n, j = t, · · · , n

E
(
εtν

′

j

)
=

 Ht , j = t,

E
(
εt x ′

j

)
Z ′

j , j = t + 1, · · · , n,
(22)
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J£:

E
(
εt x ′

t+1
)

= −Ht K ′

t ,

E
(
εt x ′

t+2
)

= −Ht K ′

t L ′

t+1,

...

E
(
εt x ′

n
)

= −Ht K ′

t L ′

t+1 · · · L ′

n−1,

¥<!‹Bbª* (20) , (21) �)V�p (22) �,

ε̂t = Ht

(
F−1

t νt − K ′

t Z ′

t+1 F−1
t+1νt+1 − K ′

t L ′

t+1 Z ′

t+2 F−1
t+2νt+2 − · · ·

− K ′

t L ′

t+1 · · · L ′

n−1 Z ′

n F−1
n νn

)
= Ht

(
F−1νt − K ′

trt

)
, t = n, · · · , 1, (23)

w2 rt Ñø]c�, ì2Ñ:

rt−1 = Z ′

t F−1
t νt + L ′

trt , rn = 0, t = n, · · · , 1.

úk ηt í�Ë,l, Bbílì2 η̂t = E(ηt |y)

η̂t =

j=t∑
n

E(ηtν
′

j )F
−1
j ν j (24)

E
(
ηtν

′

j

)
=

 Qt R′
t Z ′

t+1, j = t + 1,

E
(
ηt x ′

j

)
Z ′

j , j = t + 2, · · · , n,
(25)

J£

E
(
ηt x ′

t+2
)

= Qt R′

t L ′

t+1,

E
(
ηt x ′

t+3
)

= Qt R′

t L ′

t+1L ′

t+2,

...

E
(
ηt x ′

n
)

= Qt R′

t L ′

t+1 · · · L ′

n−1, (26)
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ø (26) �p (24) ª)ƒ

η̂t = Qt R′

t

(
Z ′

t+1 F−1
t+1νt+1 + L ′

t+1 Z ′

t+2νt+2 + · · ·

+ L ′

t+1 · · · L ′

t+1 · · · L ′

n−1 Z ′

n F−1
n νn

)
= Qt R′

trt , t = n, · · · , 1,

I rn = 0, Nn = 0, ε̄t í]c�Ñ,

ε̄t = Ht

(
F−1

t νt − K ′

t r̃t

)
, t = n, n − 1, · · · , 1, (27)

w2 r̃t 6Ñø]c� I r̃n = 0, Ñn = 0 ,

r̃t−1 = Z ′

t F−1
t νt − W̃ ′

t C−1
t dt + L ′

t r̃t , (28)

W̃t = Ht

(
F−1

t Z t − K ′

t Ñt L t

)
, (29)

Ñt−1 = Z ′

t F−1
t Z t + W̃ ′

t C−1
t W̃t + L ′

t Ñt L t , (30)

BbJbçRÑ¶°û (27) � , cq t Ê t + 1, ..., n − 1·ú, ç j > t v

ε̄t = E(εt |νt , · · · , νn, dt+1, · · · , dn)

= E(εt |νt , · · · , νn)+

n∑
j=t+1

E
(
εt |d j

)
= ε̂t +

n∑
j=t+1

E
(
εtd ′

j

)
C−1

j d j . (31)

ε̂t )Ak (23) , ç t J j �H

E(εtd ′

j ) = −E(εt ε̄
′

j )

= −E(εtν
′

j )F
−1
j H j + E(εt r̃ ′

j )Kj Hj ,

= Ht K ′

t L ′

t+1 · · · L ′

j−1 Z ′

j F−1
j Hj + E(εt r̃ ′

j )Kj Hj , (32)
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Bb‚à (22), (28),D (32) �Jbç¦Ñ¶ª„p

E(εt r̃ ′

j ) = −Ht K ′

t L ′

t+1 · · · L ′

j Ñj , j = t + 1, · · · , n, (33)

ø (33) ��p (32) �)ƒ

E(εtd ′

j ) = Ht K ′

t L ′

t+1 · · · L ′

j−1

(
Z ′

j F−1
j Hj − L ′

j Ñj K ′

j Hj

)
= Ht K ′

t L ′

t+1 · · · L ′

j−1W̃ ′

j . (34)

ø (34) ��ƒ (31) �

ε̄t = ε̂t + Ht K ′

t

n∑
j=t+1

L ′

t+1 · · · L ′

j−1W̃ ′

j C−1
j dj ,

* (23) �Bb)ƒ

ε̂t = Ht F−1
t νt − Ht K ′

t

n∑
j=t+1

L ′

t+1 · · · L ′

j−1 Z ′

j F−1
j νj .

ø|(s�ó‹, 1‚à (28) �í!‹

r̃t =

n∑
j=t+1

L ′

t+1 · · · L ′

j−1(Zj F−1
j νj − W̃ ′

j C−1
j dj ).

Bbÿª)ƒ (27) �

ε̄t = Ht F−1
t νt − Ht K ′

t

n∑
j=t+1

L ′

t+1 · · · L ′

j−1

(
Z ′

j F−1
j νj − W̃ ′

j C−1
j dj

)

= Ht

(
F−1

t νt − K ′

t r̃t

)
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_Ò{Ï, Bb‚à εt = ε̄t + dt , w2 dt ∼ N(0,Ct) , Ct Rûà-

Ct = Var(εt |y, εt+1, · · · , εn)

= Var(εt |νt , νt+1, · · · , νn, dt+1, · · · , dn)

= Ht − Ht Dt Ht −

n∑
j=t+1

E(εtd ′

j )C
−1
j E(εtd ′

j )
′

= Ht − Ht

[
F−1

t + K ′

t

n∑
j=t+1

L ′

t+1 · · · L ′

j−1

(
Z ′

j F−1
j Zj

+ W̃ ′

j C−1
j W̃ ′

j

)
L ′

j−1 · · · L t+1Kt

]
Ht�

w2

Ñt =

n∑
j=t+1

L ′

t+1 · · · L ′

j−1

(
Z ′

j j F−1
j Zj + W̃ ′

j C
−1
j W̃j

)
L j−1 · · · L t+1�

†

Ct = Ht − Ht D̃t Ht , t = n, · · · , 1, (35)

D̃t = F−1
t + K ′

t Ñt Kt , (36)

Bbø_Ò�Ëí]c�½hcÜøZ

Ct = Ht − Ht D̃t Ht , D̃t = F−1
t + K ′

t Ñt Kt , (37)

dt ∼ N (0,Ct), W̃t = Ht

(
F−1

t Z t − K ′

t Ñt L t

)
(38)

r̃t−1 = Z ′

t F−1
t νt + L ′

t r̃t − W̃ ′

t C−1
t dt (39)

Ñt−1 = Z ′

t F−1
t Z t + L ′

t Ñt L t + W̃ ′

t C−1W̃t� (40)

†BbªJ*‘K}º ct + Z tγt |y, θ, ct+1 + Z t+1γt+1, · · · , cn + Znγn 2_Ò|{Ïá, yt −

6tηt − κt , �âú{Ïí_Ò,ª7$AúÕG‰bí_Ò�
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